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Abstract. The sequence selected from a sequence R(0)R(1) . . . by a language L is
the subsequence of R that contains exactly the bits R(n + 1) such that the pre-
fix R(0) . . . R(n) is in L. By a result of Agafonoff, a sequence is normal if and only
if any subsequence selected by a regular language is again normal. Kamae and Weiss
and others have raised the question of how complex a language must be such that
selecting according to the language does not preserve normality. We show that there
are such languages that are only slightly more complicated than regular ones, namely,
normality is preserved neither by deterministic one-counter languages nor by linear
languages. In fact, for both types of languages it is possible to select a constant
sequence from a normal one.

1 Introduction

It is one of the fundamental beliefs about chance experiments that we can expect that
an infinite binary sequence obtained by independent tosses of a fair coin will contain, in
the long run, any given finite sequence of length n with frequency 2−n. Infinite binary
sequences having this property are called normal. It is a basic result of probability theory
that, with respect to the uniform Bernoulli measure, almost all sequences are normal. In
what follows, we investigate into the following problem: If we select from a normal sequence
an infinite subsequence, under what selection mechanisms is the thereby obtained sequence
again normal, i.e., which restrictions on the class of admissible selection rules suffice to
guarantee that normality is preserved.

This problem originated in the work of von Mises [14]. His aim was to base a mathe-
matical theory of probability on the notion of a “Kollektiv”. In the case of kollektivs that
are infinite binary sequences, he postulates, first, that the symbols 0 and 1 possess asymp-
totic frequencies, which allow in turn to assign probabilities and, second, that these limiting
frequencies are preserved when a subsequence is selected from the original sequence. The
latter postulate implies that one has to restrict the set of admissible selection rules, or place
selection rules, as von Mises calls them, since otherwise, i.e., by using arbitrary selection
rules, one may simply select all zeroes or all ones from any given sequence.

Von Mises did not specify which selection rules should be admissible, except for basic
requirements such as the condition that the selection of a place must not depend on the value
of the sequence at that place. There have been various attempts to clarify and rigorously
define what an admissible selection rule and hence a kollektiv is. One approach allowed only
rules that were in some sense effective, for instance, computable by a Turing machine. This
effort was initiated by Church [8] and lead to the study of stochastic sequences, where a
sequence is stochastic with respect to a given set of admissible selection rules if any infinite
subsequence selected by an admissible selection rule is unbiased in the sense that in the limit
the frequencies of 0’s and 1’s are both equal to 1/2 (see the survey by Uspensky, Semenov and
Shen [19] for more on this). In this context it is natural to ask which types of sequences are
stochastic with respect to what types of selection rules, where then a sequence is considered



to be “more random” if the sequence is stochastic with respect to a more comprehensive
set of selection rules. More specifically, one may ask with respect to which selection rules
normal sequences are stochastic and, related and to some extent equivalent to this question,
which selection rules preserve normality, i.e., map normal sequences to normal ones (see
Remark 12).

From a purely measure theoretic point of view, normal sequences might appear as rea-
sonable candidates for kollektivs, as they possess limit frequencies. Furthermore, they are
random in the sense that their dynamic behavior is as complex as possible: They are generic
points in {0, 1}∞ with respect to a measure with highest possible entropy – the uniform
Bernoulli measure (see Section 3 and Weiss [20]). On the other hand, from Champernowne’s
construction of a normal sequence that is highly regular (see Section 2 and Champer-
nowne [7]), it is clear that normal numbers can only be stochastic with respect to admissible
selection rules that are defined via rather restricted models of computation.

There are two kinds of selection rules that are commonly considered: oblivious ones,
for which the decision of selecting a bit for the subsequence does not depend on the input
sequence up to that bit (i.e., the places to be selected are fixed in advance), and selection
rules that depend on the input sequence.

For oblivious selection rules, Kamae [9, 11, 20] gave a complete characterization of the
selection rules that preserve normality. In the setting of input-dependent selection rules,
Agafonoff [1] obtained the result that selection by regular languages preserves normality,
i.e., any infinite sequence selected by a regular language from a normal sequence is again
normal (for further details and references see Section 3). An easy consequence of Agafonoff’s
result is that a sequence is normal if and only if it is stochastic with respect to selection
rules induced by regular languages.

