
MATH 465 HOMEWORK 4
DUE WEDNESDAY, FEBRUARY 10

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Appendix B has many of the basic definitions for groups, but is very
dense. Your notes are the best resource.

• Textbook exercises: None this week.

Problem 1. (1) What are the elements of Z∗
15? Write down the multiplication table of Z∗

15.
(2) Is Z∗

15 cyclic (i.e. is it generated by a single element)?
(3) Determine all subgroups of Z∗

15. Write down its lattice of subgroups. (For this part you
may use Lagrange’s Theorem, which we may or may not prove in class before this is due.
This states that the order of any subgroup must divide the order of the group.)

Problem 2. Let n > 0 be an integer. Show that every subgroup of Zn is cyclic, generated by a
class [m] with m|n.

Problem 3. Let a, b ∈ Z. We showed in class that every subgroup of Z is cyclic. Determine (with
proof) an integer c such that the subgroup 〈a, b〉 generated by a and b is equal to 〈c〉.

Problem 4. Suppose that m,n > 0 are not coprime. Prove that the product group Zm × Zn is
not cyclic. (Hint: lcm(m,n) < mn.)

Problem 5. Let p be an odd prime, and let Qp ⊂ Z∗
p be the subset of elements of Z∗

p which are
squares:

Qp = {x2 : x ∈ Z∗
p}.

Prove that Qp is a subgroup of Z∗
p.
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