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a b s t r a c t

We consider a multiple regression model in which the explanatory variables are specified by time series.
To sequentially test for the stability of the regression parameters in time, we introduce a detector which
is based on the first excess time of a CUSUM-type statistic over a suitably constructed threshold function.
The aim of this paper is to study the delay time associatedwith this detector. As ourmain result, we derive
the limit distribution of the delay time and provide thereby a theory that extends the benchmark average
run-length concept utilized in most of the sequential monitoring literature. To highlight the applicability
of the limit results in finite samples, we present a Monte Carlo simulation study and an application to
macroeconomic data.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Testing time series data for structural stability is undoubtedly
of great importance because estimation and forecast techniques,
carried out under the false assumption of stationarity, will
inadvertently lead to inaccurate conclusions. Statisticians and
econometricians assess the structure of a given set of time series
observations with a variety of retrospective and sequential tools.
For the retrospective case, testing and change-point estimation
procedures have been widely studied and are well established in
the literature. Important contributions include Andrews (1993),
Hansen (2001), Perron (1989, 1997), and Stock and Watson
(1996), among others. The interested reader is also referred to
the monographs Brodsky and Darkhovsky (1993), Csörgő and
Horváth (1997), and Perron (2006) which comprise a broad range
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of methods relevant for the retrospective analysis. Sequential
procedures seem to bemore useful when a decision has to bemade
on-line, as new data become available. Major developments in
sequential change-point detection and diagnosis were initiated by
the pioneering works of Shewhart (1931), Page (1954) and Quandt
(1958, 1960) on quality control charts which have since resulted in
a rich theory with widespread applications. For a detailed review
we refer to Lai (2001).
While the body of literature is broad for retrospective tests, the

number of publications in econometrics concernedwith sequential
change-point analysis is comparatively smaller, although growing
at a fast rate in recent years. Chu et al. (1996) have developed
fluctuation tests that are based on the general paradigm that an
initial time period of length m is used to estimate a model with
the goal to monitor for parameter changes on-line. The asymptotic
analysis is carried out for m → ∞. This approach has been
extended and refined in several directions. Berkes et al. (2004)
discussed the problem of sequentially detecting change-points in
the parameters of GARCH(p, q) processes, while Hušková et al.
(2007) analyzed the stability of autoregressive time series. Horváth
et al. (2004) introduced residual based on-linemonitoring schemes
for possible changes in the regression parameters of a linearmodel.
Aue et al. (2006b) generalized their setting to allow for large classes
of dependent innovation sequences and, moreover, introduced
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a new scheme based on squared prediction errors. These works
have adopted sequential versions of the cumulative sum (CUSUM)
statistics.
Other contributions in the literature are based on moving

sum (MOSUM) procedures which generally have the advantage
of faster detection times when compared to the corresponding
CUSUM procedures (see, for example, Chu et al. (1995a,b)). On the
other hand, Horváth et al. (2008) have shown that the application
of MOSUM procedures requires additional knowledge on the
moment structure of the underlying random variables to construct
a valid asymptotic procedure. A unifying view on generalized
fluctuation tests, incorporating all the above procedures, is offered
in Kuan and Hornik (2005) and further in Leisch et al. (2000), and
Zeileis et al. (2005).
The aforementioned papers, and most other contributions

in the area (Leisch et al. (2000), is an exception), require
constant or independent and identically distributed regressors.
While this assumption is convenient from an analytical point of
view, it is often violated in practice, for example, in regressions
of econometric variables. Moreover, research in the area has
focused on the level and power of the sequential monitoring
procedures, and on the average speed of detection but not on
the precise limiting distribution of the associated stopping times.
In what follows, we are thus interested in determining the
limiting distribution of delay times in linear models with time
series regressors under structural instability. The dependence
structure of the time series regressors is controlled by a novel
moment assumption which has not been used in the econometrics
literature before, but which is easy to verify in applications. We
can build on a similar result of Aue and Horváth (2004) who
studied asymptotic delay times in a simpler location model with
random variables changing from one regime to another separated
by different means. Related works for sequential change-point
detection concerned with the average run-length of CUSUM-type
procedures, mainly for normal variates, have been carried out
by Basseville (1988), Brook and Evans (1972), Lucas (1982), and
Siegmund and Venkatraman (1995), among others. As of now,
there are no MOSUM counterparts of the results presented in this
paper. This is largely due to the more delicate interplay between
the moment structure and the choice of an appropriate stopping
time (see Aue et al. (2008b)).
The paper is organized as follows. In Section 2, we specify the

underlying multiple regression model and give examples of time
series regressors which can be incorporated in the given approach.
Section 3 introduces the sequential procedure and presents its
limiting distribution. In Section 4 we report the results of a
limited simulation study, while we apply our method to a classical
economic data set that evaluates thewealth effect on consumption
in Section 5. Section 6 contains conclusions and someguidelines for
applied work. All proofs are given in Section 7.

2. The multiple time series regression setting

Let {yi} be the sequence of random variables to be observed and
assume that they follow the multiple linear regression model

yi = xTi βi + εi, i = 1, 2, . . . ,

where {xi=(xi1, . . . , xip)T} is a sequence of p-dimensional random
(or deterministic) explanatory variables, {βi = (βi1, . . . , βip)

T
}

are p-dimensional parameter vectors, and {εi} is an innovation
sequence. The superscript T is used to signify transposition.
Since in this paper we are interested in sequentially monitoring

whether or not the regression parameter vectors {βi} remain stable
over time, we require (see assumption A of Chu et al. (1996)) that
there is a non-contaminated reference frame ofm observations for
which

βi = β0, i = 1, . . . ,m. (2.1)
Condition (2.1) is referred to as a training period in the literature.
It is a seemingly strong assumption. In practice, however, it does
not pose a major challenge. If a sufficient amount of historical
data is available, it can be analyzed with any of the common
retrospective change-point methods available in the literature
(see, for example, Hansen (2001)). Depending on the outcome of
this pre-test, necessary adjustments can thereafter be performed
to ensure structural stability. If the number of observations in the
training period is too small to justify the application of asymptotic
monitoring procedures, one may apply recursive methods such as
Brown et al. (1975) until the training period is of appropriate size.
The parameter m is introduced for the technical reason of making
asymptotic statements in the monitoring setting precise, as we
can now formulate limits ‘‘as m tends to infinity’’. The training
period size thus assumes the role of the sample size, say n, in
the retrospective setting, where asymptotic results are given ‘‘as
n tends to infinity’’. It is nonetheless worthwhile to investigate
how well the limit theory applies in finite samples. We shall do
so in Section 4. In contrast to our approach, others (see Leisch
et al. (2000) and Zeileis et al. (2005), for further discussion) have
explicitly introduced a finite monitoring horizon after which the
sequential procedure terminates. Limit results are stated in regard
to this monitoring horizon requiring that the ratio of monitoring
horizon size and training period size is equal to a constant bigger
than unity.
Because the model parameters remain stable until observation

m, (2.1) can be used for comparisons with future observations
to find out if the stability assumption still holds. Thus, we shall
introduce in Section 3 a monitoring procedure to discriminate
between the no change in the regression parameters null
hypothesis

H0 : βi = β0, i = m+ 1,m+ 2, . . . , (2.2)

and the break at an unknown time alternative hypothesis

HA : There is a k∗ ≥ 1 such that βi = β0,
i = m+ 1, . . . ,m+ k∗ − 1,
but βi = βA, i = m+ k∗,m+ k∗ + 1, . . . , (2.3)

where β0 6= βA. The parameter k
∗ is called the change-point and is

assumed unknown, as are the regression parameters β0 and βA.
A standard approach in the linear models methodology is to

consider the values of the regressors to be known and, hence, to
study a fixed realization. In the present paper, we allow the {xi} to
be modeled by time series. To obtain the main result, we will then
condition on a typical outcome of the {xi}. Particularly, we shall
assume that the following conditions are satisfied. Let

{xi} be a stationary sequence; (2.4)

and assume that there are a p-dimensional vector d =

(d1, . . . , dp)T and K > 0, µ > 2 such that, as k→∞,

E

∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣
µ

≤ Kkµ/2, j = 1, . . . , p. (2.5)

Condition (2.5) is a novel assumption that has not been used in
the econometrics literature before. It is easily verifiable both in
theory and in practice as it is, in turn, virtually always implied by
moment conditions.With (2.5)we require of the explanatory (time
series) variables only that their centered partial sum fluctuations
are controlled individually for each coordinate. No additional
conditions regulating the inter-coordinate behavior of the vector
xi need to be imposed and dependence between the coordinates is
therefore explicitly allowed. Condition (2.5) replaces the standard
butmore restrictive assumptionwhich requires that k−1

∑k
i=1 xix

T
i

converges in probability or almost surely to a non-stochastic,



176 A. Aue et al. / Journal of Econometrics 149 (2009) 174–190
positive definite matrix as k → ∞ (see condition (M2) in Leisch
et al. (2000), and condition (A2) in Zeileis et al. (2005); while
Horváth et al. (2004), use an even stronger condition). Note also
that we have used the optimal µ > 2 in (2.5). In the statement of
our main result, Theorem 3.1, however, we need to strengthen this
moment condition.
Conditions (2.4) and (2.5) are satisfied for large classes of time

series relevant in theory and applications. We are going to discuss
some of them as lead examples in the following. The proofs of the
statements of Examples 2.1–2.4 are postponed to Section 7.1. It is
understood that the notationµ always refers to the corresponding
quantity in (2.5) when used subsequently.

Example 2.1 (Independent, Identically Distributed Random Vari-
ables). Let 1 ≤ j ≤ p. If the coordinate sequence {xij} consists of
independent, identically distributed (henceforth iid) random vari-
ableswith Exij = dj and E|xij|µ <∞, then (2.5) is satisfied ifµ > 2.