Kamae and Weiss [10] asked whether Agafonoff’s result can be extended to classes of
languages that are more comprehensive than the class of regular languages, e.g., to the
class of context-free languages (see also Li and Vitányi [12], p. 59, problem 1.9.7). In what
follows, we give a negative answer to this question for two classes of languages that are
minimum among all superclasses of the class of regular languages that are usually considered
in the theory of formal languages. More precisely, Agafonoff’s result can neither be extended
to the class of languages that are recognized by deterministic pushdown automata with
unary stack alphabet, also known as deterministic one-counter languages, nor to the class of
linear languages. Recall that these two classes are incomparable and that the latter fact is
witnessed, for example, by the languages used in the proofs of Propositions 14 and 16, i.e.,
the language of all words that contains as many 0’s as 1’s and the language of even-length
palindromes (for background on formal language theory we refer to the survey by Autebert,
Berstel, and Boasson [4]). While our results add some insight on normality preserving input-
dependent selection rules, the general problem of an exact classification of such selection rules
in the spirit of Kamae’s result remains open.

The outline of the paper is as follows. In Section 2 we review the basic definitions related
to normality and recap Champernowne’s constructions of normal sequences. Section 3 dis-
cusses the two kinds of selection rules, oblivious and input-dependent ones. In Section 4, we
show that normality is not preserved by selection rulesdefined by deterministic push-down
automata with unary stack alphabet, while Section 5 is devoted to proving that normality
is not preserved by linear languages.

Our notation is mostly standard, for unexplained terms and further details we refer to the
textbooks and surveys cited in the bibliography [2, 3, 5, 12, 13, 16]. Unless explicitly stated
otherwise, sequences are always infinite and binary. A word is a finite sequence. For i =
0, 1, . . ., we write A(i) for bit i of a sequence A, hence A = A(0)A(1) . . ., and we proceed
similarly for words. A word w is a prefix of a sequence A if A(i) = w(i) for i = 0, . . . , |w|−1,
where |w| is the length of w. The prefix of a sequence A of length m is denoted by A|m. The
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concatenation of two words v and w is denoted by vw. A word u is a subword of a word w
if w = v1uv2 for appropriate words v1 and v2.

2 Normal sequences

For a start, we review the concept of a normal sequence and standard techniques for the
construction of such sequences.

Definition 1. (i) For given words u and w, let occu(w) be the number of times that u
appears as a subword of w, and let frequ(w) = occu(w)/|w|.

(ii) A sequence N is normal if and only if for any word u

lim
m→∞

frequ(N |m) =
1

2|u|
. (1)

Remark 2. A sequence N is normal if for any word u and any ε > 0, we have for all
sufficiently large m,

frequ(N |m) <
1

2|u|
+ ε. (2)

For a proof, it suffices to observe that for any given ε > 0 and for all sufficiently large m,
inequality (2) holds with u replaced by any word v that has the same length as u, while the
sum of the relative frequencies freqv(N |m) over these 2|u| words differ from 1 by less than ε;
hence by (2) all such m,

(1− ε) ≤
∑

{v:|v|=|u|}

freqv(N |m) ≤ frequ(N |m) + (2|u| − 1)( 1
2|u| + ε),

and by rearranging terms we obtain

1

2|u|
− 2|u|ε < frequ(N |m) .

Together with (2) this implies that frequ(N |m) converges to 2−|u|, because ε > 0 has been
chosen arbitrarily.

Definition 3. A set W of words is normal in the limit if and only if for any nonempty
word u and any ε > 0 for all but finitely many words w in W ,

1

2|u|
− ε < frequ(w) <

1

2|u|
+ ε. (3)

Definition 4. For any n, let vn = 0n 0n−11 0n−210 . . . 1n be the word that is obtained by
concatenating all words of length n in lexicographic order.

Proposition 5. The set {v1, v2, . . .} is normal in the limit.

