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Abstract. Our study is motivated by an attempt to develop a rigorous mathematical model of
a suspension highly filled with a large number of small solid particles, which interact due to surface
forces. We use asymptotic analysis in the small parameter ε, and consider irregular (nonperiodic)
geometries for which the sizes of particles and the distances between them are of order ε. We present
conditions under which the homogenization of a Newtonian fluid with interacting particles leads to
a single medium which is an anisotropic, non-Newtonian viscoelastic fluid with memory described
by a relaxation term. We derive formulas for the calculation of the effective viscosity tensor and the
relaxation integral kernel. For periodic arrays of particles we show how this tensor can be explicitly
computed and compute the distribution of the relaxation times which is the main quantity of interest
in the rheological studies. We also show how the particle’s shapes affect this distribution.
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1. Introduction. Our study is motivated by an attempt to develop a rigorous
mathematical model of polymer compounds highly filled with a large number of small
particles, which interact due to the surface forces (e.g.Van der Waals or London
forces). Such polymer compounds (e.g., carbon black or silica particles in a polymer
matrix) are widely used in industry and their properties have been subject of studies in
polymer science and engineering literature (see, for example, a comprehensive review
article [2]).

Similar questions arise in the study of colloidal suspensions of a large number of
small interacting particles in a fluid. Such suspensions are ubiquitous and control of
their rheology is vital to the commercial success of many products (see, e.g. [3]) and
references there in). Here we are interested in the suspensions of solid particles in the
fluid when particles do not clump together (do not gel).

The key common feature in both the polymer compounds and the suspensions
is the interaction between particles due to the surface forces. Our main focus is to
develop a rigorous mathematical model which shows how the interaction affects the
homogenized medium We also provide an approximation for the effective (overall)
properties of the mixture and in particular compute the relaxation times for several
specific arrays of particles.

We start from a mathematical model of the suspension. It consists of the time
dependent Stokes equations for the incompressible viscous fluid, the boundary condi-
tions on the fluid/particle interfaces, the balance of linear and angular momentums
for each particle. The latter two balance equation incorporate the interaction forces.
The key ingredient is the introduction of an appropriate potential energy functional
which describes particle-particle interaction. Roughly speaking this functional takes
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into account the fact that for sufficiently close pairs of particles there is an attractive
/repulsive force between each point on the surface of both particles.

This system of equations is completed by appropriate initial conditions and the
boundary conditions on the external boundary which corresponds to the relaxation
measurements.

Note that while for colloidal suspensions the Stokes equations provide a natu-
ral description of the fluid phase, for polymer compounds, it is natural to consider
viscoelastic (non-Newtonian) equations for the fluid phase. However, under special
circumstances, when the relaxation times in the fluid phase are very small (short
fading memory) in comparison with other characteristic times in the system (e.g.
for external forces) one can still use Stokes equations to characterize the fluid phase
(Newtonian fluid phase).

We use asymptotic analysis in the small parameter ε, and consider the geometries
for which the sizes of particles and the distances between them are of order ε. We show
that if the strength of the interaction forces is is of order of ε, then homogenization of
a Newtonian fluid with particles leads to a single medium which is an anisotropic, non-
Newtonian viscoelastic fluid with memory described by a relaxation term. We derive
formulas for calculation of the effective viscosity tensor and the relaxation integral
kernel. For periodic arrays of particles we show how this tensor can be explicitly
computed and compute the distribution of the relaxation times which is the main
quantity of interest in the rheological studies. We also show how particle’s shapes
affect this distribution.

It follows from our analysis that for a weaker interaction the anisotropic effect
vanishes in the homogenization limit. The case of stronger interaction is somewhat
trivial that is it can be shown that the homogenized limit is zero, that is the medium
becomes stiff. Therefore our main focus is on order ε interaction case when the
homogenization result in a drastic change in the constituitive equations. We restrict
our attention to the case of Newtonian fluid phase because our main focus is to
show how the interaction between the particles give rise to viscoelastic relaxation in
the effective medium. However, our approach is applicable for the non-Newtonian
viscoelastic fluid filled by solid particles.

Acknowledgements. Part of this work was done when E.K. was visiting Penn
State University. His visit was supported by NSF grant DMS-9971999. We are pleased
to thank A. Leonov who brought to our attention the problem of polymeric compounds
with interacting filling particles and suggested to develop a mathematical model for
such compounds. We are grateful to R. Lakes for discussions on viscoelastic properties
of composites and to A. Leonov for very helful discussions.

2. Formulation of the Problem. Let Ω be a bounded domain in IR3 with
piece wise smooth boundary ∂Ω. This domain is occupied by a composite medium,
which is a suspension of a large number of small rigid particles Qiε(i = 1, . . .Nε) in a
viscous incompressible fluid. The surface Siε = ∂Qiε of each particle is smooth. The
small parameter ε > 0 characterizes the array of the particles so that diε = O(ε) and
N ε = O

(
1
ε3

)
, where diε are diameters of the particles Qiε. Thus the average distances

between neighboring particles are of order of ε. The location of a particle Qi
ε is

characterized by the position of its center of mass xi and the vector of its three Euler
angles αi = (αi1, α

i
2, α

i
3).

When the fluid is at rest the system of particles Qiε is in equilibrium, which is
described by the system of vectors xiε and αiε(i = 1, . . . , Nε). The equilibrium is
determined by the minimum of the potential energy Hε(x

i, αi), which describes the
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pairwise interaction between the particles and between the particles and the boundary
∂Ω.

Hε(x
i
ε, α

i
ε) = minHε(x

i, αi)

The interaction between particles is determined by the surfaces forces such as
Van der Vaals forces, London forces, see [3]. The total interaction energy Hε is the
sum of the interaction between pairs of points x ∈ Siε and y ∈ Sjε . Since the particles

are rigid, the displacement δx of each point x ∈ Siε is determined by the following
equality

δx = ui + θi × (x − xiε) ,

where ui = xi−xiε is the displacement of the center of mass of the particle Qiε and θi

is the vector, which determines the rotation of the particle about some axis oriented
along the vector θi. For small displacements the vector θi is related to the increments
of the Euler’s angles δαi = αi − αiε by the standard kinematic relations θi = R δαi,

where matrix R depends on αiε, see [4].
Thus near the equilibrium we write the potential energy due to the interaction

between the particles in the following form

Hvε(x
i, αi) = Hvε(x

i
ε, α

i
ε) +

1

2

∑

i,j

j 6=i

∫

Siε

∫

Sjε

〈C ij
ε

(x, y)
[
ui + θi × (x − xiε)

−uj − θj × (y − xjε)
]
,
[
ui + θi × (x− xiε)− uj + θj × (y − xjε)

]
dSx dSy + h.o.t.

(2.2)

Here ui = xi − xiε, θ = R[αi − αiε], 〈 , 〉 stands for the dot product in IR3, Cij
ε

(x, y)
are symmetric non negative 3× 3 matrices.

It is natural to assume that if two points x and y move as end points of a rigid
rod, that is their displacements are given by

u(x) = a+ b× x and u(y) = a+ b× y, (2.3)

where a and b are constant vectors, then their interaction energy is zero, that is the
matrix Cij

ε
(x, y) satisfies the following condition

〈C ij
ε

(x, y)[b× (x− y)], [b× (x− y)]〉 = 0 (2.4)

In this work we assume that up to a scalar factor aijε (x, y) > 0 the matrix Cij
ε

(x, y)

corresponds to the operator of projection on the unit vector `(x, y) =
(x−y)

|x−y| , that is

for any unit vector v

Cij
ε
v = aijε (x, y) Pxyv :== aijε (x, y)〈`(x, y), v〉`(x, y) , (2.4′)

where Pxy is the projection operator, aijε (x, y) is a non negative bounded function

aijε (x, y) ∈ L∞(Siε × Sjε). Clearly (2.4′) implies (2.4). We consider the short-range

interactions (see condition a3) below), and the matrices Cij
ε

satisfy the following
conditions:

C ij
ε

(x, y) = Cji
ε

(y, x), (2.5)
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Observe that the interaction energy (2.2) is invariant under translations and ro-
tations of the system of particles as a whole. In other words the system of particles
connected by “virtual springs” which represent the interaction has a continuum non
localized equilibriums, if not clamped to some external boundary.
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∂Ω
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Fig. 2.1. Domain Ω and its boundary

In order to obtain a localized equilibrium {xiε, θiε, i = 1, . . .Nε} we take into
account interaction between some particles and the external boundary ∂Ω (e.g. par-
ticles in a boundary layer of thickness ε and “fully visible” from the boundary). Fig.
1 illustrates the interaction between a particle Qiε and a piece of the boundary ∂Ωi

ε

(quasiparticle), which “sees” this particles

Then in addition to the (volume) energy (2.2) we need to take into account the
energy due to the interaction with ∂Ω, which is the quadratic approximation can be
written in the following form:

Hbε(u
i, θi, u) =

∑

i,j

i6=j

∫

Siε

∫

∂Ωjε

< Cij(x, y)[uiε + θiε × (x− xiε)− u(y)] ,

[uiε + θiε × (x− xiε)− u(y)] > dSxdSy , (2.6)

where ∂Ωiε are “pieces” of the external boundary ∂Ω (size of ∂Ωi
ε ∼ ε), the displace-

ment vector u(y, t) =
∫ t

0
v(y, t)dt, v(y, t) is the velocity vector on ∂Ω and summation

in i is taken over particles close to the boundary ∂Ω (see Fig.1).
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Thus the total interaction energy Hε = Hε, (u
i, θi, u) is the sum of the volume

and the boundary parts:

Hε(u
i, θi, u) = Hvε(u

iθi) +Hbε(u
i, θi, u) (2.7)

Note that the pieces ∂Ωi
ε can be viewed as “flat, nonrigid particles” (quasiparti-

cles) which are stick to the boundary ∂Ω. The total number of quasiparticles and the
particles which interact with them is of order O(ε−2)� Nε ∼ O(ε−3).

That is why, unless otherwise is specified, we will use the same notations Qjε and
Sjε = ∂Qjε for both particles and quasiparticles. Note that the energy (2.2) in the
variables ui, θi can be also rewritten in the following form, which is convenient for
further considerations

Hvε(u
i, θi) = Hvε(0, 0) +

1

2

∑

i,j

i6=j

〈C ij
1ε

[ui − uj ], [ui − uj ]〉

+
∑

i,j

i6=j

〈C ij
2ε

[ui − uj ], θi〉+
∑

i,j

i6=j

〈C ij
3ε
θi, θi〉+

∑

i,j

i6=j

〈Cij
4ε
θi, θj〉 , (2.8)

where




Cij
1ε

=
∫
Siε

∫
Sjε
Cij
ε

(x, y)dSxdSy,

Cij
2ε

=
∫
Siε

∫
Sjε
AT (x− xiε)Cijε (x, y)dSxdSy,

Cij
3ε

=

∫

Siε

∫

Sjε

AT (x− xiε)C ij(x, y)A(x− xiε)dSxdSy ,

Cij
4ε

= −
∫

Siε

∫

Sjε

AT (y − xj)C ij(x, y)A(x− xi)dSxdSy .