Example 2.2 (Linear Processes). Let {zi: i = 0,±1,±2, . . .} be
a sequence of iid random variables with zero mean such that
E|zi|µ <∞ for some µ > 2 and, for 1 ≤ j ≤ p, set

xij = dj +
∞∑
`=0

ϕ`(j)zi−`,

where {ϕ`(j)} are absolutely summable coefficients, that is∑
∞

`=0 |ϕ`(j)| < ∞. Then, (2.5) is satisfied under the given
assumptions.

Example 2.3 (GARCH-type Sequences). Let 1 ≤ j ≤ p and assume
that the coordinates of {xi} are given by the equations

xij = dj + σizi, (2.6)

where {zi} denotes an iid sequence of centered random variables
with E|zi|µ < ∞ for some µ > 2. The conditional volatility
sequence {σ 2i } is assumed to be stationary and measurable with
respect to the σ -algebra σ(zν, ν < i) generated by the past zν . If

E|σi|µ <∞, (2.7)

then the jth coordinate of {xi} satisfies (2.5). Note that the term
σizi in the definition in (2.6) allows to include as specifications
GARCH(p, q) processes or, more generally, the class of augmented
GARCH processes (see Duan (1997), for details). In case of a
GARCH(1,1) sequence, Nelson (1990) provided the necessary and
sufficient conditions for (2.7) to hold. His result was extended
to augmented GARCH(1,1) processes by Aue et al. (2006a), see
also Carrasco and Chen (2002). For criteria on the existence of
moments for general GARCH(p, q) sequences we refer to Ling and
Mcaleer (2002). An alternative way to specify {σizi} is provided by
stochastic volatility models (see Tsay (2005), for an overview).

Example 2.4 (Linear Processes with GARCH-type Innovations). Let
1 ≤ j ≤ p and assume that the coordinates are given by

xij = dj +
∞∑
`=0

ϕ`(j)zi−`, zi = σiz ′i ,

where {z ′i } is a sequence of centered iid randomvariables satisfying
E|z ′i |

µ <∞with someµ > 2. It is moreover assumed that {σi} is a
stationary sequence and measurable with respect to σ(z ′ν, ν < i).
Then, (2.5) holds if (2.7) holds and

∑
∞

`=0 |ϕ`(j)| <∞. As a special
case, Example 2.4 includes the important class of ARMA-GARCH
models that are frequently studied in econometrics (see Ling and
Li (1998) and Ling (2007), for details).
In the remainder of this section we detail the assumptions on

the innovation sequence {εi}. It is required that∣∣∣∣∣ m∑
i=1

εi

∣∣∣∣∣ = OP
(√
m
)

(m→∞), (2.8)
and that there are a sequence of Brownianmotions {Wm(t) : t ≥ 0}
and a constant σ > 0 such that, for some ν > 2,

sup
t≥1/m

1
(mt)1/ν

∣∣∣∣∣m+mt∑
i=m+1

εi − σWm(mt)

∣∣∣∣∣ = OP(1) (m→∞). (2.9)

Assumption (2.8) is similar to the central limit theorembutweaker,
since only the order of the partial sums containing the first m
innovations is specified and not the convergence in distribution
to the normal law. Assumption (2.9) is a uniform weak invariance
principle. Observe that the parameter σ can be interpreted as the
asymptotic standard deviation of k−1/2

∑k
i=1 εi. For a discussion of

specific sequences {εi} satisfying conditions (2.8) and (2.9)we refer
to Aue and Horváth (2004).
Finally, we do not allow for interaction between the two

sequences of random variables and therefore make the standard
assumption that

{xi} and {εi} are independent. (2.10)

Observe that, later on, we shall fix a realization of {xi} that satisfies
certain regularity conditions (see Propositions 7.1 and 7.2). (These
are fulfilled for almost all realizations.)

3. The stopping rule and its limit distribution

To sequentially test the null hypothesis and its alternative
introduced in the previous section, we need to define a stopping
rule. Usually, these monitoring procedures are given in terms of
first excess times of suitably constructed detectors and threshold
functions (see Chu et al. (1996), Horváth et al. (2004) and Aue et al.
(2006b), among others).
For i ≥ 1, define the model residuals ε̂i = yi − xTi β̂m, where

β̂m denotes the least squares estimator for β0 based on the first m
observations. Here we will work with the stopping time

τm = inf{k ≥ 1: |Γm(k)| ≥ gm(k)} (3.1)

(using the convention inf∅ = ∞), where

Γm(k) =
m+k∑
i=m+1

ε̂i and gm(k) = q
√
m
(
1+

k
m

)(
k

m+ k

)γ
(3.2)

with q = q(α) > 0 and 0 ≤ γ < 1/2. The quantity
Γm(k) is referred to as a detector. The model residuals {ε̂i} have
under H0 a probabilistic structure similar to the innovations {εi}.
Assumption (2.9) consequently implies that the detector Γm(k)
exhibits fluctuations akin to those of the Brownian motionWm(k)
if the {βi} are indeed stable over time. This relates the stopping
time τm to crossing probabilities of Brownian motions over curved
boundary functions, and motivates thus the choice of gm(k) in the
present context. Our analysis in Section 7 reveals in fact that τm
is asymptotically equivalent to the stopping time τ = inf{t ∈
[0, 1]:W (t) ≥ q∗tγ }, where {W (t): t ∈ [0, 1]} denotes a Brownian
motion and q∗ = q∗(α) a suitably chosen constant linked to q =
q(α) in the following way. To ensure a pre-specified asymptotic
level α for the sequential procedure, a practitioner can pick q =
σq∗ such that

P
{
sup
0≤t≤1

|W (t)|
tγ

> q∗
}
= α under H0. (3.3)

The boundary functions gm(k) are chosen due to the simple
form they induce for the limit stopping rule τ . They depend, by
construction, on a tuning parameter γ ∈ [0, 1/2) that flexibly
adjusts the sensitivity of the testing procedure. Note that the right
endpoint 1/2 is excluded, since H0 would else, due to the law of
the iterated logarithm for Brownian motions at zero, be rejected
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Table 1
Performance of the monitoring procedures τm = τm(γ ) for selected values of m, k∗ and γ in the case of the independent and identically distributed normal regressors
specified in (A).

m k∗ γ min Q1 med Q3 max m k∗ γ min Q1 med Q3 max

75 1 0.00 10 24 30 44 191 200 1 0.00 18 33 40 48 118
0.25 4 14 20 27 156 0.25 5 16 21 28 87
0.45 1 9 15 24 229 0.45 1 9 13 18 64

7 0.00 15 32 40 49 216 20 0.00 34 55 63 73 155
0.25 5 24 33 41 218 0.25 13 41 49 58 139
0.45 1 20 29 39 498 0.45 1 36 42 52 116

112 0.00 30 158 185 220 617 300 0.00 46 366 399 436 610
0.25 11 154 183 219 530 0.25 22 360 394 431 595
0.45 1 162 197 238 639 0.45 1 372 410 451 679

100 1 0.00 12 27 33 39 100 1000 1 0.00 47 74 82 93 150
0.25 4 15 21 30 86 0.25 10 31 37 44 86
0.45 1 8 14 22 99 0.45 1 8 12 20 61

10 0.00 18 36 43 52 140 100 0.00 131 176 188 202 274
0.25 12 26 32 42 144 0.25 106 145 156 170 233
0.45 1 21 28 39 190 0.45 1 131 144 156 211

150 0.00 41 202 231 229 241 1500 0.00 303 1644 1706 1765 1990
0.25 15 199 229 266 508 0.25 135 1637 1699 1761 1966
0.45 1 210 241 285 702 0.45 1 1649 1712 1772 2016
with probability one regardless whether it is true or not. Tabulated
critical values q∗ for various selections of α and γ are provided in
Table 1 of Horváth et al. (2004). We will elaborate further on the
practical aspects of τm in Section 4. Alternative forms of boundary
functions gm(k)may be entertained as well. The interested reader
is in this regard referred to Andreou and and Ghysels (2006) and
the references cited in this paper.
Other sequential procedures for the same testing problemwere

introduced in Leisch et al. (2000), Horváth et al. (2004), Zeileis
et al. (2005), and Aue et al. (2006b). Leisch et al. (2000) and Zeileis
et al. (2005) investigated, for example, the behavior ofmoving sum
(MOSUM) based detectors, while Horváth et al. (2004) used, next
to the stopping rule τm from above, procedures based on recursive
residuals, an approach advocated by Brown et al. (1975). Aue
et al. (2006b) studied on-line schemes which are built on squared
prediction errors. Empirical studies in these papers indicate that
the CUSUM stopping rule τm performs superior in the case of
changes soon after the end of the training period, while MOSUM-
type procedures perform as well or better in the case of later
changes.
The main aim of this paper is to derive the limit distribution of

τm in the presence of a break in the sequence {βi}. This will require
additional assumptions on themodel parameters. Denote by1m =
βA−β0 the difference in the regression parameters before and after
the change-point k∗. Since we are working under HA, 1m cannot
be the zero vector. Note that we have explicitly allowed for1m to
depend onm, which, in turn, implies thatβ0 andβA depend onm as
well. For notational simplicity this is suppressed. To guarantee that
the change can be identified by τm we need to relate1m also to the
mean vector d of the explanatory variables {xi}. Let δm = dT1m. It
is assumed that there are positive constants C1, C2, and C3 ≤ C4
such that, asm→∞,
C1
logm

≤ |1m| ≤ C2,
C1
logm

≤ |δm| ≤ C2 and

C3 ≤
|δm|

|1m|
≤ C4, (3.4)

where | · | denotes the maximum norm of vectors. In (3.4), we
allow δm to be constant as well as to tend to zero subject to
a slow convergence. These conditions emulate corresponding
assumptions commonlymade in the retrospective change analysis,
where limit theorems are often given with reference to fixed
changes (the order of magnitude of the parameter differences
before and after the breakpoint does not change with increasing
sample size) and shrinking changes (the order of magnitude
disappears in the long-run). The latter are particularly important
if one aims at deriving the limit distribution for the change-
point estimator (see Csörgő and Horváth (1997)). In the sequential
setting, we show that both fixed and shrinking changes can be
handled simultaneously as long as (3.4) is satisfied. The lower
bounds for |1m| and |δm| in (3.4) include the term logm in the
denominator to control for the fluctuations of the time series
regressors. This will become apparent from Proposition 7.1 and
Lemma 7.2. In the standard case of constant regressors, the
additional log term may be dropped.
The final assumption ensures that the change-point k∗ occurs

shortly after the end of the training period: asm→∞,

k∗ = O
(
mθ
)
for some 0 ≤ θ <

1− 2γ
4(1− γ )

. (3.5)

Condition (3.5) is not motivated by the fact that CUSUM-type
detectors perform better than other available procedures in the
case of early changes (see the discussion above) but is rather
a technical necessity imposed to ensure that the limit result of
Theorem 3.1 holds in fact true (see part (iv) of Lemma 7.1). Given
that (3.5) is required, the CUSUM procedure is also the optimal
choice in terms of minimized empirical detection time.
The assumptions imposed are sufficient to find normalizing

sequences {am} and {bm} such that the standardized variables τ 0m =
(τm−am)/bm converge in distribution to a standardnormal random
variable, whose distribution function is abbreviated byΦ(z).

