
Math 513: Homework 12.

1. Admissible data for 1st order nonlinear PDEs Consider:

(ux1
)2 + (ux2

)2 = 1, u(0, x2) = g(0, x2). (1)

(a) Show that if |gx2
| > 1 (everywhere) then there are no (real) admissible triples

(p̄, z̄, x̄).

(b) Assume |gx2
| < 1 (everywhere). Show that for given points x̄ = (0, x̄2) and

z̄ := g(x̄), there are always two possible values for p̄ which makes (p̄, z̄, x̄) admissible.

2. Geometry: Finding a surface that is orthogonal to a given family of surfaces

Given a one-parameter family of surfaces {Sc}c∈R in R
3 described implicitly in the form

Sc = {(x, y, z)|f(x, y, z) = c}, c ∈ R.

Question: Can we find a surface T that meets each of the given surfaces Sc orthogonally?
Investigate this by determining an equation such a surface T must satisfy:

(a) Assume that we seek the surface T described as the graph of a function of x and
y (i.e., z = φ(x, y)). Show that the graph

{(x, y, φ(x, y)) | x, y ∈ R}

is orthogonal to each Sc if and only if the function φ satisfies the PDE

fx(x, y, φ(x, y))φx + fy(x, y, φ(x, y))φy = fz(x, y, φ(x, y)).

(b) Use the method of characteristics to find the surface that intersects each of the
surfaces

z(x+ y) = c(3z + 1) (c ∈ R)

orthogonally, and which contains the circle x2 + y2 = 1, z = 1.
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3. Thermodynamics and ideal gases Consider a material whose internal energy ε is
given as a function of the specific volume τ = 1/ρ > 0 (ρ is the density) and the specific
entropy s. In accordance with the fundamental thermodynamic identity dε = Tds− pdτ
the pressure p and the temperature T may be defined through

p(τ, s) = −
∂ε

∂τ
, T (τ, s) =

∂ε

∂s
. (2)

In addition to the constraints p > 0 and T > 0 we also assume

∂2ε

∂s2
> 0 (3)

Finally, an ideal gas is by definition characterized by the identity

p =
RT

τ
(4)

where R > 0 is a constant. Prove that the internal energy of an ideal gas may be expressed

as a function of temperature alone by following these steps:

(a) Substitute (2) into (4) and conclude that the internal energy ε = ε(τ, s) satisfies
the first order PDE

εs +
τ

R
ετ = 0.

Solve the equation (method of characteristics) and conclude that ε may be written
in the form

ε(τ, s) = φ(ξ), with ξ = τe−s/R,

for some function φ.

(b) Note the thermodynamic constraints on ε imply certain constraints on φ. Verify
that ξ > 0 and conclude from (2) that φ must be a decreasing function.

(c) From (2) it follows that
ξφ′(ξ) = −RT.

Explain why showing that the function ψ(ξ) := ξφ′(ξ) is invertible finishes the proof.
Next, compute the derivative of ψ(ξ) and conclude from (2) that ψ′(ξ) > 0. This
shows that ψ is invertible.
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