(2.9)

Here we introduce a skew symmetric matrix A(x) defined by

θ × x = A(x)θ (2.10)

and pulled the constant translation and rotation vectors outside the integral.
We introduce the following notations: Ωε = Ω

∖
∪Nεi=1Q

i
ε is the domain occupied

by the fluid; ρs, ρf are the specific mass density of the solid particles and the fluid
respectively; µ is the dynamic viscosity of the fluid; mi

ε = ρs|Qiε| is the mass of a
particle Qiε; Iε is the tensor of inertia of a particle Qiε

Then we write a linearized system of equations which describes the dynamics of
the suspension (viscous fluid filled by the interacting particles):

ρf
∂vε
∂t
− µ∆vε = ∇pε in Ωε (2.11)

div vε = 0 , in Ωε (2.12)

vε = u̇iε + θ̇
i

ε × (x− xiε), x ∈ Qiε, i = 1, . . .Nε (2.13)

mi
εü
i
ε = −

∫

Siε

σ[vε]ν dS −∇uiHε, (2.14)
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I i
ε
θ̈iε = −

∫

Siε

(x − xiε)× σ[vε]ν dSx −∇θiHε, (2.15)

Conditions (2.14) - (2.15) hold for all particles Qiε located inside the domain Ω
but not for the quasiparticles ∂Ωi

ε (see Fig 1). Here vε = vε(x, t) is the velocity of
the fluid, pε = pε(x, t) is the pressure, uiε is the displacement of the center of mass
of a particle Qiε, θ

i
ε is the rotation vector of Qiε. We also use the following notations:

u̇iε = duiε/dt and üiε = d2uiε/dt
2 for the velocity and the acceleration of the center

of mass of Qiε, θ̇
i
ε for the instant angular velocity of Qiε, ν for the unit inner normal

vector for the surface Siε = ∂Qiε. The stress tensor in the fluid σ[vε] is a symmetric
second rank tensor defined as follows ([5])

σik = µ

[
∂vεi
∂xk

+
∂vεk
∂xi

]
− pεδik (i, k = 1, 2, 3). (2.16)

The equations (2.13) represent the non-slip condition at the fluid-particle inter-
faces Siε = ∂Qiε, i = 1, . . .Nε. Using this condition one can naturally extend the
velocity field vε into the particles Qiε. The equations (2.14) and (2.15) represent the
balance of linear momentum and angular momentums. In (2.15) we assume that the
tensor of inertia I i

ε
is constant, since we consider linearization for small displacements.

The first terms in the RHS of (2.14) - (2.15) due to the forces exerted on the particles
by the fluid and the second terms are due to the interaction between the particles
(surface or Van der Waals forces).

The system (2.11) - (2.15) is supplied by the initial conditions

{
vε(x, 0) = vε0(x) , x ∈ Ωε

uiε(0) = 0, u̇iε(0) = uiε1, θ
i
ε(0) = 0, θ̇

i

ε(0) = θε1 , x ∈ Qiε (on the particles)

(2.17)
and the boundary conditions on the external boundary

vε(x, t) = f(x, t), x ∈ ∂Ω, t ≥ 0. (2.18)

We consider the boundary function f(x, t) which is sufficiently smooth (e.g. f(x, t) ∈
C2(∂Ω)) and decays sufficiently fast as t → ∞. Since the fluid is incompressible we
have

∫

∂Ω

〈f(x, t), ν(x)〉 dSx = 0 , (2.19)

where ν(x) is the unit normal to ∂Ω at a point x ∈ ∂Ω.
The boundary condition (2.18) corresponds to experimental measurements in

which the macroscopic rheological properties of the compound are determined when
the rate of change of the displacement at the external boundary is prescribed and one
measures the normal stresses (the response) on the boundary (relaxation measure-
ments).

Another type of experiments, when the load forces (stresses) are prescribed at
the external boundary and the displacements are measured (creep measurements [5]),
correspond to the following boundary conditions

σ[vε] · ν(x) = f
ε
(x), x ∈ ∂Ω (2.20)
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for the system (2.11) – (2.17).
Both initial boundary value problems (2.11) – (2.19) and (2.11) – (2.17), (2.20)

can be studied using the homogenization approach developed in this work for the
boundary condition (2.18).

The main goal of our work is to obtain the homogenized problem for the initial
boundary value problem (2.11) – (2.19) in the limit as ε → 0 and to establish the
convergence of its solutions uε to the solution u of the homogenized problem, which
is a single macroscopic medium with new effective (rheological) properties. We also
show how to compute this properties for particular geometries if the interaction matrix
Cij(x, y) is known.

3. Mesocharacteristic and formulation of the main result. In order to for-
mulate the main result we first formulate two conditions, which describe the geometry
of the particles.

(a1) Each particle Qiε is obtained by ε-rescaling of a body from a collection M,
whereM = {Q(m),m = 1, 2, . . .M} is a finite collection of convex bodies in IR3, with
smooth boundaries S(m) = ∂Q(m), that is Qiε = RiT i

ε
Q(mi), Q(mi) ∈ M, Ri and T i

are the rotation and the translation operators respectively. Thus, the diameters of
the particles diε = ε diam (Q(mi)), 1 ≤ mi ≤M and the area |Siε| of a particle Qiε can
be bounded as follows |Siε| < Cε2, C > 0 is independent on ε.

(a2) Let B(Qiε) be a ball of minimal radius such that Qiε ⊆ B(Qiε), and riε
be the distance from B(Qiε) to other minimal balls and the boundary ∂Ω, riε =

dist {B(Qiε),
⋃

j 6=i
B(Qjε)

⋃
∂Ω}.

We assume that the following inequalities hold

C1ε ≤ riε ≤ C2ε , (3.1)

where the constants C1 and C2 do not depend on ε (0 < C1 < C2 <∞) and that as
ε→ 0 the particles densely fill the domain Ω (get into any subdomain for sufficiently
small ε). The condition (3.1) means that the particles do not form clusters and do
not come too close to the boundary ∂Ω.

We next present two more conditions which describe the nature and the mag-
nitude of the interaction between the particles. First, we consider only short-range
interactions so that the matrix-functions C ij

ε
(x, y) (see (2.2)) satisfy the following

condition

a3) C ij
ε

(x, y) ≡ 0 , if dist (Qiε, Q
j
ε) ≥ Cε , (3.2)

where 0 < C < ∞ does not depend on ε. Here the constant C is chosen in such a
way that each particle interacts with its nearest neighbors only, for an appropriate
definition of the nearest neighbor.

Second, we consider the case when the entries of the matrix-functions C ij
ε

(x, y)

are of order O(ε−3). More precisely the scalar function aijε (x, y) in the condition (2.4′)
can be written as follows

a4) aijε (x, y) = ε−3aij0 (x, y),

where aij0 (x, y) is a bounded non-negative function. We remark here that our proof

applies also for the weaker interactions aijε = o(ε−3)aij0 , however, the interactions of
order ε−3 lead to the most interesting rheological properties of the effective medium
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(viscoelasticity and memory), whereas the weaker interactions lead to the effective
viscosity with no memory.

We introduce a mesoscopic characteristic of the suspension (the fluid-particle
compound). This mesocharacteristic plays the key role in our consideration. Roughly
speaking it allows to compute the energy of the compound in some mesocopic cube of
size h : ε� h� 1, which is a so-called representative volume element. In other words
the size h is much larger than the microscale ε and much smaller than the macroscopic
size of the system so that effective properties in this volume element provide correct
rheological properties of the compound locally. The mesocharacteristic is motivated by
experimental techniques when one cuts a certain piece of a compound, and measures
its properties in order to evaluate the overall properties of the compound.

We now define the mesocharacteristic rigorously using the variational formulation
presented below in (4.8)(parameter λ is introduced in (4.1)-(4.6)).

Let Kξ
h = K(ξ, h) be a cube of side length h > 0 such that ε � h � 1 centered

at a point ξ ∈ Ω. The orientation of the cube is arbitrary but independent of ξ and
h. For the sake of definiteness we assume that the edges of this cube are parallel to
the coordinate axis.

Introduce the following class of functions

Jε[K
ξ

h] = {wε ∈ H1(K
ξ

h), wε = aiε + biε × (x− xiε) on Qiε ∩K
ξ

h}, (3.3)

where aiε and biε are arbitrary constant vectors and consider a minimization problem

in the class Jε(K
ξ

h) for the following functional

Aεh[uε;T ; ξ, λ, τ ] = EKξ
h
[uε, uε] + h−2−τ

∫

Khξ

∣∣∣uε −
3∑

p,q=1

ψpq(x− ξ)T
pq

∣∣∣∣∣

2

dx+
1

λ
Iε
Kξ
h

[uε, uε]

(3.4)

where ek`[u] = 1
2

[
∂uk
∂x`

+ ∂u`
∂xk

]
is the deformation rate of the fluid moving with velocity

u, T = {Tpq} is an arbitrary symmetric second rank tensor with constant components

Tpq, λ and τ are arbitrary positive numbers, and the matrix-functions C ij
ε

(x, y) are
defined in (2.2).

Hereafter we use the following notations:

EG[uε, vε] = 2µ

∫

G

∫ 3∑

k,l=1

ekl[uε]ekl[vε]dx. (3.5)

IεG[uε, vε] =
1

2

∑

ij

∫

Siε

∫

Sjε

〈C ij
ε

(u(x)− u(y)), v(x)− v(y)〉dSixdSjy, (3.6)

ψpq(x) =
1

2
(xpe

q + xq e
p)− δpq

3

3∑

n=1

xne
n , (3.7)

where p, q = 1, 2, 3, eq are the basis vectors so that x =

3∑

q=1

xqe
q , δpq stands for the

Kronecker delta symbol. It is easy to check that divψpq = 0. The sum
∑

G
in (3.6)

is taken over all particles located inside the domain G.
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Lemma 3.1.
For any constant tensor T there exists the unique minimizer u(x) = u(x, T ) (de-

pendence on the parameters ε, h, ξ, λ and τ is suppressed) of the functional (3.4) in

the class Jε[K
ξ

h]. The minimum value of this functional is a quadratic function of the
tensor T = {Tpq} and the following representation holds

min
uε∈Jε[Kξ

h]
Aεh[uεjT , ξ, λ, τ ] =

3∑

npqr=1

anpqr(ξ, λ, ε, h, τ)Tnp Tqr , (3.8)

where anpqr(ξ, λ, ε, h, τ) are the components of a 4th rank tensor, defined as follows

anpqr(ξ, λ; ε, h, τ) = E
K
ξ

h

[unp, uqr] +

∫

K
ξ

h

h−2−τ 〈unp(x)

−ψnp(x− ξ) , uqr(ξ)− ψqr(x− ξ)〉dx +
1

λ
I
K
ξ

h

[unp, uqr] (3.9)

Here unp(x) is the minimizer of the functional Aεh[u, T , λ, ξ, τ ] when T = 1
2 (en⊗

ep + ep ⊗ en). It follows from (3.9) that the tensor {anpqr(x, λ; ε, h, τ)} is invariant
with respect to the permutation of pairs of indexes as well as permutation of indexes
in each pair, that is

anpqr = aqrnp = apnqr = · · ·

This tensor describes macroscopic rheological properties of the suspension (com-
pound). It depends on the space variable x ∈ Ω if the suspension is inhomogeneous on
the macroscale (e.g. for periodic structures there is no dependence on x; see Section
7), and on the spectral parameter λ.