Theorem 3.1. If conditions (2.1), (2.3)–(2.5), (2.8)–(2.10), (3.4) and
(3.5) hold, and if µ > 8(1− γ )/(1− 2γ ) then as m→∞,

lim
m→∞

P{τm ≤ am + bmz} = Φ(z)

for all real z, where

am =

(
c1−γm −

1
cγm|δm|

m+cm∑
i=m+k∗

(xi − d)T1m

)1/(1−γ )
,

bm =
√
cmσ

(1− γ )|δm|

and cm = (qm1/2−γ /|δm|)1/(1−γ ) with q = σq∗(α) determined by
(3.3).

Theorem 3.1 establishes the central limit theorem for a suitably
standardized version of τm. The quantities {am} are consequently
the centering constants which, by assumption (3.5) on k∗, can
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also conveniently be interpreted as the average delay time of the
sequential procedure. If the regressors {xi} are constant, am = cm,
whereas in the time series regressor case, an additional correction
term is to be included in the definition of am. This implies that
generally am 6= cm. Note, however, that
am
cm

P
−→ 1 (m→∞),

where
P
→ signifies convergence in probability, and that therefore

the influence of the time series regressor fluctuations dampens out
in the long-run. Their impact to the asymptotic is solely given by
their mean component d which enters through the term δm =
dT1m used in the definition of cm. Moreover, bm represents the
standard deviation, determining the order of magnitude of the
fluctuations around τm − am.
Even further, we will show next that τm satisfies the weak law

of large numberswith normalizing sequence cm. To prove this, note
first that
bm
cm
=

σ

1− γ
1

√
cm|δm|

,

using the definitions of bm and cm in Theorem 3.1. The first ratio
on the right-hand side is clearly constant. For the reciprocal of the
second, it follows from assumption (3.4) that
√
cm|δm| =

(
qm1/2−γ |δm|1−2γ

)1/[2(1−γ )]
→∞ (m→∞)

and consequently bm/cm → 0. This combined with the display

in the previous paragraph implies that bm/am
P
→ 0 as m → ∞.

According to Theorem 3.1, for all ε > 0 there are real numbers z1
and z2 such that

lim
m→∞

P
{
1+

bm
am
z1 ≤

τm

am
≤ 1+

bm
am
z2

}
= 1− ε.

Since we have just shown that bm/am
P
→ 0, we have proved that

τm

am
P
−→ 1 and

τm

cm
P
−→ 1 (m→∞)

and therefore verified our claim.
The standard approach in sequential analysis is to determine

the average run-length (ARL) of the monitoring procedures under
consideration only. Theorem 3.1 offers more. For a fixed m,
am can be interpreted as approximate ARL with bm giving the
average fluctuations around this average. Butwith the central limit
theorem readily available for τm other asymptotic quantiles of
interest can easily be computed. To the best of our knowledge, the
first contribution in the literature presenting such a limit theorem
was Aue and Horváth (2004). Their result was stated in the much
simpler and less relevant (univariate) location model. It follows as
a special case from our Theorem 3.1 on setting p = 1 and xi = 1.
It is also worth mentioning that a similar result for MOSUM-type
procedure is not to be expected (see Aue et al. (2008b)).
The idea behind the proof of Theorem 3.1 can be explained

as follows. By definition of the stopping rule τm, the monitoring
procedure will not have been terminated by time N if and only
if the detector Γm(k) has remained below the threshold function
gm(k) for all time indices k ≤ N . Consequently, the probabilities of
these two events must be the same, that is

P{τm > N} = P
{
max
1≤k≤N

|Γm(k)|
gm(k)

≤ 1
}
. (3.6)

The main goal is now to define an appropriate sequence N =
Nm(z), related to the sequences {am}, {bm} and {cm}, so that the
convergence in distribution result of Theorem 3.1 follows. That is,
we have to prove that, with τ 0m = (τm − am)/bm,

lim
m→∞

P{τm > Nm(z)} = lim
m→∞

P{τ 0m > −z} = 1− Φ(−z) = Φ(z)
holds for all real z. We relegate the exact definition of N to
Section 7.
Eq. (3.6) relates exceedance probabilities of τm to probabilities

of a maximum over a weighted random partial sum. It is
somewhat surprising and unusual that the resulting asymptotic in
Theorem 3.1 is normal and not of extreme value type. The reason
for this fact is that, asymptotically, only those time indices close
to N will contribute to the limit (see Lemmas 7.3–7.6) and that
therefore Γm(N)/gm(N) contains all relevant information.
There are various other lines of research established in the

literature dealing with structural breaks. In contrast to our
approach which gives a change-point the role of an additional
parameter present under the alternative hypothesis, Pesaran et al.
(2006), and Pesaran and Timmermann (2007) use a Bayesian
framework for forecasting in a Markov switching model utilizing
and extending the methodologies developed in Hamilton (1988),
Chib (1998) and others. In assuming more structure on the timing
and magnitude of breaks via the so-called meta distributions, the
derivation of a delay time as in our main result becomes obsolete
and makes the two approaches incompatible.

4. A Monte Carlo study

In this section, we provide a simulation study that considers
several data generating processes as time series regressors as well
as a selection of values for the tuning parameter γ and the training
periodm to investigate the finite sample behavior of the delay time
approximation given in Theorem 3.1.

4.1. The simulation design

We illustrate the applicability of the theoretical result in a
simulation study and attempt to provide some loose guidelines for
practitioners that may help to ease the data analysis. The objective
of this subsection is to explore the normality of τm for the training
sample sizes m = 75, 100, 200 and 1000 which are reasonable
to assume in applications. Throughout, we take the innovations
{εi} as standard normal random variables. The bivariate regression
parameters are assumed to switch from β0 = (1, 1)T to βA =
(1.2, 1.2)T at the change-point k∗. Other specifications for β0 and
βA were also considered with similar outcomes, so that the results
are not reported here. To explore further the effect of the change-
point location on the monitoring procedure, we have considered
three values, namely k∗ = 1, bm/10c and b3m/2c, representing
early, moderate and late changes. The time series regressors {xi}
always satisfy xi1 = 1, while the second coordinate is chosen from
the following list. The sequence {xi2} is given by
(A) iid normal random variables with mean d2 = 3 and unit
variance;

(B) a first-order autoregressive process with parameter ϕ = .3
and mean d2 = 3, that is

xi2 − d2 = ϕ(xi−1,2 − d2)+ zi,

where {zi} denotes a sequence of iid zeromean normal random
variables with variance .84. The specifications imply that xi2
has unit variance;

(C) the generalized autoregressive conditionally heteroscedastic
GARCH(1,1) process

xi2 = d2 + σizi, σ 2i = ω̄ + ᾱz
2
i−1 + β̄σ

2
i−1,

with parameter specifications d2 = 3, ω̄ = .5, ᾱ = .2 and
β̄ = .3. Moreover, {zi} are iid standard normal variates. It is
ensured that xi2 has unit variance.

The number of replications is 2500. We then analyze the data
generating processes given by (A)–(C)with the stopping rules τm =
τm(γ ) with the three specifications γ = 0.00, 0.25 and 0.45,
covering the range of admissible values for the tuning parameter.



