
MATH 437 HOMEWORK 9
DUE WEDNESDAY, NOVEMBER 2

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapters III.8 and III.9.

Problem 1. Let C ⊂ P2 be a nonsingular, irreducible cubic, and let P ∈ C be a flex point. Show
that P lies on either 1 or 3 other tangent lines to C. Furthermore, if P lies on 3 other tangent
lines, then the 3 points of C that they are tangent to are collinear.

Problem 2. What is the general form of a transformation T : P2 → P2 which fixes the origin
[0 : 0 : 1]?

Problem 3 (20 points). Let C ⊂ P2 be a plane curve with a singularity at the origin, and write
its equation in the finite plane as

0 = ax2 + bxy + cy2 + h(x, y),

where h consists only of terms of degree ≥ 3. Let T : P2 → P2 be a transformation which fixes
the origin, so that the image curve T (C) also has a singularity at the origin. Similarly write the
equation of T (C) as

0 = Ax2 + Bxy + Cy2 + H(x, y).

(1) Show that although the value of b2 − 4ac depends on the particular choice of equation for
C (scaling the equation by a nonzero real number typically changes the value), the sign
of b2 − 4ac does not depend on the particular choice of equation. That is, whether or not
b2 − 4ac > 0, b2 − 4ac = 0, or b2 − 4ac < 0 is a property of C and not just of its equation.

(2) Show that b2 − 4ac and B2 − 4AC have the same sign.
(3) Show that the three types of singular cubics

y2 = x3

y2 = x2(x + 1)

y2 = x2(x − 1)

cannot be transformed to one another by any transformation T : P2 → P2.

Problem 4. The cubic

−2x3 − 5x2y − 3xy2 − y3 + 3x2z + 4xyz + 3y2z + yz2 − z3 = 0

is irreducible and has a singular point at [1 : 0 : 1]. Determine which of the three types of singular
cubics it can be transformed to. Graph the curve to confirm your answer. (Feel free to use computer
algebra to simplify things/make substitutions, but explain the process.)
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