
MATH 437 HOMEWORK 5
DUE WEDNESDAY, SEPTEMBER 28

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapter I.4
• Prepare for Midterm 1, Friday September 30. A practice exam will be posted this weekend.

Problem 1. Exercise 4.1.

Problem 2. Exercise 4.4, (a), (c), (e).

Problem 3. Let F (x, y, z) be a homogeneous polynomial of degree 3, i.e. a cubic, and let C be
the projective plane curve F (x, y, z) = 0. Assume C does not contain any lines.

(1) Show that C has at most one singular point in the projective plane.
(2) Show that no tangent line to C is tangent to C at more than one point.

Problem 4. Let P1, . . . , Ps be any s points in P2, and let F (x, y, z) = 0 be a projective plane curve
defined by a homogeneous polynomial of positive degree. Show that there is a transformation
T : P2 → P2 such that none of the points T (P1), . . . , T (Ps) lie on the curve F = 0.

Problem 5. Let F (x, y, z) be a homogeneous polynomial of degree d.

(1) Prove Euler’s identity :
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(2) Use (1) to show that a point P = [x0 : y0 : z0] ∈ P2 is a singular point of the plane curve
F (x, y, z) = 0 if and only if
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(In particular, the displayed equations imply F (x0, y0, z0) = 0.)
(3) Use (2) to compute all singular points of the projective plane curve

4x2 + 7xy − 2y2 − 11xz + 5yz − 3z2 = 0.

Problem 6. (Extra credit) Let T be an affine linear transformation of the Euclidean plane R2

(see HW 4, Problem 5). So, T is the composition of an invertible linear transformation and a
translation.

(1) Show that if P,Q ∈ R2 and R is the midpoint of line segment PQ, then T (R) is the midpoint
of line segment T (P )T (Q).

(2) Show that if E ⊂ R2 is an ellipse, then the image of E under T is also an ellipse.
(3) Use (1) and (2) to show that any triangle in the Euclidean plane has an inscribed ellipse

which is tangent to the triangle at the midpoints of each side. (Hint: the equilateral case
is easy.)
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