A. Aue et al. / Journal of Econometrics 149 (2009) 174–190 179
Table 2
Performance of the monitoring procedures τm = τm(γ ) for selected values ofm, k∗ and γ in the case of the first-order autoregressive regressors specified in (B).

m k∗ γ min Q1 med Q3 max m k∗ γ min Q1 med Q3 max

75 1 0.00 10 22 28 37 130 200 1 0.00 20 36 42 49 117
0.25 3 11 17 24 750 0.25 5 19 24 31 82
0.45 1 6 10 18 147 0.45 1 7 14 21 92

7 0.00 13 29 37 48 223 20 0.00 33 59 69 80 154
0.25 7 22 28 38 141 0.25 20 46 54 63 163
0.45 1 18 26 35 331 0.45 1 39 48 58 136

112 0.00 19 155 179 209 465 300 0.00 64 367 402 437 720
0.25 12 153 180 208 533 0.25 23 363 398 435 584
0.45 1 159 187 227 748 0.45 1 373 411 453 643

100 1 0.00 13 28 34 42 112 1000 1 0.00 47 73 82 91 152
0.25 4 17 23 30 131 0.25 12 33 39 47 85
0.45 1 8 15 24 113 0.45 1 9 14 21 58

10 0.00 16 36 43 51 171 100 0.00 130 176 187 200 261
0.25 8 27 34 41 115 0.25 68 143 154 170 237
0.45 1 23 30 39 146 0.45 1 129 141 152 214

150 0.00 30 201 228 262 656 1500 0.00 300 1646 1788 1775 1973
0.25 15 198 226 262 541 0.25 93 1633 1695 1760 1971
0.45 1 206 238 278 602 0.45 1 1650 1713 1778 1995
Table 3
Performance of the monitoring procedures τm = τm(γ ) for selected values ofm, k∗ and γ in the case of the GARCH(1,1) regressors specified in (C).

m k∗ γ min Q1 med Q3 max m k∗ γ min Q1 med Q3 max

75 1 0.00 10 23 28 35 247 200 1 0.00 16 32 37 45 99
0.25 4 14 19 26 141 0.25 5 15 19 24 95
0.45 1 9 14 20 256 0.45 1 7 11 16 70

7 0.00 14 30 38 47 139 20 0.00 30 55 64 72 138
0.25 9 22 29 38 179 0.25 10 40 48 57 116
0.45 1 18 26 36 219 0.45 1 34 41 52 134

112 0.00 29 159 184 217 531 300 0.00 78 371 405 443 619
0.25 9 157 183 216 558 0.25 29 365 399 438 454
0.45 1 168 197 240 750 0.45 1 375 415 454 732

100 1 0.00 12 25 31 38 116 1000 1 0.00 51 76 84 94 131
0.25 4 13 18 25 105 0.25 12 33 39 47 84
0.45 1 9 12 19 116 0.45 1 11 17 23 76

10 0.00 17 36 43 53 131 100 0.00 134 182 196 210 288
0.25 10 25 32 42 161 0.25 103 146 160 177 242
0.45 1 21 29 38 173 0.45 3 132 144 159 219

150 0.00 30 200 228 262 500 1500 0.00 339 1649 1702 1763 2008
0.25 16 197 226 261 459 0.25 113 1634 1693 1755 1988
0.45 1 204 237 274 606 0.45 1 1651 1711 1776 2017
4.2. Simulation results

The findings of the simulation experiments are reported in
Tables 1–3 and Fig. 1. The tables give five number summaries
for the various specifications of τm = τm(γ ) and the three data
generating processes (A)–(C). It can be seen that the performance
of the monitoring procedures appears very robust with respect
to weak dependence and heteroskedasticity in the time series
regressors, as the corresponding numerical values in Tables 2 and
3 do not differ significantly from the ones for the iid normal
regressors in Table 1.
Second, all procedures perform the worse the later the change

occurs after the monitoring commences. This confirms that the
condition imposed in (3.5) is not restrictive but necessary, since
the asymptotic normality provided in Theorem 3.1 is apparently
violated, even for the training period of size m = 1000, if k∗ =
b3m/2c.
Third, there is a strong dependence between the performance

of the monitoring procedure and the value of γ chosen to
construct the boundary function gm(k). Selecting γ = 0.00 yields
a rather conservative procedure that requires a comparatively
large detection time before rejecting the stability hypothesis.
On the other hand, it avoids false early detection which can be
seen best from the late change scenario k∗ = b3m/2c. The
procedure specified by the tuning parameter γ = 0.45 reacts
fastest to the changes but at the cost of an increased false early
detection. The procedure with γ = 0.25 can be interpreted as a
compromise between the other two procedures. In general, one
would recommend the use of a larger γ in our setting which
requires an early change through (3.5), while the recommendation
for late changes (if one would use the CUSUM procedure at all)
would be to use a small tuning parameter γ . These observations
are in accordance with the theoretical findings of Theorem 3.1.
They also extend the theoretical and empirical results reported in
Horváth et al. (2004) and Aue et al. (2006b).
Fig. 1 illustrates the findings graphically for the GARCH(1,1)

model (C). It shows the estimated densities of τ 0m = (τm − am)/bm
for the four choices of m and three choices of k∗. The normaliz-
ing sequences have been calculated from their definitions in Theo-
rem 3.1. Essentially the same graphs are obtained if instead of the
theoretical values the sample mean and variance are used and we
refrain from including the graphs. The corresponding graphs for
the data generating processes (A) and (B) are similar and hence
not included here. Fig. 1 shows that normality is reasonably ap-
proached for the early change scenario, especially in case of the
large training period with m = 1000. Compared to the super-
imposed standard normal density, there is in all cases some mass
missing in the left tail and there is too much mass in the right tail,
which is visible also form = 1000. This, however, is to be expected,
since τm cannot be negative but could, on the other hand, theoreti-
cally take an infinite value. For the purpose of constructing reliable
confidence intervals for the delay time, Theorem 3.1 provides ex-
cellent interval endpoints if γ is sufficiently large and if the change
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Fig. 1. Estimated density plots for the standardized delay times τ 0m = τ
0
m(γ ) using the GARCH(1,1) regressors in (B) and the tuning parameters γ = 0.00, 0.25 and 0.45.

The rows from top to bottom correspond to the respective training period sizes m = 75, 100, 200 and 1000. The columns from left to right correspond to the respective
change-point locations k∗ = 1, 5 and 20. The standard normal density is superimposed for comparison.
happens early. Moving from left to right in a given row, it is appar-
ent how later changes distort the normal asymptotic to the extent
that it loses its validity if the value of k∗ is further increased.Moving
from top to bottom in a given column, one can seehowan increased
training sample improves the bell shape of the density estimator.
For more on this topic, we refer to Aue et al. (2008a).
5. An application to macroeconomic data

5.1. Data description

It is a common understanding in economics that consumption,
labor income and household wealth should move together in the
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long run. Following the pioneering work of Modigliani (1971),
almost all contemporary macroeconomic models include the
assumption that a dollar increase inwealth (for fixed labor income)
implies an increase in consumer spending of roughly four to five
cents (see, for instance, the textbook Abel and Bernanke (2001),
and the two papers Lettau and Ludvigson (2001, 2004).
To explore the connection between household wealth and

consumption in theUnited States on one side and the predictability
of stock returns on the other, the latter authors compiled a data
set1 of 224 4-variate measurements taken quarterly from 1952:1
to 2007:4 of which we used the 200 observations in the period
1958:1–2007:4 for our purposes. The measurements include the
variables consumption, asset wealth, labor income and an error
correction term due to cointegration. Consumption is measured
as total personal consumption expenditures on non-durables and
services in billions of dollars, excluding shoes and clothing. Asset
wealth is measured as household net worth in billions of dollars.
Labor income is described as the annuity value of human wealth.
To ensure stationarity, we apply a log difference transformation
to the consumption, asset wealth and labor income variables. We
shall use the following notation for the quantities involved to built
our time series regression model. Let

yi = log difference of the consumption observations,
xi1 = intercept term,
xi2 = log difference of the asset wealth observations,
xi3 = log difference of the labor income observations,
xi4 = the error correction terms.

In the following, we investigate if the assumed fixed linear
relation between wealth and consumption is indeed justified via
an application of the linear model setting introduced in Section 2.
Sincewe have all data points available at the outset, it is possible to
analyze the structural stability with retrospectivemethods to get a
better picture of the data.We pursue this goal in Section 5.2, before
we design an appropriate monitoring procedure in Section 5.3 to
highlight the usefulness of Theorem3.1 in a practical environment.

5.2. A preliminary retrospective analysis

In this subsection, we apply the maximally selected likelihood
ratio test in the form of Csörgő and Horváth (1997) to check
whether or not the regression parameters in the linear regression
model yi = xTi β0 + εi is justified for the whole set of observations
(i = 1, . . . , 200). Since the data may be confounded by more than
one structural break, we adopt the binary segmentation procedure
which is similar to themethods discussed in Bai and Perron (1998)
and Bai (1999). To this end, denote by

`n = −n max
p<k<n−p

[
ln σ̂ 2k − ln σ̂

2
n

]
,

the maximally selected log likelihood ratio test statistic, where
σ̂ 2k = σ̂ 2k,1 + σ̂

2
k,2 with σ̂

2
k,1, σ̂

2
k,2 and σ̂

2
n being respectively the

variance estimator of the residuals from regression fits to the first
k, the last k and alln observations. Utilizing Theorem3.1.1 of Csörgő
and Horváth (1997), the critical value for a given asymptotic level
α ∈ (0, 1) of the test can be computed as in their display (3.1.21).
Since the application of this procedure is by now standard, we only
briefly report the results in the following paragraph.
In the present context, we have used the level α = 0.01

in each of the applications of the likelihood ratio test. We have
consequently in a first step applied `(1)200 = `200 with p = 4

1 The data can be downloaded at http://faculty.haas.berkeley.edu/lettau/data/
cay_q_07Q4.txt.
to the data points. We have thus found a first change in the
regression parameters at time k∗1 = 123 (that is, 1988:2). The
segmentation procedure requires now to split up the sample into
the two subsamples, the first of which contains the initial 123
observations and the second of which the final 77 observations,
and to repeat the analysis on the subsamples. Since we are here
only interested in the application of the monitoring procedure
defined by τm, we have only used the first 123 observations. An
application of `(2)123 = `123 has led to the detection of another
change-point at time k∗2 = 92 (that is, 1980:3). A third application
of the segmentation procedure to the thus obtained subsamples
has not found additional structural breaks.
The results of the retrospective analysis are graphically

summarized in Fig. 2. The panels show the four time series involved
in the regression model building process, namely consumption
in the upper left panel, asset wealth (upper right), labor income
(lower left) and the correction terms (lower right). Each time series
plot depicts k∗1 and k

∗

2 as dotted lines to indicate the structural
breaks detected here.

