
MATH 437 HOMEWORK 8
DUE WEDNESDAY, OCTOBER 26

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapters II.7 and III.8.

Problem 1. Let m 6= 0 be a nonzero real number. For each t ∈ R, let Lt ⊂ P2 be the line
containing the points (t, 0) and (0, t + m) in the finite plane.

(1) Show that the collection of lines Lt form (all but finitely many) points of a conic K∗ ⊂ P2∗,
and find its equation. What additional lines do you have to add to the family {Lt}t∈R to
describe all the points of K∗?

(2) Find the dual to your curve in (1) to determine a conic K ⊂ P2 tangent to all the lines Lt.
(3) What kind of conics are K and K∗?

Problem 2. Determine the conic dual to the conic K ⊂ P2 defined by the equation

x2 + 2xy − y2 + x + 1 = 0.

(Use the gradient method.)

Problem 3. Show that no three tangent lines to a conic can be concurrent.

Problem 4. (20 points) Let K ⊂ P2 be a conic, and let L,M be two (distinct) lines which are
both tangent to K. The goal of this exercise is to prove the following theorem.

Theorem. There is a transformation T : P2 → P2 which carries L to M , such that if p ∈ L and
p 6= T (p) then the line spanned by p and T (p) is tangent to K.

The theorem implies that every conic can be realized as an “envelope” by drawing lines joining
pairs of points on two different lines.

(1) Show by a simple geometric argument that if p ∈ L is different from L ∩ M then there is a
unique point q ∈ M such that line pq is tangent to K.

(2) Show that by applying a transformation, we may as well assume L and M are the axes
y = 0 and x = 0 in P2, respectively, and that K is tangent to L and M at the points at
infinity [1 : 0 : 0] and [0 : 1 : 0], respectively.

(3) What is the general form of the equation of a conic K which satisfies the assumptions in (2)?
(Your equation should have two “free” or “undetermined” coefficients.) Show that there is
a further transformation of P2 which fixes the lines L and M and the points [1 : 0 : 0] and
[0 : 1 : 0] and carries the conic K to the conic xy = 1.

(4) Show that there is a transformation T : P2 → P2 such that for each point p on L : y = 0,
the point T (p) is on M : x = 0, and if p 6= T (p) then the line spanned by p and T (p) is
tangent to xy = 1. (Hint : first determine what T (p) should be for points on L.)

(5) Complete the proof of the theorem.
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