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Interdisciplinary Mathematics at PSU
Applied Mathematics: studies mathematical problems arising in various
applications.
Center for Interdisciplinary Mathematics at PSU: not only develop novel
mathematics for various applied problems, but answer questions arising in
other disciplines such as engineering, physics, finance and economics, life and
social sciences. We work hand in hand with experimenters.
Examples of interdisciplinary problems
Collective motion and self-organization in living world.
Controlled shape growth in biology.
Pattern formation in evolutionary games.
Superconductivity and superfluidity.
Complex fluids and soft matter.
Mathematical models of traffic flow.
Optimal control and game theory methods in economics and finance.
Center for Mathematics of Living and Mimetic Matter at PSU

Interdisciplinary Mathematics: Surprising Prediction
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Mathematics of Active Matter (Ph. D. students H. Chi &
A. Safsten & Postdoc A. Gavrikov)
Active matter: complex fluids with constituents (e.g., colloidal particles,
filaments, bacteria) consume energy from environment on the local level
(each constituent). Energy is fed into the system — out of equilibrium
system. Examples: fluid with swimming bacteria, cytoskeleton of a cell,
epithelial tissue, e.g. tumor.

Fig. 1. Left: Bacteria with flagella Right: Tumor Growth

Striking novel properties not available in equilibrium systems ⇒
promising applications require new mathematical techniques.
Mathematical models: PDEs & dynamical systems.

Mathematical challenges of active fluids
Classical passive fluids described by Navier-Stokes PDE:
∂u
+ u∇u − ν∆u + ∇p = 0, u — fluid velocity.
∂t
R
Energy E = 21 Ω |u|2 dx decreases (dissipates) due to viscosity,
Z
dE
= − ν|∇u|2 dx < 0.
dt
Ω
This provides a useful tool (an estimate) for establishing important
properties of solution u.
For active fluid, e.g. bacterial suspensions or cytoskeleton gels
Z
dE
= − ν|∇u|2 dx + active term.
dt
Ω

(1)

(2)

(3)

active term may be positive — no dissipation, need new tools to establish
properties of u.

What are Free Boundary PDE Problems?
Free Boundary Problem (FBP): PDE for unknown function & and unknown
domain shape. Unknown shape is a strong source of nonlinearity, even for
linear PDEs the problem becomes strongly nonlinear.
Example: Stefan problem, modeling melting ice in water. Unknown
boundary is ice-water interface, Γ(t).

 Tt (x, t) = 4T (x, t) x ∈ R3
T (x, t) = 0 x ∈ Γ(t)
(4)

Vν (x, t) = − ∂T
(x,
t)
x
∈
Γ(t)
∂ν
Vν (x, t) – normal velocity of the ice-water
interface. Temperature and interface are coupled.
Two boundary conditions on Γ(t) for a single PDE!
FBPs leads to interesting mathematics, e.g.,
center manifold analysis in dynamical systems.

Free Boundary Models of Active Matter
Fixed Boundary Problem:

PDEs in Ω
BCs on ∂Ω

Free Boundary Problem:

 PDEs in Ω(t)
(5)
BCs on ∂Ω(t)

Unknown Ω(t)

(6)

fixed domain Ω
shape & position of Ω(t) part of soln
Free Boundary Problem model multitude of phenomena:
Tumor/Tissue Growth:
PDE captures motion of tissue points
Ω(t) describes evolution of the tumor/tissue shape (growth/shrinking)

Cell Motility:
PDEs describe motion of cytoskeleton gel
Ω(t) describes shape and position of cell

Mathematical challenges in active matter

Modeling. Develop minimal models amenable to analysis of very complex
living systems (minimal # of parameters).
Analysis. Need novel analytical techniques both deterministic and
probabilistic.
Numerics. Lack of existing numerical techniques for, e.g. free boundary
models of active matter.

Mathematics of Machine Learning
(Ph. D. students R. Creese, A. Safsten)
Many tasks are “easy” for a human to solve but hard to program a computer to
perform, e.g. driving or convert speech to printed writing.
Machine learning is a process where a computer system learns how to perform a
task without being explicitly programmed.
The classification problem is an example of such a task where one wants to sort
data into separate categories (classes), e.g. determine if an image of a pet is a cat
or dog, determine whether a patient has COVID-19, flu, or other disease.

Handwritten digits
from the MNIST dataset

A self-driving Tesla
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ANNs and Biological Inspiration

Artificial Neural Networks, ANNs (also known as DNNs), — common tool for
classification.
Linear functions, f (x) = a · x + b, determined by a parameter α = (a, b), are
composed with non-linear functions, λ, n times, n # of layers (network depth).
λn (fn (. . . (λ2 (f2 (λ1 (f1 ))))))
Training- network learns by minimizing error function, L, with respect to α.
ANNs imitate the connections between neurons
in the brain.
The non-linear function λi , an activation function,
determines if the node (neuron) activates (fires).
ANNs have been successful in problems such as image
classification, speech recognition, and medical diagnosis.
Fig. 2. Picture of an
ANN.
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Why mathematics is needed in Machine Learning?

ANNs are known to perform well on many tasks, but often viewed as a black box,
e.g. possible catastrophic bias. Questions for mathematics to answer:
1

On which types of problems can ANNs perform well?

2

Given a problem what is the best choice of structure for an ANN?

3

How long should the network train to achieve a satisfactory result?

4

How does the structure of the network affect the speed of convergence?

Computer scientists make ML algorithms faster but they may become unstable.
While, our mathematics may also be used to speed up existing algorithms, our focus
is to guarantee stability.
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Our Mathematical Results in Machine Learning
Through research in our group we have
1

modeled training of ANN via transport PDE,
∂t f (t, α) = −divα (f (t, α)∇α L(α))

2

Established convergence rates for the training of ANNs through
mathematical analysis of this PDE,

3

proposed a new multi-scale ANN to speed up training,

4

shown stability of ANNs, i.e. found conditions where training an ANN is
guaranteed to increase its accuracy.

Fig. 3. Given a text description of a bird the ML algorithm attempts to create a
picture of a bird satisfying that description
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