5.3. Sequential monitoring

In order to illustrate our theory, we apply now the stopping rule
τm for several choices of the training period sizem to the same data
set. Since the retrospective analysis indicated two structural breaks
in 1980:3 and 1988:2 but structural stability prior to 1980:3, we
use the four training periods

m = 75, 1958:1–1976:3;
m = 80, 1958:1–1977:4;
m = 85, 1958:1–1979:1;
m = 90, 1958:1–1980:2.

Moreover, for each m, we have selected three values of the
boundary function tuning parameter, namely γ = 0, 0.25 and
0.45. These choices determine now 12 corresponding monitoring
procedures given by

τm = τm(γ ), m = 75, 80, 85, 90, γ = 0, 0.25, 0.45,

whichwill be utilized to see how the parametersm and γ affect the
stopping times. At the same time,we can gain valuable information
also on how the start of the monitoring is related to the location of
the underlying structural breakwhichwe expect to happen around
the time k∗2 = 92 (1980:3) according to the retrospective analysis
of Section 5.2. The training period with m = 90 ends notably
exactly one observation before the estimated time of break.
Given a training period, we started the model building process

by fitting the parameters to the multiple regressions

yi = (xi1, xi2, xi3, xi4)(β01, β02, β03, β04)T + εi,
i = 1, . . . ,m, m = 75, 80, 85, 90,

where the notation of Section 5.1 has been adopted. Utilizing the
theoretical contribution of this paper, we started monitoring for
changes in the regression parameters in the remaining 200 −
m observations with the stopping rules τm = τm(γ ) for the
three different values of the tuning parameter given above. The
corresponding observed stopping times τm, the critical values and
the estimated values âm, b̂m and ĉm are summarized in Table 4,
while Fig. 3 depicts the detectors’ absolute values |Γm(k)| for each
value ofm. In each of these plots, the three boundary functions are
superimposed. As the asymptotic level of the test we have chosen
α = 0.1. Simulations in Horváth et al. (2004) have, however,
indicated that the test procedures perform rather conservative for
sizes of the training period less than or equal to 100 and suggested
that one trims the asymptotic critical values by 10% in an effort

http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
http://faculty.haas.berkeley.edu/lettau/data/cay_q_07Q4.txt
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Fig. 2. Log differences of consumption expenditures (upper panel, left), asset wealth (upper panel, right) and labor income (lower panel, left). The error correction terms
are plotted in the lower right panel. Each plot depicts the structural changes in the assumed linear relationship detected with the retrospective procedure as dotted lines.
Each plot also displays the end of the monitoring period with m = 75 as dashed line and the detection of the structural break as solid line for the sequential monitoring
procedure with γ = 0.25.
Table 4
Summary of the nine monitoring procedures given by the training period sizes
m = 75, 80, 85 and the tuning parameters γ = 0.00, 0.25, 0.45. The critical values
used for the respective values of γ are q∗ = 1.74, 1.90, 2.30 and are taken from
Horváth et al. (2004) subject to an empirical correction.

m γ τm[date]

75 0.00 66 [1994:1]
0.25 20 [1982:3]
0.40 19 [1982:1]

80 0.00 66 [1995:2]
0.25 15 [1981:3]
0.45 10 [1980:2]

85 0.00 63 [1995:4]
0.25 11 [1981:4]
0.45 4 [1980:1]

to improve the finite sample behavior. We have followed this
recommendation here.
Several remarks are in order. First, the monitoring procedure

based on the tuning parameter γ = 0 proves to be too
conservative to pick up a structural break in the early 1980s for
all choices of m. Unless m = 90, however, they reject the null
hypothesis of structural stability in the mid-1990s. Given that
CUSUMprocedures need time to pick up changes that occur later in
the sample, it can be argued that, form = 75, 80, 85, the stopping
times τm = τm(0) detect the chronologically second change k∗1 =
123 [1988:2] indicated by the retrospective analysis. This claim
may be further supported by the fact that k∗1 is themore significant
break as it was found in the first round of the binary segmentation
procedure of Section 5.2.
Second, for m = 75, 80, 85, the more sensitive monitoring

procedures based on the tuning parameters γ = 0.25, 0.45
detect a change in the regression parameters in the early 1980s
as expected from the retrospective test. That the larger γ reacts
faster is in accordance with the findings of the simulation study in
Section 4.
Third, the procedures based on m = 90 fail to produce a

rejection of the structural stability null hypothesis (see the lower
right panel of Fig. 3). A possible explanation is the following. Given
that the values for the stopping rules τm = τm(γ ) with m =
75, 80, 85, and γ = 0.25, 0.45 all stop right after or even before
k∗2 [1980:3], it seems likely that the actual change happened prior
to this estimated break date. An inspection of the log likelihood
function (not shown here) reveals that the second highest value of
ln σ̂ 2k − ln σ̂

2
n , k = 5, . . . , 195, is reached close to but prior to k

∗

2 ,
thus adding to the credibility of our assessment.
In conclusion, we have through the application of our monitor-

ing procedure provided evidence that the standard textbook as-
sumption of parallel growth of consumption and wealth seems
questionable. The result shows that suitably calibrated versions of
τm with values of γ ranging between 0.25 and 0.45 yield reliable
tools for practitioners who are interested in real-time monitoring
of economic data. The procedures appear to be reasonably robust
to the size of the training period and the location of the structural
break date relative to the time when monitoring commences. Our
findings are additionally supported by a preliminary retrospective
analysis.
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Fig. 3. The performance of the stopping rules τm = τm(γ ) using training sizes m = 75 (upper panel, left), m = 80 (upper panel, right), m = 85 (lower panel, left) and
m = 90 (lower panel, right). Each plot depicts the detector values as solid lines (—). The different boundary functions are superimposed with γ = 0 given by a dashed line
(- - -), γ = 0.25 by a dotted line (· · ·) and γ = 0.45 by (·- ·). Alarm is caused at the first time the detector exceeds the boundary function value.
6. Conclusions

We have in this paper established the asymptotic normality of
delay times associated with a CUSUM-type monitoring procedure
in a multiple time series regression setting. This procedure
compares the growth of the model residuals with a boundary
function that can be tuned via the selection of a sensitivity
parameter. The results are given under general and novel
conditions. They are of interest in itself but also offer a variety of
new tools for econometric practitioners who are interested in the
on-line and real-time monitoring of economic and financial data.
The monitoring procedures have been analyzed by means of a

Monte Carlo simulation study to assess their finite sample behavior
in case of a change ofmoderate size.Wehave tested themonitoring
procedures on a realmacroeconomic data set by first evaluating the
whole data set with the help of retrospective tools. These findings
were reproduced by an application of the sequential procedure.
A number of recommendations can be made for applied

econometricians. These concern mainly the two parameters that
determine the performance of the procedures, namely the training
period size m and the sensitivity tuning parameter γ . First, the
results of Section 5 show that the monitoring works reasonably
well also for training period sizes somewhat less than 100 as long
as the sensitivity parameter γ is chosen to be at least 0.25 or larger.
In the case of even shorter training periods, practitioners may use
the techniques described after display (2.1) to reach an appropriate
length of, say,m = 75 observations.
To ensure that the procedures have reasonable power against

detecting changes of moderate size |1m| (as the ones used in
Section 4, where |1m| = 0.2), it is recommended to apply
a monitoring procedure with a tuning parameter γ ≥ 0.4.
Picking a larger γ generally leads to a more powerful procedure.
More pronounced changes are obviously easier detected and allow
consequently also for choosing smaller values of γ . Procedures
with smaller γ generally behave nicer under the null hypothesis
of no change in the regression parameters (which has not been
considered in this paper), as they are less prone to cause false
alarms.
The results presented here are valid for CUSUM-type proce-

dures that require early changes to ensure optimal performance.
If the change, however, occurs late after the monitoring has com-
menced, the procedures of this paper fail to perform at a satis-
factory level. Research to be conducted in the future will focus
thus on establishing modified results also for MOSUM-type pro-
cedures which generally outperform CUSUM-type procedures for
late changes. The technical difficulties that are to be expected have
been addressed briefly in the Introduction and in Section 3.

7. Proofs

The proof section is divided into a number of subsections. In
Section 7.1, we deal with the time series regressors {xi} and show
how the moment assumption in (2.5) can be utilized to obtain
an order of magnitude for deviations of the xi from their mean
d, and that (2.5) is satisfied for the sequences {xi} introduced in
Examples 2.1–2.4. In Section 7.2, we compare orders of magnitude
of the change-point k∗, the training period size m, the sequence
N and δm. Finally, the limit distribution is derived in Section 7.3.
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Throughout, we assume without loss of generality that δm =
dT1m > 0.
Right at the outset, we specifyN and relate it to the normalizing

sequences {am}, {bm} and {cm}. Let N = Nm(x) be defined via

N1−γ =
qm1/2−γ

δm
−

1
cγmδm

m+cm∑
i=m+k∗

(xi − d)T1m

− σ x

(
q1/2−γm(1/2−γ )

2

δ
3/2−2γ
m

)1/(1−γ )

= a1−γm − x
(1− γ )bm
cγm

, (7.1)

where the second equality follows after elementary calculations
using the definitions of am, bm and cm in Theorem 3.1. A similar
definition of N was used by Aue and Horváth (2004) to study the
simpler location model setting. The main difference between their
sequence and the one used in the present paper is the additional
partial sum term in (7.1) which is due to the non-constant time
series regressors {xi}.

7.1. Properties of the time series regressors

In this subsection we derive the almost sure order of the
magnitude of the maximum of the partial sums obtained from the
centered regressors xi − d. Subsequently, we will show that the
time series specified in Examples 2.1–2.4 satisfy the coordinate-
wisemoment condition (2.5) and, consequently, also the following
proposition.