We provide a heuristic basis for the introduction of the mesocharacteristic (3.4).
First as we have mentioned earlier if a compound can be described within the

effective single medium approach, then the rheological properties of the compound
can be determined by calculation or measurements in some representative volume
element of an intermediate mesoscale h which is why we choose cube Kξ

h.
Next, observe that the sum of the first and the third term in (3.4) represent

the energy of the compound (suspension). The minimizer, uε of (3.4) is “close” up
to an additive constant, to the true global minimizer vε of the variational problem
which corresponds to (2.11) – (2.19) if the tensor T is chosen appropriately. Now
one should choose T . If the single medium homogenized description is possible, then
vε(x) is “close”, to some smooth (homogenized) function v(x) which depends only on
macroscopic variable x and does not depend on ε, so that it does not vary on the
microscale ε. We then minimize the energy of the compound adding the constraint
that the minimizer uε is “close” to the linear part L(x) (the differential) of the global
minimizer v(x), so that |uε − v(x)| = ◦(h) ∼ h1+τ/2, h → 0 for some τ > 0. This
condition is imposed by introducing the penalty term (the second term in (2.1)).

We consider arrays of the particles Qiε such that for all x ∈ Ω, each λ > 0 and
some real number τ > 0 the following limits exist

b1) lim
h→0

lim
ε→0

anpqr(x, λ; ε, h, τ)

h3
= lim

h→0
lim
ε→0

anpqr(x, λ; ε, h, τ)

h3
= anpqr(x, λ)

where anpqr(x, λ) is a continuous function of x ∈ Ω, λ > 0 is a parameter.
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Lemma 3.2.
If the condition (b1) holds for some τ > 0, then it holds for any τ > 0 and the

limit (b1) does not depend on τ . The functions anpqr(x, λ) are defined for λ > 0
and can be analytically extended into the complex plane with a cut along the negative
semiaxis λ ≤ 0. The extended functions can be represented in the following form

anpqr(x, λ) = a0
npqr(x) + a1

npqr(x, λ)

so that in the domain Φδ = {λ ∈ C : |argλ − π| ≥ δ > 0 for any δ > 0 the following
bound holds

|a1
npqr(x, λ)| < C

(
1

|λ|1/2
)
, as λ→∞, (3.10)

where C > 0 does not depend on λ.
It follows from Lemma 3.2 that the functions anpqr(x, λ) are inverse Laplace

transforms

anpqr(x, λ) =

∫ ∞

0

e−λtânpqr(x, t)dt (3.11)

of the functions

ânpqr(x) = a0
npqr(x)δ(t) + â1

npqr(x, t) (3.12)

where δ(t) is the Dirac delta-function, and âinpqr(x, t) are locally summable in t for
t ≥ 0.

We introduce one more characteristic which describes the distribution of the
masses in the suspension.

Denote by χε(x) the characteristic function of the domain Ωε, occupied by the
fluid, and by χiε(x)-the characteristic function of a particle Qiε, and introduce

ρε(x) = ρfχε(x) + ρs

Nε∑

i=1

χiε(x) . (3.13)

We consider the arrays of particles such that for any x ∈ Ω the following limit exists

(b2) lim
h→∞

lim
ε→0

1

h3

∫

Kx
h

ρε(ξ)dξ = ρ(x) ,

where ρ(x) > 0 is a continuous function which describes the limiting density of the sus-
pension. Note that the condition (b2) holds for very generic geometries. In particular,
for periodic structures (Section 7) ρ(x) = const and is easy to compute.

We are now in a position to formulate the main mathematical result of this paper
and discuss its physial consequences. We construct the vector function

ṽε(x, t) = χε(x)vε(x, t) +
∑

i

χiε(x)[u̇iε + θ̇
i

ε(t)× (x− xiε)] (3.14)

using the solutions {vε(x, t), uiε(t), θiε(t), i = 1, . . .Nε} of the problem (1.3) – (1.9).
Theorem 3.3.
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Let the conditions (a1)−(a4) and (b1)−(b2) hold. Suppose that the initial functions
in the problem (2.11) - (2.18) converge as ε→ 0 to a vector function v0(x) ∈ L2(Ω)

ṽε(x, 0)→ v0(x) in L2(Ω) , as ε→ 0 , (3.15)

where ṽε(x, 0) = ṽε(x, t)
∣∣∣
t=0

, and ṽε(x, t) is defined by (3.14).

Then the functions vε(x, t) converge in L2(Ω) for ∀t < ∞ to a vector function
v(x, t), which is a solution of the following homogenized problem:

ρ(x)
∂v

∂t
− {

∑

n,p,q,r

∂

∂xp
[a0
npqr(x)eqr[v] +

∫ t

0

â1
npqr(x, t− τ)eqr [v(x, τ)]dτ}en = ∇p, x ∈ Ω, t > 0 , (3.16)

div v = 0 x ∈ Ω, t > 0 (3.17)

v(x, t) = f(x, t), x ∈ ∂Ω, t > 0 , (3.18)

v(x, 0) = v0(x), x ∈ Ω , (3.19)

where the components of the tensors {a0
npqr(x)} and {â1

npqr(x, t)} are defined by (3.8)-
(3.12) and the condition (b1).

In order to explain the physical meaning of the homogenized problem it is con-
venient to rewrite the equations (3.16)-(3.17) in terms of the displacements u(x, t) =∫ t

0
v(x, t)dτ . Then

ρ(x)
∂2u

∂t2
−

3∑

n,p,q,r=1

∂

∂xp

{
a0
npqr(x)ėqr[u]

+

∫ t

0

ânpqr(x, t− τ)ėqr [u]dτ

}
eh = ∇p , (3.16′)

div u = 0 , (3.17′)

where ėqr[u] = ∂
∂teqr.

Recall [6], the strain-stress relation in linear viscoelasticity has the form

σ(t) =

∫ t

−∞
C(t− τ)ė(τ)dτ , (3.20)

where C(t) is the fourth rank relaxation tensor. If C(t) is a delta-function kδ(t),
then σ = kė and we obtain the constitutive relation for a newtonian fluid. If C(t)
does not depend on t, then (3.20) reduces to the Hooke’s law for an elastic solid.
Thus the second term (the sum) in (3.16′) or (3.16) describes the effective newtonian
fluid with the effective viscosity tensor a0

npqr, while the third term (the integral)
describes the effective viscoelastic behavior with â1

npqr the effective relaxation tensor
â1
npqr. Now we see that the homogenized equations (3.16′) or (3.16) suggest the

following qualitative picture for the effective single phase medium. On a short time
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scale the integral terms in (3.16′) or (3.16) are small and therefore the homogenized
problem describes an incompressible fluid with anisotropic viscosity tensor a0

npqr. On
a longer time scale (intermediate scale) both the viscosity term and the relaxation
term become significant and the homogenized medium is an isotropic viscoelastic
fluid with memory (relaxation). Finally, on a very large time scale, provided that
f(x, t) has finite support in time, u(x, t) and v(x, t) become time independent, and
therefore ėqr(u) term is negligible. In addition, the kernel ânpqr(x, t−τ) also becomes
time independent and integration in (3.16′) or (3.16) yields to the equations for an
incompressible elastic medium.

The tensors {a0
npqr(x)} and â1

npqr(x, t)} are called the effective viscosity and the
effective relaxation tensors respectively ([5]). Both tensors incorporate the infor-

mation about the geometric array of the particles, the strength of the interparticle
interactions and the viscosity of the fluid phase.

We now provide a heuristic explanation of the choice of scaling in the condition
a4). If the entries of the pairwise interaction matrices are such that the pairwise
interaction energy is sup‖u‖=1〈C ij1εu, u〉 ∼ ε, then both tensors are positive and finite,
which implies that the “fluid-particle” suspension in the homogenization limit behaves
as a viscoelastic incompressible medium.

If these matrices have large entries sup‖u‖=1〈C ij1 u, u〉ε
−1 → ∞, as ε → 0 ,

then the homogenized medium becomes absolutely rigid so that if the velocity at the
external boundary ∂Ω is zero, then the displacements and velocities of all points in
Ω are zero (in the homogenized limit ε→ 0). Finally if sup‖u‖=1〈C ij1εu, u〉 � ε, then
the interaction does not affect the homogenized medium.

In Sections 4–5 we prove Theorem 3.3. To this end we use the Laplace transform
to obtain a time independent analog of the problem (2.11)–(2.18) (with the spectral
parameter λ > 0 ) and then analyze variational formulation of this problem. Next
we study the asymptotic behavior as ε → 0 of the variational problem, obtain the
limiting (homogenized) functional and write down the corresponding Euler equations.
In this presentation we formulate techinical lemmas and estimates, whose detailed
proofs can be found in [1] .

In Section 6 we study analytical dependence of the solutions of these equations
in the parameter λ and by taking the inverse Laplace transform, we obtain the ho-
mogenized time-dependent problem.

In Section 7 we consider a periodic structure, prove existence of the limits in (b2)
and show that the computation of the viscosity and the relaxation tensors amount
to solving a cell problem. The cell problem can be solved using standard numerical
techniques. We also analyze this problem analytically and obtain distribution of the
relaxation times, which is the main quantity of itnerest in rheology of filled polymers
and suspensions.

