
MATH 547 HOMEWORK 1
DUE WEDNESDAY SEPTEMBER 6

You are encouraged to work on problems together; however, the write-up must be your own and
should reflect your own understanding of the problem. Please write the names of any students you
collaborated with on your assignment.

(1) (a) Let C ⊂ A2 be an irreducible plane curve. Determine all closed subsets of C.
(b) Show that any two irreducible plane curves (with the Zariski topology) are homeomor-

phic to one another. (Hint: what is the cardinality of C?)
(c) Describe all the closed subsets of A2.

(2) (Nullstellensatz appreciation exercise) Let f ∈ k[x, y] be an irreducible polynomial,
and let C = V (f) be the plane curve it defines. Show directly (i.e. without using the
Nullstellensatz) that IC = (f).

(3) A principal open set is an open set of the form Uf = An − V (f), where f ∈ k[An].
(a) Show that the principal open sets form a basis for the Zariski topology on An.
(b) Show that any open subset U ⊂ An is dense in An.

(4*) (a) Let X,Y ⊂ An be disjoint closed sets. Show that k[X ∪ Y ] ∼= k[X] ⊕ k[Y ].
(b) Let X,Y ⊂ An be two finite collections of points. Show that X and Y are isomorphic

closed subsets if and only if they have the same cardinality.

(5) Let C = {(t, t2, t3) : t ∈ k} ⊂ A3 be the twisted cubic curve.
(a) Show that C is a closed set.
(b) Determine generators for IC . Is your generating set as small as possible?
(c) Show that C is isomorphic to A1. Describe the isomorphism between k[C] and k[A1]

explicitly.

(6) Consider the following 5 points in A2
C:

P = (0, 0) Q = (1, 0) R = (2, 0) S = (0, 1) T = (1, 1).

Compute generators for the ideals of the sets {P,Q,R}, {P,Q, S}, and {P,Q, S, T }.

(7*) Let X ⊂ A2 be the curve given by x2 + y2 = 1.
(a) Compute the ideal of the intersection of X with the line y = c, for c ∈ k. Which values

of c are special?
(b) Consider the projection f : X → A1 given by (x, y) 7→ y. How do the fibers Xc = f−1(c)

behave as c varies?
(c) Consider the rational function f = (1− y)/x on C. Determine the set of points p ∈ X

where f is regular.
(d) Show that X is birational to A1.
(e) Is X isomorphic to A1?
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(8) Let X ⊂ A2 be the curve given by y2 = x2 + x3.
(a) Consider the rational function f = y/x on X. At what points p ∈ X is f regular?
(b) Show X is birational to A1.
(c) Is X isomorphic to A1?

(9) Decompose into irreducible components the closed set X ⊂ A2 defined by y2 = xz, z2 = y3.
Show that all its components are birational to A1.

(10) A set Y in a topological space is called locally closed if it is an open subset of a closed set.
Let Y ⊂ An be locally closed, and let Y ⊂ An be its closure. A regular function on Y
is a rational function on Y which is regular at every point of Y . A regular map Y → Y ′

between locally closed subsets of affine space is a function with components given by regular
functions.
(a) Let Y = A1 − {0}. Compute the ring k[Y ] of regular functions on Y .
(b) Find a closed set X ⊂ A2 which is isomorphic to Y . Abusing terminology, we say that

Y is affine.
(c) Let Z = A2 − {0}. Compute the ring k[Z]. Is Z affine? (That is, is it isomorphic to a

closed subset of an affine space?)