Proposition 7.1. If assumptions (2.4) and (2.5) are satisfied, then, for
all j = 1, . . . , p as m→∞,

max
k∗≤k≤cm

∣∣∣∣∣ m+k∑
i=m+k∗

(xij − dj)

∣∣∣∣∣ = o (√cm [m(logm)2]1/µ) a.s. (7.2)

and

max
1≤k≤k∗

1
k

∣∣∣∣∣ m+k∑
i=m+1

(xij − dj)

∣∣∣∣∣ = o ([m(logm)2]1/µ) a.s. (7.3)

Proof. By the stationarity assumption (2.4), it holds for any u > 0
and j = 1, . . . , p,

P

{
max
k∗≤k≤cm

∣∣∣∣∣ m+k∑
i=m+k∗

(xij − dj)

∣∣∣∣∣ > u
}

≤ P

{
max
1≤k≤cm

∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣ > u
}
.

Combining the stationarity of the regressors with the moment
condition (2.5) yields that

E

∣∣∣∣∣ k∑
i=`

(x`j − dj)

∣∣∣∣∣
µ

≤ K(k− `)µ/2,

so Theorem 12.2 of Billingsley (1968, p. 94) implies that, for any
t > 0, there is a constant K ∗ > 0 such that

P

{
max
k∗≤k≤cm

∣∣∣∣∣ m+k∑
i=m+k∗

(xij − dj)

∣∣∣∣∣ > t√cm [m(logm)2]1/µ
}

≤
K ∗cµ/2m(

√
cm
[
m(logm)2

]1/µ)µ = K ∗

m(logm)2
,

and (7.2) follows from the Borel–Cantelli lemma.
Similarly, using assumptions (2.4) and (2.5), we obtain for (7.3)
that

P

{
max
1≤k≤k∗

1
k

∣∣∣∣∣ m+k∑
i=m+1

(xij − dj)

∣∣∣∣∣ > [
m(logm)2

]1/µ}

= P

{
max
1≤k≤k∗

1
k

∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣ > [
m(logm)2

]1/µ}

≤

k∗∑
k=1

P

{∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣ > k [m(logm)2]1/µ
}

=

k∗∑
k=1

P

{∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣
µ

>
(
k
[
m(logm)2

]1/µ)µ}

≤

k∗∑
k=1

k−µ/2

m(logm)2

= O

(
(k∗)1−µ/2

m(logm)2

)
.

Since µ > 2, the last expression is summable with respect to m
and the Borel–Cantelli lemma finishes the proof. �

The second proposition first establishes that N and cm are
asymptotically equivalent with probability one. In a second part,
two almost sure convergence results are derived which are similar
to the ones studied in the previous proposition. However, the
maximum now has an upper limit N .

Proposition 7.2. If assumptions (2.4) and (2.5) are satisfied and if
µ > 8(1− γ )/(1− 2γ ), then, as m→∞,

N
cm
→ 1 a.s., (7.4)

max
k∗≤k≤N

1
kγ

∣∣∣∣∣ m+k∑
i=m+k∗

(xi − d)T1m

∣∣∣∣∣ = o (δmN1−γ ) a.s. (7.5)

and

max
k∗≤k≤N

1
kγ

∣∣∣∣∣ m+k∑
i=m+k∗

(xi − d)

∣∣∣∣∣ = o (N1−γ ) a.s. (7.6)

Proof. To derive (7.4), divide N by cm to obtain(
N
cm

)1−γ
= 1−

1
cmδm

m+cm∑
i=m+k∗

(xi − d)T1m −
σ x
√
cmδm

, (7.7)

where the second term on the right-hand side is o(1) almost surely
by (7.2) of Proposition 7.1 and the definition of cm in Theorem 3.1.
Indeed, observe that

1
cmδm

m+cm∑
i=m+k∗

(xi − d)T1m = O

(
1
cmδm

√
cm
[
m(logm)2

]1/µ
|1m|

)
= O

(
δ1/(2[1−γ ])m m1/µ−(1−2γ )/(2[1−γ ])(logm)2/µ

)
= o(1)

holds with probability one as m→ ∞, since µ > 8(1 − γ )/(1 −
2γ ) > 2+2γ /(1−2γ ). The definition of cm in Theorem3.1 implies
that the third term on the right-hand side of (7.7) is o(1).
By (7.4) it suffices to show the assertion of (7.5) if N is replaced

by cm. Now arguments similar to the ones used in the proof of
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Proposition 7.1 imply that, asm→∞,

P

{
max

k∗≤k≤2cm

1
kγ

∣∣∣∣∣ m+k∑
i=m+k∗

(xi − d)T1m

∣∣∣∣∣ > tδmc1−γm

}

≤

2cm∑
i=k∗
P

{∣∣∣∣∣ m+k∑
i=m+k∗

(xi − d)T1m

∣∣∣∣∣ > tkγ δmc1−γm

}

≤ K1
2cm∑
k=k∗

(tkγ δmc1−γm )−µ(k− k∗)µ/2|1m|µ

≤
K2

(tc1−γm )µ

2cm∑
k=1

kµ(1/2−γ )

≤
K3
tµ
c1−µ/2m

≤
K4
tµ

(
m1/2−γ

δm

)(1−µ/2)/(1−γ )
≤
K5
tµ
(logm)(µ/2−1)/(1−γ )m(1−µ/2)(1−2γ )/(2[1−γ ]),

which is summable since µ > 8(1 − γ )/(1 − 2γ ). Consequently,
(7.5) follows from the Borel–Cantelli lemma. The claim in (7.6) is
proved in the same fashion. �

Propositions 7.1 and 7.2 ensure that the deviations xi−d remain
so small uniformly that their impact does not influence the limit
behavior of τm. In particular, both propositions are satisfied for the
classical constant regressors xi = d. Note that we only needed
to impose stationarity and the moment condition (2.5) and that
more restrictive assumptions (such as the existence of a density
or mixing conditions) that would limit the applicability of our
approach or would be harder to verify can be avoided.
The subsection is concluded by studying the specific {xi} of

Examples 2.1–2.4.

Proposition 7.3. Under the conditions of Example 2.1, the resulting
iid sequence {xi} satisfies (2.5).
Proof. It follows from Rosenthal’s inequality (see Petrov (1995),
p. 59). �

Proposition 7.4. If the conditions of Example 2.2 are satisfied, then
the resulting multivariate linear process {xi} satisfies (2.5).
Proof. An application of Minkowski’s inequality yields that

E

∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣
µ

= E
∣∣∣∣ k∑
i=1

∞∑̀
=0
ϕ`(j)zi−`

∣∣∣∣µ
= E

∣∣∣∣ ∞∑̀
=0
ϕ`(j)

k∑
i=1
zi−`

∣∣∣∣µ
≤

(
∞∑̀
=0

[
E
∣∣∣∣ϕ`(j) k∑

i=1
zi−`

∣∣∣∣µ]1/µ
)µ

≤

(
∞∑̀
=0
|ϕ`(j)|

[
E
∣∣∣∣ k∑
i=1
zi−`

∣∣∣∣µ]1/µ
)µ
.

Now, Rosenthal’s inequality (see Petrov (1995), p. 59) gives

E

∣∣∣∣∣ k∑
i=1

zi−`

∣∣∣∣∣
µ

≤ K1kµ/2 for all `,

where K1 > 0 is a constant, and therefore, with two further
constants K2, K3 > 0,

E

∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣
µ

≤ K2kµ/2
∞∑
`=0

|ϕ`(j)| ≤ K3kµ/2,
since the sequence {ϕ`(j)} is absolutely summable. This completes
the proof. �

Proposition 7.5. If the conditions of Example 2.3 are satisfied, then
the resulting multivariate GARCH-type sequence {xi} satisfies (2.5).

Proof. Note that {
∑k
i=1 xij, σ (zi, i < k)} is a martingale, so

Rosenthal’s inequality in the form given by Hall and Heyde (1980,
p. 23) implies that

E

∣∣∣∣∣ k∑
i=1

(xij − dj)

∣∣∣∣∣
µ

≤ K1

E [ k∑
i=1

σ 2i Ez
2
i

]µ/2
+

k∑
i=1

E|σizi|µ


≤ K2

E [ k∑
i=1

σ 2i

]µ/2
+ k


with two constants K1, K2 > 0. Since, by Minkowski’s inequality
with some K3 > 0,E [ k∑

i=1

σ 2i

]µ/22/µ ≤ k∑
i=1

(E|σi|µ)
µ/2
≤ K3k,

the proof of Proposition 7.5 is complete. �

Proposition 7.6. If the conditions of Example 2.4 are satisfied, then
the resulting linear processwith GARCH-type innovations {xi} satisfies
(2.5).

Proof. By Proposition 7.5, it holds that, for some constant K > 0,

E

∣∣∣∣∣ k∑
i=1

zi

∣∣∣∣∣
µ

≤ Kkµ/2,

so that the assertion follows along the lines of the proof of
Proposition 7.3. �

7.2. Preliminary estimates

In view of the previous subsection, from now on only a fixed
realization of {xi} is considered which satisfies the results of
Propositions 7.1 and 7.2. In the following,we compare the orders of
magnitude ofm, k∗, δm and N in two lemmas. Recall the definition
of N in (7.1).

Lemma 7.1. (i) If (3.5) holds, then k∗/m→ 0 as m→∞.
(ii) If conditions (2.4), (2.5) and (3.4) are satisfied, then N/m → 0
as m→∞.

(iii) If conditions (2.4), (2.5) and (3.4) are satisfied, then
√
Nδm →

∞ as m→∞.
(iv) If conditions (2.4), (2.5), (3.4) and (3.5) are satisfied, then

k∗/
√
N → 0 as m→∞.

Proof. (i) By assumption (3.5), k∗ = O(mθ ). Since θ < 1, the
assertion follows readily.
(ii) It follows from (7.4) that instead of N it suffices to prove the

assertion for cm. It holds then that( cm
m

)1−γ
=

q
√
mδm
≤
q logm
C1
√
m
= o(1) (m→∞)

on account of assumption (3.4).
(iii) Applying assumption (3.4) it can be verified that

(
√
cmδm)2(1−γ ) =

qm1/2−γ

δ
3−2γ
m

≥
qm1/2−γ

C3−2γ2

→∞ (m→∞).