4. Variational formulation of the homogenization problem. Take the
Laplace transform t → λ in the problem (2.11)– (2.18). For simplicity we keep the
same notations: vε(x, t)→ vε(x, λ), pε(x, t)→ pε(x, λ), uiε(t)→ uiε(λ), θiε(t)→ θiε(λ),
f(x, t) → f(x, λ). Then, taking into account (2.9), (2.2), (2.6), (2.8) and (2.17), we
obtain the following problem

−µ∆vε + λρf vε −∇pε = ρfvε0(x), x ∈ Ω (4.1)

div vε = 0, x ∈ Ω (4.2)
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vε = λ[uiε + θiε × (x− xiε)], x ∈ Qiε (4.3)

λ2mi
εu
i
ε = −

∫

Siε

σ[vε] · νdS −

− 1

λ

∑

j,j 6=i

∫

Siε

∫

Sjε

Cij
ε

(x, y)[vε(x)− vε(y)]dSxdSy +

+mi
εu
i
ε1, i = 1, 2, . . .Nε, (4.4)

λ2I iεθ
i
ε = −

∫

Siε

(x− xiε)× σ[vε] · νdS −

− 1

λ

∑

j,j 6=i

∫

Siε

∫

Siε

Cij
ε

(x, y)[vε(x)− vε(y)]dSxdSy +

+ I iεθ
i
ε, i = 1, 2, . . .Nε, (4.5)

vε = f(x, λ) on ∂Ω. (4.6)

We extend the velocity function vε(x, λ) onto the particles according to (4.3) and
keep the same notation vε = vε(x, λ) for the extended functions. Then vε ∈ H1(Ω)
and div vε = 0 in Ω. Denote by J fε (Ω) the class of divergence free vector functions
from H1(Ω), which satisfy the rigid displacement conditions (2.3) on the particles Qiε
and take the prescribed values f(x, λ) on ∂Ω.

Consider the minimization problem

Φε[vε] = min
v′ε∈J

f
ε (Ω)

Φε[v
′
ε] (4.7)

for the following functional

Φε[vε] = EΩ[vε, vε] +

∫

Ω

[λ〈ρεvε, vε〉 − 2〈ρεvε0, vε〉]dx+
1

λ
IεΩ[vε, vε], (4.8)

where λ > 0, ṽε0 = ṽε(x, 0), ρε(x) and vε(x, t) are defined in (3.14), (3.15).
Lemma 4.1.

There exists a unique minimizer vε = vε(x, λ) of the functional (4.8) in the class
J fε (Ω). This minimizer provides the solution {vε(x, λ)χε(x), vε(x, λ)χiε(x)} of the
boundary value problem (4.1)–(4.6).

This lemma can be proved by standard techniques of calculus of variations ([7],
[9]).

Introduce the homogenized functional

Φ0[v] =

∫

Ω





3∑

k,`=1

anpqr(x, λ)enp[v]eqr[v] + λ〈ρv, v〉 − 2〈ρv0, v〉



 dx, (4.9)

where the tensor anpqr(x, λ) and the function ρ = ρ(x) are defined by the conditions
(b1) and (b1) and the vector-function ṽ0(x) are defined by the condition (3.16).
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Denote by J f (Ω) a class of the div free functions from W 1
2 (Ω) that are equal to

f(x, λ) on ∂Ω, and introduce the variational problem for the functional (4.9) in this
class:

Φ0[v] = min
v′ε∈J f (Ω)

Φ[v′] (4.10)

Theorem 4.2.
Suppose that the conditions (a1)-(a4), (b1)-(b2) and the conditions (3.16) hold.

Then the minimizers vε(x, λ) of the problem (4.7) converge weakly in H1(Ω) (strongly
in L2(Ω)) as ε→ 0 to the minimizer v(x, λ) of the homogenized problem (4.10).

This theorem is the key result of this paper and its proof is outlined in Section
5. It follows from standard techniques of calculus of variations that if the functions
anpqr(x, λ) are sufficiently smooth (e.g. in C1(Ω)), then the minimizer v(x, λ) of the
problem (4.10) is the solution of the following boundary value problem

−
∑

n,p,q,r

∂

∂xr
[anpqr(x, λ)enp[v]] en +

+ λρv −∇p = ρv0 , x ∈ Ω (4.11)

div v = 0; (4.12)

v(x, λ) = f(x, λ) x ∈ ∂Ω (4.13)

Remark 4.1. If anpqr(x, λ) is not sufficiently smooth in x, then v(x, λ) is a
generalized (week) solution of the problem (4.11)-(4.13).

Applying the inverse Laplace transform one can see that the main homogenization
theorem 3.3 for the time-dependent problem is obtained form this theorem. The key
crucial step here is to establish necessary analytical properties in λ of the functions
anpqr(x, λ) and v(x, λ) for complex λ, which is done in [1].

5. Convergence theorem for stationary problem.
5.1. Compactness of the solutions {vε, ε > 0} of the problem (4.7) in the metric

W 1
2 (Ω)

We use the following Lemma to obtain the boundedness of the solutions {vε, ε >
0}.

Lemma 5.1. Suppose the domain Ωε = Ω\∪iQiε satisfies the conditions a1)−a2).
Then for any function f(x) ∈ C2(∂Ω) satisfying the condition (2.19),there exists

a function f
ε
(x) ∈ W 1

2 (Ω) such that div f
ε
(x) = 0 in Ω, f

ε
(x) = f(x) on ∂Ω,

f
ε
(x) = f i

ε
on the minimal spheres B(Qiε), and

‖f
ε
‖W 1

2 (Ω) < C, IεΩ[f
ε
, f
ε
] < C (5.1)

where C > 0 does not depend on ε.
We apply this Lemma to the function f(x, λ) which is Laplace transform of the

boundary function f(x, t) (from (2.18)) in time. Then, we find a function f
ε
(x) ∈

J fε (Ω) (admissible for the problem (4.7) ) and satisfying (5.1).
Let vε = vε(x, λ) be a solution of the problem (4.7), i.e. the functional Φε in the

class J fε (Ω) attains its minimum on vε. Since f
ε
∈ J fε (Ω), the inequality holds:

Φε[vε] ≤ Φε[fε].
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With this inequality, taking into account (4.8) and non negativity of the matrices
Cij
ε

(x), we obtain:

EΩ[vε, vε] + 2µ

∫

Ω

λ〈ρεvε, vε〉dx ≤|Φε[fε]|+ 2‖ρεṽε0‖L2(Ω)‖vε‖L2(Ω) (5.2)

Let us use now the second Korn’s inequality [10]

‖vε‖2W 1
2 (Ω) ≤ C

(
EΩ[vε, vε] + ‖vε‖L2(Ω)

)
, (5.3)

where C depends on domain Ω only. Then, since µ > 0, λ > 0, ρε(x) ≥ min{ρf , ρs} >
0, we find from (5.2)

‖vε‖2W 1
2 (Ω) ≤ C1

(
|Φε[fε]|+ ‖ρεṽε0‖L2(Ω)‖vε‖W 1

2 (Ω)

)
,

from which it follows that

‖vε‖W 1
2 (Ω) ≤ C2

(
|Φε(fε)|

1
2 + ‖ρεṽε0‖L2(Ω)

)
(5.4)

where the constants C1 and C2 do not depend on ε,ṽε0 = ṽε(x, 0) and we used the
notation (3.5).

Now we use the second inequality in (5.1), the convergence (3.15) of ṽε0 and
uniform boundness of ρε(x) in ε to obtain Φε[fε] < C. Combing the latter inequality
with (5.4) we get

‖vε‖W 1
2 (Ω) < C .

Therefore the set of the functions {vε(x), ε > 0} is weakly compact in W 1
2 (Ω).

Let us select a sequence {vεk (x), εk → 0} weakly convergent in W 1
2 (Ω) to the

function v(x) ∈ W 1
2 (Ω).

Due to embedding theorem v(x) = f(x) at x ∈ ∂Ω and vεk (x) converges to
v(x) strongly in L2(Ω). In subsections (5)-(5) we show that v(x) is a solution of
the minimization problem (4.10). Since this problem, due to non negativity of the
tensor {anpqr(x)} and the condition λ > 0, has the unique solution, then, using weak
compactness of {vε(x, λ), ε > 0}, we conclude that vε → v weakly in W 1

2 (Ω) and
strongly in L2(Ω) as ε→ 0 .

5.2. The upper bound
Denote by J fε (Ω) and J f (Ω) the spaces of admissible functions for the original

and the homogenized variational problems (4.8)–(4.7) and (4.9)– (4.10) respectively.
The goal of this subsection is to show that for any w ∈ J f (Ω) ∩ C2

lim
ε→0

Φε[vε] ≤ Φ0[w], ∀ w ∈ J t(Ω) (5.5)

This is done by constructing a quasiminimizer wεh ∈ J tε (Ω), wεh → w in L2(Ω)
as ε� h→ 0 so that

Φε[vε] ≤ Φε[wεh] (5.6)

Due to explicit construction of the quasiminimizer wεh it is possible to obtain the
limiting inequality

lim
h→0

lim
ε→0

Φε[wεh] ≤ Φ0[w], (5.7)
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In particular, we will choose, w = v, where v is the minimizer to the limiting functional
Φ0 and vεk ⇀ v. Note, that (5.6) and (5.7) imply (5.5).

The key point in this step is the construction of the quasiminimizer wεh. We now
describe main ideas behind this construction. Choose a mesoscale parameter h such
that ε� h� 1 and cover the domain Ω by a family of cubes Kα

h centered at the points
xα of a cubic lattice with period h − δ, δ = 0(h), so that the cubes overlap. In each
cube consider the mesocharacteristic (3.4). Minimizer uαεh of the mesocharacteristic
functional (see (3.8) with ξ = xα)is “close” (up to an additive constant) to the true
minimizer vε (restricted to the cube Kα

h ) if the tensor T in (3.4) is chosen so that uαεh
is “close” to the linear symmetric part of the global homogenized minimizer v(x). In
other words, we minimize the energy of the original problem in the perforated domain
with an additional condition that the minimizer is smooth, i.e. close up to quadratic
terms in h, to the linear function mentioned above. This condition is enforced by the
penalty in term (3.4), and thus we obtain the quasiminimizer in each cube Kα

h . Now
we need to “glue” them together, in order to obtain a globally smooth quasiminimizer.
For this purpose we use a nested partition Kα

h′ ⊂ Kα
h , h′ = h− 2δ, so that the cubes

Kα
h′ do not intersect each other. We retain the functions uαεh inside the cubes Kα

h′

and modify them in the “thin” layers Kα
n\Kα

h′ so that the obtained function zεh(x)
is globally smooth (from H1(Ω) and satisfies the rigid conditions on the particles
Qiε. However, div zεh is no longer zero in the layers Kα

h \Kα
h′ , where the minimizers

have been modified. To fix this, we introduce an additional function ζεh(x) so that
div ζεh = div zεh in the layers Kα

h \Kα
h′ , div ζεh = 0 in ∪αKα

h′ , and ‖ζεh‖H1(Ω) is
small so that its contribution to the global energy of the global quasiminimizer is
negligible, since vol(∪αKα

h \Kα
h′) → 0 as h → 0. Thus we obtain a quasiminimizer

wεh = zεh + ζ
εh
∈ J fε (Ω), and (5.6) holds. Note that here we use a special partition

of unity, which preserves the rigid body conditions on the particles.

We now derive the inequality (5.6). Consider a cover of the domain Ω by cubes
Kα = K(xα, h) centered at the points xα and with the side length h, oriented along the
coordinate axes. The centers xα form cubic lattice of the period h−δ (0 < ε ≤ δ ≤ h).
Let K ′α(xα, h′) be a concentric with Kα cube of side length h′ = h − 2δ. It is clear
that K ′α = Kα\∪β 6=αKβ.

