
Math 513: Homework 10.

1. Consider the initial value problem

ut + uux = 0, u(0, x) = sinx.

Determine the first time T at which the gradient of the solution becomes unbounded.
Hint: You may want to write an ODE for ux and determine how ux behaves along a
characteristic.

2. Write the characteristic ODEs for the following PDEs on Rn and find the projected
characteristics, x(s):
(i) |Du|2 − (1 + |x|2) = 0,
(ii) x ·Du + u2 = 3|x|2.

3. Method of Characteristics Consider the equation

x1ux1 + x2uux2 = −x1x2,

subject to the condition that u ≡ 5 on the part of the hyperbola x1x2 = 1 where x1 > 0.
Write down the characteristic equations in this case. Derive from these a second order
ODE for the quantity z(s) = u(x(s)) and show that it can be used to find z(s) explicitly
(i.e., show the equation for ż(s) can be trivially integrated in s and explain how to
determine the data for ż(0)).

4. Method of Characteristics for multi-D, scalar conservation laws For x ∈ Rn

and t ≥ 0 consider the conservation law

ut +
n∑

j=1

aj(u)uxj
= 0,

with initial data
u(x, 0) = u0(x).

Here a(u) := (a1(u), ..., an(u)) and u0 are given C2 functions.

(a) Show that the projections of the characteristics onto x-space are straight lines
along which u is constant.

(b) Define the quantity

D(x, t) := div (a(u(x, t))) =
n∑

j=1

∂xj
[aj(u(x, t))].
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Show that D(x, t) satisfies the PDE

Dt +
n∑

j=1

aj(u)∂xj
D = −D2 +

n∑
i,j=1,i 6=j

[ai(u)xi
aj(u)xj

− aj(u)xi
ai(u)xj

].

(c) By performing the differentiations in the bracketed term, show that D really
solves

Dt +
n∑

j=1

aj(u)Dxj
= −D2.

(d) Use this to show that, if a solution exists for all t > 0, then necessarily D(x, 0) ≥ 0
for all x ∈ Rn.

2