In view of (7.4), the proof is complete.
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(iv) On account of (7.4), we give the proof only for cm again.
Utilizing (3.4), (3.5) and the definition of cm, we get that, as m →
∞,
k∗
√
cm
= O

(
mθ−(1−2γ )/(4[1−γ ])

)
= o(1).

Thus, by (7.4), part (iv) of Lemma 7.1 is proved. �

Lemma 7.2. If conditions (2.4) and (2.5) are satisfied, then, for all real
x,

lim
m→∞

1
σ

(
N
m

)γ−1/2 (
q−

1
√
m(N/m)γ

m+N∑
i=m+k∗

xTi1m

)
= x.

Proof. We show first that it suffices to prove the claim for the term

x+
Nγ−1/2

σ

(
1
cγm

m+cm∑
i=m+k∗

(xi − d)T1m

−
1
Nγ

m+N∑
i=m+k∗

(xi − d)T1m

)
. (7.8)

Indeed, it holds form→∞ that(
N
m

)γ−1/2 1
√
m(N/m)γ

m+N∑
i=m+k∗

xTi1m

=

(
N
m

)γ−1/2 (
(N − k∗ + 1)δm
√
m(N/m)γ

+
1

√
m(N/m)γ

m+N∑
i=m+k∗

(xi − d)T1m

)

=

(
N
m

)γ−1/2 ( Nδm
√
m(N/m)γ

+
1

√
m(N/m)γ

m+N∑
i=m+k∗

(xi − d)T1m

)
+ o(1),

where the last equality follows from part (iv) of Lemma 7.1. Hence,
(7.8) is established if we can show that, asm→∞,

1
σ

(
N
m

)γ−1/2 (
q−

Nδm
√
m(N/m)γ

)
= x+

1
σ

(
N
m

)γ−1/2 1
√
m(cm/m)γ

m+cm∑
i=m+k∗

(xi − d)T1m

+ o(1). (7.9)

To show the latter, inserting the definition of N given in (7.1) and
subsequently rewriting qwith the definition of cm in Theorem 3.1,
we obtain that

Nδm
√
m(N/m)γ

= q−
1

√
m(cm/m)γ

m+cm∑
i=m+k∗

(xi − d)T1m,

so that the left-hand side of (7.9) reduces to

1
σ

(
N
m

)γ−1/2 (
σ x
(
m
cm

)γ−1/2
+

1
√
m(cm/m)γ

m+cm∑
i=m+k∗

(xi − d)T1m

)

= x+
1

σ
√
N(cm/N)γ

m+cm∑
i=m+k∗

(xi − d)T1m + o(1),
since N/cm → 1 by (7.4), and Eq. (7.8) follows readily. Introduce

R(y, z) =
1
yγ

m+z∑
i=m+k∗

(xi − d)T1m.

Using this definition, (7.8) can be rewritten as x + σ−1Nγ−1/2
(R(cm, cm)−R(N,N)). Consequently, an application of the triangle
inequality implies that the lemma is proved if we can show that, as
m→∞,

Nγ−1/2 |R(cm, cm)− R(N, cm)| + Nγ−1/2 |R(N, cm)− R(N,N)|
= o(1). (7.10)

We start by investigating the first sum of the right-hand side in
(7.10). The mean-value theorem yields, by applying (7.4),∣∣Nγ − cγm∣∣ = ∣∣(N1−γ )γ /(1−γ ) − (c1−γm )γ /(1−γ )

∣∣
=

γ

1− γ

∣∣N1−γ − c1−γm

∣∣ c2γ−1m (1+ o(1))

asm→∞. Therein, form→∞,∣∣N1−γ − c1−γm

∣∣ = 1
δ m

∣∣R(cm, cm)+ σ xc1/2−γm

∣∣
= o

(
c1/2−γm

[
m(logm)2

]1/µ
δm

)
,

where we have used the definition of N given in (7.1) and display
(7.2) of Proposition 7.1 to obtain the rate. Combining the results
of the last two equations with (7.2), we arrive for the first term of
(7.10) at

Nγ−1/2|R(cm, cm)− R(N, cm)|

=
Nγ−1/2|Nγ − cγm|

cγmNγ

∣∣∣∣∣ m+cm∑
i=m+k∗

(xi − d)T1m

∣∣∣∣∣
= o

([
m(logm)2

]2/µ
√
cmδm

)
.

By assumption (3.4), δm ≥ C1/ logm, so inserting the definition
of cm into the rate on the right-hand side of the previous equation
implies that[
m(logm)2

]2/µ
√
cmδm

= O
(
m2/µ−(1/2−γ )/(2[1−γ ])(logm)1+4/µ

)
= o(1) (m→∞)

because, by assumption, µ > 8(1 − γ )/(1 − 2γ ). This completes
the proof for the first sum in (7.10). The proof for the second sum
follows similarly and is, hence, omitted here. �

7.3. Deriving the limit distribution

In this subsection, we will complete the proof of Theorem 3.1
through a series of lemmas. We start by investigating the
maximum prior to the change-point k∗.

Lemma 7.3. If the assumptions of Theorem 3.1 are satisfied, then(
N
m

)γ−1/2 (
max
1≤k<k∗

|Γm(k)|
hm(k)

−
1

√
m(N/m)γ

m+N∑
i=m+k∗

xTi1m

)
P
−→ −∞,

where hm(k) = gm(k)/q with q = σq∗(α) given in (3.3).
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Proof. We begin by expanding

Γm(k) =
m+k∑
i=m+1

εi +

m+k∑
i=m+1

xTi (β − β̂m)+
m+k∑
i=m+k∗

xTi1m. (7.11)

The equation is valid for all k (letting the empty sum equal to zero
if k < k∗). It thus suffices to consider each term separately to prove
the assertion of Lemma 7.3. As pointed out, the third sum in (7.11)
vanishes for the k < k∗ under consideration. The first sum on the
right-hand side of (7.11) has already been dealt with in Aue and
Horváth (2004, Lemma 3.2). Restating their display (3.11), it holds
that

max
1≤k<k∗

1
hm(k)

∣∣∣∣∣ m+k∑
i=m+1

εi

∣∣∣∣∣ = oP(1), (m→∞). (7.12)

For the second sum on the right-hand side in (7.11), note first
that β̂m is a

√
m-consistent estimator of β. Therefore, using the

definition of hm(k) and Eq. (7.5) of Proposition 7.2, a subsequent
rearrangement of terms shows that the second partial sum can, for
m→∞, be estimated as

max
1≤k<k∗

1
hm(k)

∣∣∣∣∣ m+k∑
i=m+1

xTi (β − β̂m)

∣∣∣∣∣
= OP(1)

(
max
1≤k≤k∗

k|d|
√
mhm(k)

+ max
1≤k≤k∗

1
√
mhm(k)

∣∣∣∣∣ m+k∑
i=m+1

(xi − d)

∣∣∣∣∣
)

= OP(1) max
1≤k<k∗

(
k
m

)1−γ (
1+

k
m

)−1 ( m
m+ k

)−γ
+OP(1) max

1≤k<k∗

(
k
m

)1−γ (
1+

k
m

)−1
×

(
m
m+ k

)−γ [
m(logm)2

]1/µ
= OP(1)

(
k∗
√
m

)1−γ
m1/µ−(1−γ )/2(logm)2/µ

= oP(1),

since k∗/
√
m→ 0 by parts (i) and (iv) of Lemma7.1 and 1/µ−(1−

γ )/2 < 0 by assumption onµ. The previous calculations show that
the detectorΓm(k) does not contribute asymptotically and that the
convergence result will therefore be determined by investigating
the remaining trend part for which we can write, applying (7.5),

1
√
m(N/m)γ

m+N∑
i=m+k∗

xTi1m

=
1

√
m(N/m)γ

m+N∑
i=m+k∗

dT1m +
1

√
m(N/m)γ

m+N∑
i=m+k∗

(xi − d)T1m

=
(N − k∗ + 1)δm
√
m(N/m)γ

+ o
(
mγ−1/2δmN1−γ

)
asm→∞. By (7.4),

mγ−1/2δmN1−γ = O(1)mγ−1/2δmc1−γm = O(1),

using the definition of cm in Theorem 3.1. Hence,

1
√
m(N/m)γ

m+N∑
i=m+k∗

xTi1m =
(N − k∗ + 1)δm
√
m(N/m)γ

+ o(1) (m→∞).
The limit of the right-hand side can be computed as

lim
m→∞

(N − k∗ + 1)δm
√
m(N/m)γ

= lim
m→∞

N1−γ δm
m1/2−γ

= lim
m→∞

c1−γm δm

m1/2−γ
= q = q(α) > 0,

where the first equality sign follows from part (i) of Lemma 7.1,
the second from Eq. (7.7) and the third from the definition of cm
in Theorem 3.1. The proof is complete after recognizing that, as a
consequence of Lemma 7.1 (ii) and γ < 1/2, (N/m)γ−1/2 → ∞
asm→∞. �

The next step consists of approximating the maximum over the
remaining range of indices k ranging from k∗ to N with Brownian
motions. The precise formulation follows.

Lemma 7.4. If the assumptions of Theorem 3.1 are satisfied, it holds
that(
N
m

)γ−1/2
max
k∗≤k≤N

1
hm(k)

∣∣∣∣∣Γm(k)−
(
σWm(k)+

m+k∑
i=m+k∗

xTi1m

)∣∣∣∣∣
= oP(1) (m→∞),

where hm(k) = q−1gm(k) and {Wm(t) : t ≥ 0} denotes a standard
Brownian motion.