We will need three technical lemmas for constructing the function wεh(x) ∈
Jε(x)f .

Lemma 5.2. (special partition of unity). Suppose the condition a2) is satisfied.
Then, it is possible to construct the special partition of unity which corresponds to the
cover ∪αK(xα, h), i.e. to construct the set of functions {ϕαεh(x), α = 1, 2, . . . } which
satisfies the conditions:

1. ϕαεh(x) ∈ C2(R3),
2. 0 ≤ ϕαεh(x) ≤ 1 everywhere and

ϕαεh(x) =

{
1 inside K ′α
0 outside Kα .

3.
∑

α

ϕαεh(x) = 1 in R3

4. |∇ϕαεh(x)| < C
δ , in R3

5. ϕαεh(x) = Ciε when x ∈ B(Qiε),

where Ciε are constants (0 ≤ Ciε ≤ 1) and C does not depend on ε, δ and h.

Lemma 5.3.
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Let the domain Ωε = Ω\∪iQiε satisfies the conditions a1) − a2). Then for any
function F ε(x) ∈ L2(Ω) which satisfies the conditions:

1. F ε(x) = 0 at x ∈ ∪iB(Qiε),
2.
∫

Ω
F ε(x)dx = 0,

there exists a function ζ
ε
(x) ∈

o

W
1

2(Ω) such that div ζ
ε
(x) = F ε, x ∈ Ω, ζ

ε
(x) = ζi

ε
at

x ∈ B(Qiε) and ‖ζ
ε
‖W 1

2 (Ω) ≤ C‖F ε‖L2(Ω), where ζ i
ε

are constant vectors, and C does
not depend on ε.

Lemma 5.4.
Let the domain Ωε = Ω\ ∪i Qiε satisfies the conditions a1), a2). Then, for any

divergence free function w(x) ∈ C2(Ω) there exists such a function wε(x) ∈ W 2
2 (Ω)

that divwε = 0 in Ω, wε(x) = w(x) on ∂Ω, wε(x) is equal to the constant vectors wiε
on the spheres B(Qiε). (wiε is equal the mean value of w(x) on B(Qiε)). In addition,
the following inequalities are valid:

‖wε − w‖L2(Ω) < Cε and ‖wε‖W 1
2 (G) ≤ C‖w‖W 1

2 (G), (5.8)

where the constants C do not depend on ε and G ⊂ Ω is any sub domain in Ω.
We now construct the function wεh(x). For any divergence free in Ω function

w(x) ∈ C2(Ω), which is equal f(x) on ∂Ω we wish to construct a functionwεh(x) ∈
J fε (Ω),which is close to w(x) ∈ J f (x) (in metric L2(Ω)) when ε and h are small
enough (ε� h� 1).

A straight forward calculation shows that any function w(x) ∈ C2(Kα) can be
represented in the form:

w(x) = w(xα) +
∑

p,q=1

epq[w(xα)]ψpq(x− xα) +

+
∑

p,q

ωpq[w(xα)]ϕpq(x− xα) + σα, (5.9)

where σα = O(|x− xα|2), and we introduce the notations for the symmetric and anti
symmetric parts of ∇w(x) respectively

epq[w(xα)] =
1

2

[
∂wp
∂xq

(xα) +
∂wq
∂xp

(xα)

]
(5.10)

ωpq [w(xα)] =
1

2

[
∂wp
∂xq

(xα)− ∂wq
∂xp

(xα)

]
(5.11)

linear functions ψpq(x) and ϕpq(x) are defined by the equalities (3.7) and

ϕpq(x) =
1

2
[xpe

q − xqep] . (5.12)

and they both are divergence-free.
The first and the second sums in (5.9) are usually called the deformation and the

rotational parts of the velocity field w(x) respectively.
We need to construct a divergence free function wεh(x), which satisfies the con-

dition (2.3) on Qiε and approximates w(x) as ε� h→ 0. Note, that the second sum
in the RHS of (5.9) satisfies (2.3), but the first sum does not, because the functions
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ψpq(x − xα) do not satisfy (2.3). However, the function uα,pqεh (x), which minimizes

functional (3.4) in the class Jε(K(xα, h)) when T = 1
2 (ep⊗ eq + eq ⊗ ep), and accord-

ing to Lemma 5.4 (see below) is “close” to ψpq(x − xα) when ε � h � 1. That is
why,when constructing wεh(x) in cubes Kα = K(xα, h) ( Ω, we replace ψpq(x − xα)
by uα,pqεh (x) in the formula (5.9).

Further, we glue together the functions wεh(x) defined in each cube Kα by a
special partition of unity {ϕαεh(x)} constructed in the Lemma 5.2 which provides the
rigid displacement conditions on Qεi .

However, this construction does not ensure that wεh(x) = w(x) = f(x) on ∂Ω.
Also, since we used the partition of unity the divergence free condition is not guar-
anteed. Therefore, we use a simpler construction on the cubes Kα,which intersect
∂Ω. ensure that the construction is divergence free (without violation of all other
requirements), we add the function ζ

εh
(x) whose existence is established in Lemma

5.3.
Thus, we construct the quasiminimizer wεh(x) as follows:

wεh(x) =
∑′

{
w(xα) +

3∑

n,p=1

(enp[w(xα)]uα,npεh (x) + ωnp[w(xα)]ϕpq(x− xα))

}
ϕαεh(x)

+
∑ ′′

wε(x)ϕαεh(x) + ζ
εh

(x) ≡ zεh(x) + ζ
εh

(x) , (5.13)

where the sum
∑′

α is taken over the interior cubes (which lie inside the domain Ω),
sum

∑′′
α is taken over the cubes,which intersect the boundary ∂Ω, and in the partition

of unity ϕαεh(x) we choose δ = h1+τ/2, 0 < τ < 2. The function wε(x) ∈ W 1
2 (Ω is

constructed according to Lemma 5.4.
We now construct the function ζ

εh
(x). Due to (5.13) the function zεh(x) ∈ W 1

2 (x)

is equal w(x) on the boundary ∂Ω, and since
∫

Ω〈w, ν〉dS = 0, we have
∫

Ω div zεhdx =
0 .

Moreover, using the properties of the functions uα,npεh (x), ωnp[w(xα)]ϕpq(x− xα),
wε(x), and the functions ϕαεh(x), we obtain

div zε(x) = 0 if x ∈ B(Qiε) .

Therefore, applying Lemma 5.3 to the function F ε(x) = −div zεh, we construct the
divergence free function ζ

εh
(x), which is equal to the constant vectors ζ i

εh
on the balls

B(Qiε) and zero on ∂Ω. Thus the construction (5.13) guarantees that wεh(x) ∈ J fε (Ω).
Let us calculate the functional (4.8) on the function wεh(x) ∈ J fε (Ω) (ε � δ =

h1+ τ
2 � h� 1 ).
Next Lemma shows that the contribution from the function ζ

εh
(x) is negligible.

Lemma 5.5.
The following equalities limh→0 limε→0 ‖ζεh‖W 1

2 (Ω) = IΩ[ζ
εh
, ζ
εh

] = 0 hold.
To calculate ek`[wεh] were rewrite (5.13) as folows:

wεh(x) = w(x) +
∑′

α

{
3∑

np=1

enp[w(xα)](uα,npεh (x)− ψα,np(x))

− σα(x)

}
ϕαεh(x) +

′′∑

α

(wε(x)− w(x))ϕαεh(x) + ζ
εh

(x) (5.14)
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Using Lemma 5.5 we distinguish the leading term in ek`[wεh(x)]:

ek`[wεh(x)] =
∑′

α

3∑

n,p=1

enp[w(xα)]ek`[u
α,np
εh ]ϕαεh(x) + L(ε, h), (5.15)

where limh→0 limε→0 ‖L(ε, h)‖L2(Ω) = 0, and compute the bulk and the interaction
energies:

EΩ[wεh, wεh] =
∑′

α

∈W 1
2 (Ω

3∑

n,p,q,r=1

enp[w(xα)]eqr[w(xα)]EK′α [uα,pnεh , uα,qrεh ]+L1(ε, h).

(5.16)

IεΩ[wεh, wεh] ≤
∑′

α

∑

n,p,q,r

enp[w(xα)]eqr[w(xα)] · IεK′α [uα,npεh , uα,qrεh ] + L2(ε, h). (5.17)

Here limh→0 limε→0 Li(ε, h) = 0, i = 1, 2 and we used the notation (3.5).
Combining (5.16) and (5.17) we estimate the bulk and the interaction energy in

Φε[wεh]:

EΩ[wεh, wεh] +
1

λ
IεΩ[wεh, wεh] ≤

∑′

α

∑

n,p,q,r

enp[w(xα)]eqr[w(xα)]



2µ

∫

Kα

∑

k,`

ek`[(u
α,np
εh (x)]en`[u

α,qr
εh (x)]dx+ (5.18)

+
1

λ
IεKα [uα,npεh , uα,qrεh ]

}
≤
∑′

α

∑

n,p,q,r

enp[w(xα)]eqr[w(xα)]



2µ

∫

Kα


∑

k,`

ek`[u
α,np
εh (x)]ek`[u

α,qr
εh (x)]

+ h−2−τ 〈uα,npεh (x)− ψα,np(x), uαqrεh (x)− ψα,qr(x)〉
)
dx+

1

λ
IεKα [uαnpεh , uαqrεh

}
+ o(1) =

=
∑′

α

∑

n,p,q,r

anpqr(x
α, λ, ε, h)enp[w(xα)]eqr [w(xα)] + o(1)(ε� h� 1). (5.19)

Here we use the definition of anpqr(x, λ, ε, h) (see Lemma 3.1) and add (in the RHS
of the first inequality in (5.19) a positive term which corresponds to the penalty term
in mesochracteristic.

Finally we use (5.19) to estimate the functional (4.8):

Φε[wεh] ≤
∑′

α

h3
∑

n,p,q,r

anpqr(x
α, λ, ε, h)

h3
enp[w(xα)]eqr[w(xα)] +

+ λ

∫

Ω

〈ρεwεh, wεh〉dx− 2

∫

Ω

〈ρεvε0, wεh〉dx + ∆(ε, h) , (5.20)

where the remainder ∆(ε, h) satisfies to the equality

lim
h→0

lim
ε→0

∆(ε, h) = 0 .
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We now pass to the limit in (5.20) first as ε → 0, and then as h → 0. Taking
into account, that w(x) ∈ C2(Ω), and using the conditions b1), b2), (3.15), and
limh→0 limε→0 ‖wεh(x)− w(x)‖2L2(Ω) = 0 (verified by a direct calculation), we obtain

lim
h→0

lim
ε→0

Φε[wεh] ≤ Φ0[w] ,

where the functional Φ0[w] is defined by the equality (4.9). Since wεh ∈ J fε (Ω), and
vε(x) is the solution of the minimization problem (4.7), then inequality (5.6) for any
function w(x) ∈ J f (Ω) ∩ C2(Ω) is valid.

