
MATH 547 HOMEWORK 5
DUE WEDNESDAY NOVEMBER 1

You are encouraged to work on problems together; however, the write-up must be your own and
should reflect your own understanding of the problem. Please write the names of any students you
collaborated with on your assignment.

(1) Let p1, . . . , pd+3 ∈ Pd be points in linear general position. Show that there exists a unique
rational normal curve passing through them.

(2) Let X ⊂ P3 be the cubic surface defined by Z2
0Z2 + Z2

1Z3 = 0. Show that F1(X) has
dimension 1.

(3) Let X ⊂ Pn be a hypersurface of degree d and let Fk(X) be the Fano variety of k-planes in
X.
(a) Compute the expected dimension of Fk(X) by forming the natural incidence correspon-

dence and assuming the first projection is “as surjective as possible.”
(b) For what triples (d, n, k) can you automatically show that a general hypersurface X of

degree d in Pn contains no k-planes?

(4*) Let f(x0, . . . , x3) be a degree 4 homogeneous polynomial. Show that there is a single
polynomial in the coefficients of f which vanishes if and only if V (f) ⊂ P3 contains a line.
(Fun fact: this polynomial is a homogeneous polynomial of degree 320 in 35 variables, so
you should “expect” it to have approximately 1047 nonzero coefficients.)

(5) Here we study 2-planes on quadrics in P4.
(a) Let PN be the parameter space for quadric hypersurfaces in P4. Show the incidence

correspondence

Φ = {(Q, Λ) : Λ ⊂ Q} ⊂ PN ×G(2, 4)

is irreducible of dimension N . Thus we expect that π1 : Φ → PN is dominant.
(b) Let Ω ⊂ PN be the subset of quadrics which are not of full rank (equivalently: quadrics

which have a singular point). Show Ω is closed, and compute the dimension of Ω. (One
approach: think about cones over quadrics in P3.)

(c) Let

Φ′ = {(Q, Λ) : Λ ⊂ Q} ⊂ Ω ×G(2, 4)

be an analogous correspondence where Q is required to have less than full rank. Show
by a dimension argument that Φ = Φ′. Thus in fact the image of π1 : Φ → PN is
precisely Ω, π1 is not dominant, and a smooth quadric Q ⊂ P4 contains no 2-planes.

(6) Let a ≤ b. There is a parameter space Ha,b parameterizing codimension 2 complete
intersections V (f, g) ⊂ P3, where f has degree a and g has degree b. That is, there is a
natural family X ⊂ P3 ×Ha,b of curves such that each complete intersection Y ⊂ P3 occurs
as exactly one fiber of X → Ha,b. Compute dim Ha,b. (You may assume the as-of-yet
unproved fact that if f ∈ Sa and g ∈ Sb are general homogeneous polynomials then V (f, g)
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is a complete intersection. Consider the cases a = b and a < b separately.)

(7) Let X ⊂ Pn be closed.
(a) Show that the tangential variety TX ⊂ Pn swept out by lines tangent to X is closed.
(b) Let πp : Pn 99K Pn−1 be projection from p /∈ X. Show that the differential of πp|X is

injective everywhere if and only if p /∈ TX.

(8∗) Let PN parameterize hypersurfaces of degree d in Pn. Show that there is an irreducible
hypersurface Δ ⊂ PN parameterizing singular hypersurfaces.

(9) Let C ⊂ A2 be the curve defined by y2 = x3. Show that the proper transform C̃ ⊂ Bl0A2

is tangent to the exceptional divisor E.

(10) Let C ⊂ A2 be the curve defined by a polynomial f(x, y). Write f = fm +fm+1 + ∙ ∙ ∙ where
fi is homogeneous of degree i. Let C̃ ⊂ Bl0A2 be the proper transform of C. Compute
C̃ ∩ E in terms of the factorization of fm. The tangent cone to C at 0 is the subvariety of
T0A2 whose projectivization is C̃ ∩ E, where we identify E ∼= PT0A2.

(11) (Hartshorne I.5.1-2)
(a) Locate the singular points of each curve in A2 and match with a picture below.

x2 = x4 + y4 xy = x6 + y6 x3 = y2 + x4 + y4 x2y + xy2 = x4 + y4

(b) Locate the singular points of each surface in A3 and match with a picture below.

xy2 = z2 x2 + y2 = z2 xy + x3 + y3 = 0