Proof. We use the decomposition for Γm(k) established in (7.11).
We first show that the partial sums of the εi ranging between
m+1 andm+k can be approximated with Brownianmotions. In a
second stepwe show that the time series regressors corresponding
to the detector and the Brownian motion are close as well. Using
assumption (2.9), we can write that, asm→∞,(
N
m

)γ−1/2
max
k∗≤k≤N

1
hm(k)

∣∣∣∣∣ m+k∑
i=m+1

εi − σWm(k)

∣∣∣∣∣
= OP(1)

(
N
m

)γ−1/2
max
k∗≤k≤N

k1/ν

hm(k)
.

The right-hand side of the latter equation is oP(1) as m → ∞,
which has been proved in Lemma 3.3 of Aue and Horváth (2004).
It remains therefore to investigate the second sum in (7.11). To
do so, note that as m → ∞, by the

√
m-consistency of β̂m

and (7.6),(
N
m

)γ−1/2
max
k∗≤k≤N

1
hm(k)

∣∣∣∣∣ m+k∑
i=m+1

xTi (β − β̂m)

∣∣∣∣∣
= OP (1)

(
N
m

)γ−1/2
×

(
max
k∗≤k≤N

k|d|
√
mhm(k)

+ max
k∗≤k≤N

1
√
mhm(k)

∣∣∣∣∣ m+k∑
i=m+1

(xi − d)

∣∣∣∣∣
)

= OP (1)
(
N
m

)γ−1/2
max
k∗≤k≤N

(
k
m

)1−γ (
1+

k
m

)−1 ( m
m+ k

)−γ
+OP (1)

(
N
m

)γ−1/2
max
k∗≤k≤N

(
N
m

)1−γ (
1+

k
m

)−1 ( m
m+ k

)−γ
= OP (1)

(
N
m

)1/2
= oP (1).

Since the third term in the decomposition (7.11) clearly cancels
with the drift term associated to the Brownian motion in the
statement of Lemma 7.4, its proof is complete. �
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Lemma 7.5. If the assumptions of Theorem 3.1 are satisfied, then(
N
m

)γ−1/2
max
k∗≤k≤N

∣∣∣∣σWm(k)hm(k)
−

σWm(k)
√
m(k/m)γ

∣∣∣∣ = oP(1) (m→∞),

where hm(k) = gm(k)/q and {Wm(t) : t ≥ 0} denotes a standard
Brownian motion.

Proof. Since it follows along the lines of the proof of Lemma 3.3 in
Aue and Horváth (2004), the details are omitted.

To lighten notation, we introduce an abbreviation for the drift
term induced by the time series {xi}, namely we let

Sm(k∗, k) =
m+k∑
i=m+k∗

xTi1m, k ≥ 1,

where we apply the usual convention and set Sm(k∗, k) = 0 if
k < k∗. We can prove the following lemma.

Lemma 7.6. If the assumptions of Theorem 3.1 are satisfied, then

lim
m→∞

P
{
αm(γ )

σ

(
max
k∗≤k≤N

σWm(k)+ Sm(k∗, k)
√
m(k/m)γ

−
Sm(k∗,N)
√
m(N/m)γ

)
≤
βm(γ )

σ

}
= Φ(x),

where Φ denotes the distribution function of a standard normal
random variable and

αm(γ ) =

(
N
m

)γ−1/2
and βm(γ ) = αm(γ )

(
q−

Sm(k∗,N)
√
m(N/m)γ

)
.

Proof. First step:Weprove that, asymptotically, themaximumwill
be reached close to N . To be precise, we shall show that, for all
δ ∈ (0, 1),

lim
m→∞

P
{
max
k∗≤k≤N

σWm(k)+ Sm(k∗, k)
√
m(k/m)γ

= max
(1−δ)N≤k≤N

σWm(k)+ Sm(k∗, k)
√
m(k/m)γ

}
= 1. (7.13)

To do so, rewrite the first maximum in Eq. (7.13) as

max
k∗≤k≤N

1
√
m(k/m)γ

×

(
σWm(k)+

m+k∑
i=m+k∗

(xi − d)T1m + (k− k∗ + 1)δm

)
.

Then, the last term can be bounded from above by

max
k∗≤k≤N

(k− k∗ + 1)δm
√
m(k/m)γ

= mγ−1/2δm max
k∗≤k≤N

(k1−γ − k∗k−γ ) ≤ mγ−1/2δmN1−γ .

On the other hand it is bounded from below by

max
k∗≤k≤N

(k− k∗ + 1)δm
√
m(k/m)γ

≥
(N − k∗ + 1)δm
√
m(N/m)γ

∼ mγ−1/2δmN1−γ

which hence gives the precise order of the third term. Next, we
compare this order of magnitude with the order of magnitude of
the Brownian motion term. It follows from Lemma 3.4 of Aue and
Horváth (2004) that, asm→∞,

max
k∗≤k≤N

σ |Wm(k)|
√
m(k/m)γ

= OP

((
N
m

)1/2−γ)
= OP

((
N
m

)1/2−γ √Nδm
√
Nδm

)
= oP

(
mγ−1/2δmN1−γ

)
where we applied Lemma 7.1(iii). It remains to observe that the
second term has already been dealt with in (7.5) of Proposition 7.2.
We have therefore shown that

lim
m→∞

P
{
max
k∗≤k≤N

|σWm(k)+ Sm(k∗, k)|
√
m(k/m)γ

= max
(1−δ)N≤k≤N

|σWm(k)+ Sm(k∗, k)|
√
m(k/m)γ

}
= 1,

which implies (7.13), since we have assumed without loss of
generality that δm > 0.
Second step: We will determine the behavior for δ → 0. It

follows from the first step of the proof that, for any ε > 0, there is
m large enough such that(
N
m

)γ−1/2
max

(1−δ)N≤k≤N

1
√
m(k/m)γ

∣∣∣∣∣ m+k∑
i=m+k∗

(xi − d)T1m

∣∣∣∣∣
≤ ε

(
N
m

)γ−1/2
(N − k∗ + 1)δm
√
m(N/m)γ

.

Clearly,(
N
m

)γ−1/2
max

(1−δ)N≤k≤N

(k− k∗ + 1)δm
√
m(k/m)γ

=

(
N
m

)γ−1/2
(N − k∗ + 1)δm
√
m(N/m)γ

and the drift term takes its maximum in N . Next, we note that(
N
m

)γ−1/2
max

(1−δ)N≤k≤N

|Wm(k)−Wm(N)|
√
m(k/m)γ

≤ sup
(1−δ)N≤t≤N

|Wm(t)−Wm(N)|
√
N(t/N)γ

D
= sup
1−δ≤s≤1

|Wm(s)−Wm(1)|
sγ

P
−→ 0

as δ→ 0, wherewe have used the scale transformation and the al-
most sure continuity of Brownianmotions, respectively. Therefore,

lim
m→∞

P
{
am(γ )
σ

(
max
k∗≤k≤N

σWm(k)+ Sm(k∗, k)
√
m(k/m)γ

−
Sm(k∗,N)
√
m(k/m)γ

)
≤
bm(γ )
σ

}
= lim
m→∞

P
{
am(γ )
σ

(
σWm(N)+ Sm(k∗,N)
√
m(k/m)γ

−
Sm(k∗,N)
√
m(k/m)γ

)
≤
bm(γ )
σ

}
= lim
m→∞

P
{
W (N)
√
N
≤
bm(γ )
σ

}
= Φ(x),

where the last equality follows from the fact that W (N)/
√
N

is a standard normal random variable and that, by Lemma 7.2,
bm(γ )/σ → x asm→∞. The proof is now complete. �

Proof of Theorem 3.1. Combining the results of Lemmas 7.3–7.6
with Eq. (3.6), we arrive at

lim
m→∞

P{τm ≥ Nm(x)}

= lim
m→∞

P

{
αm(γ )

(
max
1≤k≤N

|Γm(k)|
gm(k)

−
1

√
m(N/m)γ

m+N∑
i=m+k∗

(xi − d)T1m

)
≤ βm(γ )

}
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= lim
m→∞

P
{
αm(γ )

σ

(
max
k∗≤k≤N

σWm(k)+ Sm(k∗, k)
√
m(k/m)γ

−
Sm(k∗,N)
√
m(N/m)γ

)
≤
βm(γ )

σ

}
= Φ(x). (7.14)

Using the symmetry relation of the standard normal distribution
functionΦ and subsequently the definition of N given in (7.1), we
have that

Φ(x) = 1− Φ(−x)
= 1− lim

m→∞
P {τm ≥ N(m,−x)}

= 1− lim
m→∞

P
{
τ 1−γm ≥ a1−γm + x

(1− γ )bm
cγm

}
= lim
m→∞

P

{
cγm
1− γ

τ
1−γ
m − a1−γm

bm
≤ x

}
.

The last series of equations implies that the proof of Theorem 3.1
will be complete if we can establish that the random quantities

τ 0m =
τm − am
bm

and τ 1m =
cγm
1− γ

τ
1−γ
m − a1−γm

bm

have the same limit distribution. To provide this relation, note
that from the definition of N in (7.1), Eq. (7.14), and the proof of
Proposition 7.1 we obtain that
τm

am
P
−→ 1 and

am
cm
−→ 1 (m→∞).

Applying the latter two convergence results and the mean-value
theorem yields, asm→∞,

τ 0m =
1
bm

[
(τ 1−γm )1/(1−γ ) − (a1−γm )1/(1−γ )

]
=

aγm
1− γ

τ
1−γ
m − a1−γm

bm
(1+ oP(1))

=
cγm
1− γ

τ
1−γ
m − a1−γm

bm
(1+ oP(1))

= τ 1m(1+ oP(1)).

Therefore Slutsky’s theorem implies that

lim
m→∞

P
{
τ 0m ≤ x

}
= lim
m→∞

P
{
τ 1m ≤ x

}
and, referring to Eq. (7.14), Theorem 3.1 is established. �
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