But, since the class J f (Ω) ∩ C2(Ω) is dense in J f (Ω) in the metric W 1
2 (Ω), this

inequality holds for any function w ∈ J f (Ω).

5.3. The lower bound
We begin with a short overview and then present actual technical construction

which are quite lengthy. The goal of this step is to establish the following lower bound.

lim
ε=εk→0

Φε[vε] ≥ Φ0[v], (5.21)

where v is the weak limit of vε as ε = εk → 0. To this end we partition the domain
Ω into cubes Kα

h (as opposed to the covering by intersecting cubes in subsection 5.2).
Then the energy of the global minimizer vε in each cube Kα

h is bounded below by the
mesocharacteristic (3.4) with the proper choice of the tensor T (from linear symmetric
part of the limiting function v(x)).

More precisely we modify the function vε(x) in Kα
h , so that the modified function

uαε satisfies the following conditions
(i) uαε ∈ J fε (Kα

h ) (uαε is an admissible function for the variational problem (3.4)).
(ii)

∣∣Aεh[uαε , T , x
α, τ ]− (total energy of vαε in Kα

h )
∣∣ = o(h3), h→ 0.

(iii) uαε is close to the symmetric part (5.9) of ∇v defined by (5.9) when w = v.
Then (i) and (3.4)–(3.9) imply

Aεh[uαε , T , x
α, τ ] ≥

∑

npqr

anpqr(x
α, λ, ε, h, τ)Tnp Tqn. (5.22)

We now describe the modification of uαε and the corresponding choice of the tensor
T in the penalty term of (3.4).

Represent the limiting function v(x) in the form (x ∈ Kα
h )

v(x) = v(xα) +
∑

k`

ek`[v(xα)]ψk`

+
∑

k`

ωk`(v(xα))ϕk` +O(h2) := v(xα) + S +A+O(h2) (5.23)

where the linear part in (5.23) in decomposed into symmetric and anti symmetric
parts and both are divergence free (see definitions of ψk` (3.7) and φk`), Lemma 5.2).

Note that in the standard decomposition ∇u = 1
2 (∇u + ∇uT ) + 1

2 (∇u − ∇uT ) the
symmetric part is not necessarily divergence free. Note that div v = 0 in (5.23) (
weakly) We now describe the main idea of the construction of uαε . Choose uαε in the
form

uαε = vε(x)− v(xα)−A , (5.24)

20



where A is defined in (5.23). Then the RHS of (5.24) is close to the symmetric part S of
the ∇v(x). This is sufficient to make the penalty term in (3.4) small. Indeed, only the
symmetric part S the deformation enters the penalty term in the mesocharacteristic
(3.4) since the anti symmetric part A (the rotational part) does not contribute to the
energy. Due to (5.24) ek`[u

α
ε ] = ek`[vε] in Kα and IεKα [vε, vε] = IεKα [uαε , u

α
ε ]. We

choose Tnp = enp[v(xα)]. Then the penalty term in the RHS of (5.22) becomes small,
the interaction term in the RHS of (5.22) is simplified due to the condition (2.4), and
the inequality (5.22) follows. Summing up over all cubes in the partition and passing
to the limit ε� h→ 0 yields (5.21).

We now present the detailed derivation of the lower bound (5.21). We prove (5.21)
when the function v(x) is the weak limit in W 1

2 (Ω) of solutions vε(x) of the problem
(4.7) in some subsequence {εk → 0, k = 1, 2, ...}. First, we assume for simplicity that
the limiting function v(x) is smooth enough, namely, v(x) ∈ C2(Ω) ∩ J f (Ω).

Then we partition the domain Ω by the non-intersecting cubes Kα = K(xα, h)
centered at the points xα aligned along the coordinate axes. In each internal with
respect to Ω cube (which does not intersect ∂Ω) consider a function:

uαε (x) = vε(x)− {v(xα) +
∑

p,q

ωpq [w(xα)]ϕpq(x− xα)}, (5.25)

where we used the notation (5.11) for the rigid rotation part.
Clearly uε(x) ∈ Jε(Kα) (admissible for the functional (3.8)). Therefore, (3.9)

implies (5.22). for any tensor T = {Tnp}3n,p=1. Set Tnp = enp[v(xα)]. Then taking
into account the form (3.4) of the functional Aεh, the form (5.25) of the function
uαε (x),and the condition (2.4) we obtain

∫

Kα



2µ

∑

k,`

e2
k`[vε] + h−2−τ

∣∣∣∣∣u
α
ε (x)−

3∑

n,p=1

enp[v(xα)]ψα,np(x)

∣∣∣∣∣

2


 dx

+
1

2λ
IεKε

α
[vε, vε] ≥

∑

n,p,q,r

anpqr(x
α, λ; ε, h, τ)enp[v(xα)]eqr[v(xα)] . (5.26)

Next we note that the penalty term is small, namely (5.25) and the convergence
of vεk → v implies

lim
ε=εk→0

∫

Kα

∣∣∣∣∣u
α
ε (x)−

3∑

n,p=1

enp[v(xα)]ψα,np(x)

∣∣∣∣∣

2

dx = O(h7) . (5.27)

We next sum over all cubes and take into account (4.8),(5.26)- (5.27) to conclude
that, if (εk ≤ ε̂(h)),then

Φε[vε] ≥
∑′

α

3∑

n,p,q,r=1

anpqr(x
α, λ; ε, h, τ)enp[v(xα)]eqr[v(xα)] +

+

∫

Ω

{λ〈vε, vε〉 − 2〈ρεvε0, vε〉} dx+O(h2−τ ) . (5.28)

Note that, according to our assumption, τ < 2. Then we pass to the limit in (5.28)
first in εk → 0 and then in h → 0. Taking into account that v(x) ∈ C2(Ω) and
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using the conditions (b1), (b2), (3.15), and the convergence vε(x)→ v(x) in L2(Ω) as
ε = εk → 0, we obtain:

lim
ε=εk→0

Φε[vε] ≥
∫

Ω

{ ∑

n,p,q,r

anpqr(x, λ)enp[v(x)]eqr[v(x)]+

+λ〈v(x), v(x)〉 − 2〈ρ(x)v0(x), v(x)〉
}
dx = Φ0[v] (5.29)

Thus, we have obtained the required inequality (5.21) under the assumption, that
v ∈ C1(Ω). The proof for a nonsmooth case v ∈ W 1

2 , is more technical, though its
scheme is the same: it is necessary to construct smooth approximation v ≈ vσ and
vε ≈ vσε for some small σ > 0. The above scheme is applied to the approximations
when passing to the limit first as ε � h → 0 and then as σ → 0. The details of this
construction are presented in [1].

6. Analyticity in spectral parameter of the mesocharacteristic and the
the solutions. In Theorem 4.2 we established the convergence of the solutions
vε(x, λ) to the homogenized solution v(x, λ) as ε → ∞ for real λ > 0. To prove
the main Theorem 3.3 we need to apply the inverse Laplace transform to get the con-
vergence of vε(x, t) to v(x, λ). Thus we need to show that vε(x, λ) can be analytically
extended into the complex plane (more precisely into C \R−).

The extension procedure is quite technical and here we only outline it. The
details are presented in [1]. First we formulate the problem (2.11-2.15) in an abstract
operator form in an appropriate Hilbert space. For a cell problem analogous abstract
form is obtained below in Lemmas 7.5-7.6. The operator formulation of the problem
(2.11-2.15) leads to an operator bundle of the form (I + λA1ε + 1

λA2εvε = fε), where
I is the unity operator, A1ε and A2ε are compact operators. Using well known results
from the operator bundle theory [11] we show that vε(x, λ is analytic in C \R− and

‖vε‖2L2(Ω) <
C

|λ| (6.1)

Using analogous abstract operator theory considerations and Vitaly theorem [8]
we prove Lemma 3.2. Furthermore we establish a bound analogous to (6.1) and show
analyticity in λ of the homogenized solution v(x, λ) in C \R−. The Vitaly theorem
yields that the convergence results from Theorem 4.2 holds for complex λ in C \R−.
Finally we apply the inverse Laplace transform (with an appropriate choice of the
integration contour specified in [1]) to show that Theorem 4.2 implies Theorem 3.3.

7. Periodic structures. We now present a case when all the conditions (a1)−
(a4), (b1), (b2) in Theorem 3.3 are satisfied and the Laplace transform {anpqr(x, λ)}
of the effective tensor {anpqr(x, t)} does not depend on x, which can be computed by
solving the so-called cell problems.

We consider a periodic array when the particles Qiε are obtained by a homothetic
compression by the factor ε of a fixed body Q with diameter d ≤ 1/2 with the center
of mass at the origin. All particles are identically oriented in the space and their
centers of mass xiε form a cubic lattice Lε with period ε.

We are interested in the case of short-range interactions when each particle in-
teracts only with neighboring 3n − 1, n = 2, 3 particles (schematic image for n = 2 is
given on Fig.7.1) and the corresponding interacting matrix C ij

kε
does not change under

translations of the lattice Lε, i.e. Cij
kε

= Ci+l,j+l
kε

, We also assume that C ij
1ε

= εCij
1

,
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Fig. 7.1. Two-dimensional periodic structure

Cij
2ε

= ε2C ij
2

, C ij
3ε

= ε3Cij
3

, and Cij
4ε

= ε3Cij
4

. Thus both the geometry and the
interactions are ε-periodic.

Consider a particle Qiε placed inside a cube Ki
ε of side length ε so that both the

particle and the cube are centered at the point xiε. Then Di
ε = Ki

ε \Qiε (see Fig.3) is
a periodicity cell filled with the fluid. To obtain the standard unit cell we rescale Di

ε

by the factor ε−1 and shift its center to the origin. Then the domain D = K \ Q is
the unit periodicity cell where K is the cube of side length 1 centered at the origin
and Q is a domain in K with diameter d < 1/2 with boundary ∂Q ∈ C2

Let us consider the boundary-value problem in D = K \Q, so called “cell prob-
lem”:

−µ∆uqr +∇pqr = 0, x ∈ K \Q, (7.1)

divuqr = 0, x ∈ K \Q, (7.2)

uqr = −ψqr(x) + bqr × x, x ∈ ∂Q, (7.3)
∫

∂Q

x× (σ[uqr ] · ν)dS = − 1

λ
C bqr, (7.4)

uqr(x)
∣∣
Γ−K

= uqr(x)
∣∣
Γ+
K

, σ[uqr(x)]
∣∣
Γ−K

= σ[uqr(x)]
∣∣
Γ+
K

(7.5)

Here σ[u] is the stress tensor defined by (2.16), ψqr(x) are functions defined by
(3.7), ν is the unit outward normal to ∂D, bqr are arbitrary constant vectors, and C
is the following matrix:

C =
∑′

j

Cij
3ε
− Cij

4ε

ε3
=
∑′

j

C ij
3
− Cij

4
, (7.4′)
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where Cij3ε, C
ij
4ε are interaction matrices defined in (2.9),the sum

∑′

j
is taken over

all neighbors of Qiε.
Lemma 7.1. The problem (7.1)-(7.5) for any λ > 0 has the unique solution (up

to an additive constant in the pressure pqr) {uqr(x), bqr, pqr(x)}, such that uqr(x) ∈
C2+α(K \Q), pqr ∈ C1+α(K \Q) α > 0 and it admits a periodic extension on IR3,

The proof of this lemma uses standard variational techniques and is presented in
([1]).

The following theorem allows to compute the effective properties of the compound.
Theorem 7.2. For the periodic structure described above there exist the limits in

the condition (b1), and the components of limiting tensor {anpqr(x, λ)} are constants
with respect to x and can be calculated as follows:

anpqr(λ) = µInpqr +
1

λ

∑′

j

〈C ij
1
ψnp(xj), ψqr(xj)〉

+2µ

∫

K

3∑

k,l=1

ekl[u
np(x, λ)]ekl[u

qr(x, λ)]dx+
1

λ
〈Cbnp, bqr〉. (7.6)

Here Inpqr are components of 4-th-rank tensor defined by

Inpqr =
1

2
(δnqδpr + δnrδpq)−

1

3
δnpδqr . (7.7)

The constant matrices Cij
1

= 1
2εC

ij

1ε
, and C (see (7.4′) and (2.9) ) do not depend on

ε; xj are the centers of mass of the neighbors to Qi particles, i.e. xj =
∑3

k=1 n
j
ke
k,

njk = 0,±1; unp(x, λ) is the solution of the cell problem (7.1)-(7.5) extended onto Q
by (7.3).

Remark 7.1. Clearly in the periodic case the limits in the condition (b2) exist,
and the limiting density ρ is the following constant

ρ = ρs|Q|+ ρf (1− |Q|),

where |Q| is the volume of the particle Q.

Outline of the proof of Theorem 7.2. Let Kξ
h be a cube of the side length

h� ε centered at the point ξ ∈ Ω. Consider a function inKξ
h

U qrε (x) = ψqr(x− ξ
ε
) + εũqr

(
x− ξ

ε

ε
, λ

)
, (7.8)

where ũqr (x, λ) is periodic extension of the solution uqr (x, λ) of the cell problem
(7.1)-(7.5) (see Lemma 7.1); ξ

ε
= xiε is the nearest to ξ center of mass of particles Qiε.

Using the properties of the functions ψqr(x) and uqr(x, λ) we have

divũqrε (x, λ) = 0

in Kξ
hε = Kξ

h \ ∪iQiε and on the boundaries of the particles Qjε:

Uqrε (x, λ) = ψqr(xjε − ξε) + b(λ)qr × (x − xjε), x ∈ Sjε , (7.9)
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where b(λ)qr is a constant vector from (7.3). We extend U qrε (x, λ) on the particles
Qjε, using (7.9). Then we have:

divU qrε (x) = 0 in Kξ
h (7.10)

We seek a function ûqrε (x, λ) that minimizes the functional (3.4) for T = 1
2 (eq ⊗

er + er ⊗ eq) in the form

ûqrε (x, λ) = Uqrε (x, λ) + vqrε (x, λ), (7.8′)

where U qrε (x, λ) is defined by (7.8).Next we obtain a variational problem for the
corrector vqrε (x, λ). Analysis of this problem shows that EKξ

h
[vqrε (x, λ), vqrε (x, λ)] and

IKξ
h
[vqrε (x, λ), vqrε (x, λ)] vanish in the limit ε→ 0 and h→ 0 (ε� h) and therefore the

first term on the RHS of (7.8′) is the leading one and the second is a small corrector.

Substituting (7.8′) into (3.9) we obtain:

1

h3
anpqr(ξ, λ, ε, h) = EKξ

h
[Unpε , U qrε ] +

1

λ
IKξ

h
[Unpε , U qrε ]+

H [Unpε − ψnp, Uqrε − ψqr] + +EKξ
h
[Unpε , vqrε ] +EKξ

h
[U qrε , v

np
ε ]+

+
1

λ
IKξ

h
[Unpε , vqrε ] +

1

λ
IKξ

h
[Uqrε , v

np
ε ] +H [Unpε − ψnp, vqr]+

+H [Uqrε − ψqr , vnp] +EKξ
h
[vnpε , vqrε ] + +

1

λ
IKξ

h
[vnpε , vqrε ] +H [vnpε , vqrε ]. (7.11)

Here we used the notations (3.5)-(3.6) and H [u, v] = h−2−τ ∫
Kξ
h
〈u, v〉dx;

On the RHS of (7.11) only first two terms provide a non-zero contribution in the
limit ε → 0 and h → 0 (ε � h). The remaining terms vanish in this limit which
can be showed by a direct calculation. We now calculate these non-vanishing terms.
Using (7.8) we can write

EKξ
h
[Unpε , Uqrε ] = EKξ

h
[ψnp
ε
, ψqr

ε
] +EKξ

h
[ũnpε , ũqrε ]+

+EKξ
h
[ψnp
ε
, ũqrε ] +EKξ

h
[ψqr
ε
, ũnpε ], (7.12)

where ψnp
ε

= ψnp(x− ξ
ε
), ũnpε = εũ

(
x−ξ

ε

ε , λ
)

.

Integration by parts shows that the third and fourth terms on the RHS of (7.12
are equal to zero and we calculate the first two terms.

To simplify the calculation we assume that the cube Kξ
h can be partitioned into

an integer number of elementary cubes (cells) Kj
ε Then taking into account linearity

of ψnp(x) and periodicity of ũnp(x) we obtain:

EKξ
h
[ψnp
ε
, ψqr

ε
] =

µ

h3

∑

j

2ε2

∫

Kj
ε

3∑

k,l=1

ekl

[
ψnp

(
x− xiε
ε

)]
ekl

[
ψqr

(
x− xiε
ε

)]
dx =

= 2µ

∫

K

3∑

k,l=1

ekl[ψ
np]ekl[ψ

qr(x)]dx = µInpqr. (7.13)
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EKξ
h
[ũnpε , ũqrε ] =

µ

h3

∑

j

2ε2

∫

Kj
ε

3∑

k,l=1

ekl

[
unp

(
x− xiε
ε

)]
ekl

[
uqr
(
x− xiε
ε

)]
dx =

= 2µ

∫

K

3∑

k,l=1

ekl[u
np(x, λ)]ekl[u

qr(x, λ)]dx. (7.14)

Here we take into account that the number of summands in
∑
j is equal h3

ε3 and

ũnp(x) are extended on Q by (7.4) as well as the notation (7.7.
Using (7.9), (2.9) and linearity of ψnp(x) we obtain

I [Unpε , Uqrε ] =
1

2h3

∑

ij

〈C ij
1ε
ψnp(xiε − (xjε), ψ

qr(xiε − (xjε)〉+

1

2h3

∑

ij

〈
(
C ij

3ε
− Cij

4ε

)
bnp, bqr〉 =

∑′

j

〈C ij
1
ψnp(xj), ψqr(xj)〉+ 〈Cbnp, bqr〉, (7.15)

where the matrices Cij1 , C and the points xj are defined in the formulation of Theorem
(see also Fig 3).

Combining (7.13-7.15) we obtain (7.6). The detailed proof is presented in [1].
Theorem 7.3. Tensor {anpqr(λ)} obtained in Theorem 7.1, can be represented

in the form

anpqr(λ) = µInpqr + 2µ

∫

K

3∑

k,l=1

ekl[u
np
0 ]ekl[u

qr
0 ]dx+

1

λ




∑′

j

〈C ij
1
ψnp(xj)ψqr(xj)〉+ 〈Cbnp0 , bqr0 〉



+ a1

npqr(λ). (7.16)

Here

a1
npqr(λ) = 2µ





∫

K

3∑

k,l=1

ekl[u
np
0 (x)]ekl[v

qr(x, λ)]dx+

+

∫

K

3∑

k,l=1

ekl[v
np(x, λ)]ekl[u

qr
0 (x)]dx +

∫

K

3∑

k,l=1

ekl[v
np(x, λ)]ekl[v

qr(x, λ)]dx



+

+
1

λ

[
〈Cbnp0 , dqr(λ)〉 + 〈Cdnp(λ), bqr0 〉+ 〈Cdnp(λ), bqr0 〉

]
; (7.17)

where the function unp0 (x) and the constant vector bqr0 solve the following cell problem:

−µ∆unp0 +∇pnp0 = 0, x ∈ K \Q,
div unp0 = 0, x ∈ K,

unp0 = −ψnp(x) + bnp0 × x, x ∈ Q, b0 ∈ ker C,

σ
0

:=

∫

∂Q

x× (σ[unp0 ] · ν)dS ⊥ ker C, (7.18)
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function vnp(x, λ) and vector dnp(λ) are the solution of the problem

−µ∆vnp +∇pnp0 = 0, x ∈ K \Q,
div vnp = 0, x ∈ K,

vnp = d(λ)× x, x ∈ Q , d(λ) ⊥ ker C,
∫

∂Q

x× (σ[vnp] · ν)dS +
1

λ
Cd = −σ

0
(⊥ ker C) (7.19)

vnp(x, λ) and σ[vnp] as well as u0 and σ[u0] are periodic in the cube K ν is inner
normal vector to ∂Q.

Proof of theorem 7.3. Comparison of (7.18)-(7.19 and (7.1)-(7.5) shows that
due to linearity the solution of problem (7.1)-(7.5) can be represented in the form

unp(x, λ) = unp0 (x) + vnp(x, λ); (7.20)

bnp(λ) = bnp0 (λ) + dnp(λ) (7.21)

where {unp0 (x), bnp0 } is the solution of problem (7.18), which does not depend on λ,
and {vnp(x, λ), dnp(λ)} is the solution of problem (7.19). Each of these problems has
a unique solution. Indeed {unp0 , bnp} minimizes the functional

I0 = 2µ

∫

K

3∑

k,l=1

e2
kl[u

np]dx

in the class of divergence-free inK and periodic functions which are equal to−ψnp(x)+

b×x on Q, with b ∈ ker C (C =
∑ Cij

3ε
−Cij

4ε

2ε3 ) and {vnp(x, λ), dnp(x, λ)} minimizes the
functional

I = 2µ

∫

K

3∑

k,l=1

e2
kl[v

np] +
1

λ
〈Cd, d〉+ 2〈σ

0
, d〉

in the class of divergence-free in K and periodic functions equal to d × x on Q,
d ⊥ ker C. Note that the pressure does not appear in the above variationl formulations
and it can be computed from the Stokes equation. To obtain (7.16) we substitute
(7.20)-(7.21) into (7.6).Theorem is proved.

We now obtain a detailed characterization of the tensor {a1
npqr(λ)}. The following

Theorem 7.4 and Proposition 7.7) show how this characterization allows us to get an
explicit formulas for the effective viscoelastic properties. Indeed taking the inverse
Laplace transform of the representation (7.16) we observe that the first two terms do
not depend on λ and together represent homogenized tensor of the effective viscosity
a0
npqr(see (3.16)), the term with the factor λ−1 (the sum in brackets in (7.16)) is

the effective elasticity tensor. Tensor a1
npqr(λ) represents the memory term and the

numbers −λk are inverse relaxation times of the effective viscoelastic medium. These
numbers are the eigenvalues of the spectral problem which is obtained from (7.19) by
setting σ

0
= 0 in the last equation in (7.19).

Theorem 7.4. The functions a1
npqr(λ) obtained in Theorem 7.3 are meromorphic

in C \ 0 with poles at the points λk < 0 (λk → −0, k →∞). The numbers λk < 0 are
the eigenvalues of the spectral problem which corresponds to the cell problem (7.18)
when σ

0
= 0.
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Proof of Theorem 7.4 In short the proof of this theorem consists of the intro-
duction of an operator and a functional space which correspond to the problem (7.19)
followed by the standard spectral analysis.

Let us denote by JC(K) the closure in Lper2 (K) of the set of divergence-free
functions from W 1per

2 (K) equal to d × x in subdomains Q, where d ⊥ ker C. The

spaces Lper2 (K) and W 1per
2 (K) of periodic on K functions is defined in [10]. Next we

introduce the space G(K) as a set of functions of the form gradϕ(x) + χQ(x)ψ(x)

where the function ϕ(x) ∈ W 1per
2 (K) and ψ(x) is a function orthogonal in L2(Q) to

functions of the form d× x, d ⊥ ker C .
Next lemma is a straightforward generalization of the standard Weyl decomposi-

tion ([10]) and can be proved analogously. It reduces to the Weyl decomposition in
the absence of the rigid inclusion. Q

Lemma 7.5. The following orthogonal decomposition holds:

Lper2 (K) = JC(K)⊕G(K).

Let us introduce the operator Â acting from JC(K) ∩W 2
2 (K \Q) into L2(K):

Âu =

{
−µδu, x ∈ K \Q
B0[u]× x, x ∈ Q.

Here vector B0[u] is defined by equation

B0[u] = (I)−1

∫

∂Q

x× (σ[u] · ν)dS

where I is the tensor of inertia of the body Q with the density ρs = 1 (σ0
ik = µeik(v)).

Let PC be the operator of orthogonal projection on the subspace JC(K). Let us
define an operator

Ã = PCÂ.

Direct calculations show that

Ãu =

{
−µ∆u+∇p, x ∈ K \Q,
B0[u]× x+ (I)−1

∫
∂Q

(x × ν) pdS × x, x ∈ Q.

Introduce an operator A as the Friedrichs extension of the operator Ã.
Lemma 7.6. Operator A is self-adjoint in JC(K), invertible and its inverse

operator is compact.
We now introduce an operator

A1 = PCÂ1, (7.22)

where Â1 is bounded operator acting from JC(K) into Lper2 (K) by the formula

Â1u = χQ(x)
[
I−1Cd× x

]
,

where u is defined on Q by the equation u = d × x, d ⊥ kerC. Taking into ac-

count the symmetry of the matrices C ij
3ε

, Cij
4ε

, which follows from (2.9), we get
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CT = C, (C ij
3ε

)T = Cji
3ε
, (Cij

4ε
)T = Cji

4ε
, the periodicity property Ci+k,j+k

ε
(x, y) =

Cij
ε

(x, y), k − arbitrary integer vector, and (7.4′) we obtain

〈Cb, d〉 = 〈b, Cd〉, (7.23)

〈Cb, b〉 ≥ 0 (7.24)

for any b, d ∈ R3.
Then since b ⊥ ker C, we get from (7.24)

〈Cb, b〉 > 0, b 6= 0 (7.25)

Using the definitions of the operator Â1 and the tensor of inertia I we show that
the operator A1 defined by (7.22) is a self-adjoint and positive operator in JC(K).
Indeed

(Â1u, v) =

∫

K

χQ(x)〈ICb× x, d× x〉dx =

=

∫

Q

〈I−1Cb× x, d× x〉dx = 〈Cb, d〉 = 〈b, Cd〉 = (u, Â1v) (7.26)

and

(Â1u, u) > 0

for any u, v ∈ JC(K) (u(x) = b× x, v = d× x, x ∈ Q, and b, d ⊥ ker C), (Â1u, v) is
thdot product in L2(K). .

Similarly we can represent the projection of function −(σ
0
× x)χQ(x) on the

subspace JC(K):

f
0

= −PC [(σ
0
× x)χQ(x)] =

{
gradp,

−σ
0
× x+ I−1

∫
∂Q(x× ν)pds× x.

Then the problem (7.19) can be written in the operator form in the space JC(K):

Av +
1

λ
A1v = f

0
(7.27)

or equivalently as

(B − λI)v = λg
0
, g

0
= A−1f0 (7.27′)

where B = −A−1A1 is a compact operator in JC(K) whose spectrum consists of the
eigenvalues λk 6= 0 with the only accumulation point at 0.

Operator B in bounded and self-adjoint in the energy space HA of the operator
A, that is

(Bu, v)A = (u,Bv)A

and due to positivity of the operator A1

(Bu, u)A = −(A1u, u)L2(K) < 0
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Thus eigenvalues λk are negative and the corresponding eigenfunctions are or-
thogonal in energy space HA. Eigenfunctions corresponding to multiple eigenvalues
can be chosen to be orthogonal in HA. Due to the Gilbert-Schmidt theorem the sys-
tem of eigenfunctions {ϕk} is complete in JC(K). Taking into account this fact we
can easily find the solution v of the equation (7.27′)

v(x, λ) = −λ
∞∑

k=1

Ck
λ− λk

ϕk(x), Ck = (Aϕk, g0
). (7.28)

Thus, the solution of the problem (7.19) is a meromorphic function in the complex
plane λ.

Substituting (7.28) into (7.17), we obtain an explicit representation for a1
npqr

a1
npqr(λ) =

∞∑

i=1

λAnpqri + Cnpqri

λ− λi
+

∞∑

i,j=1

λ2Anpqrij + λCnpqrij

(λ− λi)(λ − λj)

where the first sum and the second sum correspond to the linear and quadratic terms
in (7.17) respectively and

Anpqri = 2µ

∫

K

∑

k,l

(ekl[u
np
0 ]Cqri + ekl[u

qr
0 ]Cnpi ) ekl[ϕi]dx,

Anpqrij = 2µ

∫

K

∑

kl

e2
kl[ϕi]C

np
i Cqrj dx,

Cnpqri = 2µ
{
〈Cbnp0 , di〉Cqri + 〈Cdi, bqr0 〉Cnpi

}
,

Cnpqrij = 2µ〈Cdi, dj〉Cnpi Cqrj . (7.29)

Finally we distinguish the λ independent part in a1
npqr(λ)

a1
npqr(λ) = a10

npqr + a11
npqr(λ)

(7.18)where




a10
npqr =

∑
i A

npqr
i +

∑
i,j A

npqr
ij ,

a11
npqr(λ) =

∑
i
λiA

npqr
i +Cnpqri

λ−λi +

2
∑
ij

(λ(λi+λj)−λiλj)Anpqrij +λCnpqrij

(λ−λi)(λ−λj ) .

(7.30)

Then

a11
npqr(λ) = O

(
1

λ

)
as |λ| → ∞.

Taking the inverse Laplace transform of a1
npqr(λ) we obtain

a1
npqr(t) = a10

npqrδ(t) +

∞∑

i=1

Bnpqri eλit, (7.31)

where according to (7.30)

Bnpqri = λi(A
npqr
i +Anpqrii ) + Cnpqri + Cnpqrii + 2

∑

j>i

λ2
iA

npqr
ij + λiC

npqr
ij

λi − λj
(7.32)
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and Theorem is proved.
We now use the above Theorem to obtain an explicit representation for the re-

laxation tensor.
Proposition 7.7. The following representation for the effective tensor (3.11)

holds

ânpqr(t) = a0
npqrδ(t) + a1

npqrχ(t) +
∞∑

i=1

Bnpqri eλit, (λi < 0, λi → −0 as i →∞).

(7.33)
where

a0
npqr = µInpqr + 2µ

∫

K

∑

kl

ekl[u
np
0 ]ekl[u

qr
0 ]dx+ a10

npqr,

a1
npqr =

∑′

j

〈Cij1 ψnp(xj)ψqr(xj)〉+ 〈Cbnp0 , bqr0 〉

and constant tensors a10
npqr and Bnpqri are defined in (7.30), (7.32) and (7.29).

The representation (7.33) follows from (7.16) and (7.31).
An important question for the effective rheology of a composite medium is if

there are infinitely many relaxation times present. We now show that the presence
of finite relaxations times −λ−1

i is caused by the asymmetry of the particles Qiε.
Roughly speaking our calculations show that the finite relaxations times arise due to
the rotation of particles in a symmetric flow and the effect of this rotation is negligible
(to the leading term in the homogenization limit) if particles are symmetric.

Proposition 7.8. Suppose that the periodicity cell K is invariant with respect
to reflections about all three coordinate planes (e.g.,a spherical particle Q in a cubic
periodicity cell K). Then the effective tensor anpqr(t) defined in (4.8) can be computed
as follows:

anpqr(t) = a0
npqrδ(t) + a1

npqrχ(t) (7.34)

where δ(t) is the Dirac delta-function and χ(t) is the Heaviside function.

a0
npqr = µInpqr + 2µ

∫

K

∑
ekl[u

np
0 ]ekl[u

qr
0 ]dx,

a1
npqr =

∑

j

〈Cij1 ψnp(xj)ψqr(xj)〉,

unp0 (x) is the solution of the problem(7.18) for C ≡ 0 and bnp0 = 0.
We now outline the proof of this Proposition. The details are presented in [1]

Assume that particles Qiε are balls. Then in the problem (7.18) Q is a ball and taking
into account the invariance of this problem under xi → −xi, i = 1, 2, 3 transforma-
tions and the uniqueness of its solution we conclude that b0 = 0 and σ

0
= 0. Then it

follows from the uniqueness of the solution of the problem (7.19) that v(x, λ) ≡ 0 and
d(λ) = 0, which implies that in (7.17) a1

npqr(λ) = 0 and according to (7.31) a10
npqr = 0,

Bnpqri = 0. Thus, in the case of the balls the effective tensor anpqr(t) has the form
(7.34). Note that the equality (7.34) means that in the case of symmetric particles
the effective medium is viscoelastic with no memory.
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