Proof. By an argument similar to the one given in Remark 2, it suffices to show that for
any word u and any given ε > 0 we have for almost all words vi,

frequ(vi) <
1

2|u|
+ ε. (4)

So fix u and ε > 0 and consider any index i such that |u|/i < ε. Recalling that vi is the
concatenation of all words of length i, call a subword of vi undivided if it is actually a
subword of one of these words of length i, and call all other subwords of vi divided. It is easy
to see that u can occur at most 2i|u| many times as a divided subword of vi. Furthermore,
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a symmetry argument shows that among the at most |vi| many undivided subwords of vi of
length |u|, each of the 2|u| words of length |u| occurs exactly the same number of times. In
summary, we have

occu(vi) ≤
|vi|

2|u|
+ 2i|u| = |vi|

(
1

2|u|
+

2i|u|

|vi|

)
< |vi|

(
1

2|u|
+ ε

)
,

where the last inequality follows by |vi| = 2ii and the choice of i. Inequality (4) is then
immediate by definition of frequ(vi). ut

Lemma 6. Let W be a set of words that is normal in the limit. Let w1, w2, . . . be a sequence
of words in W such that

(i) for all w ∈ W, lim
t→∞

|{i ≤ t : wi = w}|

t
= 0, (ii) lim

t→∞

|wt+1|

|w1 . . . wt|
= 0.

Then the sequence N = w1w2 . . . is normal.

Proof. By Remark 2 it suffices to show that (2) holds for any nonempty word u, any ε > 0,
and all sufficiently large m. Fix any such u and ε and let ε0 = ε/4|u|. By definition of the
concept of normal in the limit, pick n > 1/ε0 such that for all words w in W where |w| > n,
we have

occu(w) < |w|(
1

2|u|
+ ε0). (5)

For the scope of this proof, call the finitely many words in W of length at most n short
words and call the remaining words in W long words. By assumption of the lemma, pick t0
such that for all t ≥ t0,

(i)
|{i ≤ t : wi short }|

t
< ε0, (ii)

|wt+1|

|w1 . . . wt|
< ε0. (6)

Any prefix z of N that properly extends w1 . . . wt0 can be written in the form

z = w1 . . . wtv

where t ≥ t0 and v is a nonempty proper prefix of wt+1. Then, by definition of frequ(N |m),
in order to demonstrate (2) it suffices to show that we have (for numbers j1, . . . , j4 to be
specified in a minute),

occu(z) ≤ j1 + j2 + j3 + j4 < |z|

(
1

2|u|
+ ε

)
. (7)

The ji count the number of four different types of occurrences of u as a subword of z; more
precisely,

j1 counts the occurrences of u that are a subword of a single long wi,
j2 counts the occurrences of u that overlap with both of two adjacent long wi,
j3 counts the occurrences of u that overlap with a short subword wi,
j4 counts the occurrences of u that overlap with v.

Then the first inequality in (7) holds because each occurrence of u as a subword of z counts
for at least one of these four numbers. In order to derive the second inequality, first observe
that for all long wi the number of occurrences of u as a subword of wi is bounded according
to (5), hence

j1 <
∑

{i≤t : wi long}

|wi|

(
1

2|u|
+ ε0

)
≤ |z|

(
1

2|u|
+ ε0

)
.
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Concerning j2, recall that long words have length of at least n ≥ 1/ε0, hence there are at
most |z|ε0 many pairs of adjacent long words and at most |z|ε0|u| many subwords u that
overlap with both words in such a pair. Concerning j3, recall that by inequality (i) in (6),
the fraction of short words is bounded by ε0, while any short word is strictly shorter than
any long word. Consequently, the number of positions of z that belong to a short word is at
most |z|ε0, and the number of subwords u that overlap with a short word is at most |z|ε0|u|.
Finally, by inequality (ii) in (6), we have |v| < |wt+1| ≤ |z|ε0, hence the number of subwords u
that overlap with v is again bounded by |z|ε0|u|. In summary, by the preceding discussion
and choice of ε0, we obtain

j1 + j2 + j3 + j4 < |z|

(
1

2|u|
+ 4ε0|u|

)
= |z|

(
1

2|u|
+ ε

)
. ut

Remark 7. The sequence v1v2v2v3v3v3v4 . . ., which consists of i copies of vi concatenated in
length-increasing order, is normal. This assertion is immediate by definition of the sequence,
Proposition 5, and Lemma 6.

The arguments and techniques in this section are essentially the same as the ones used by
Champernowne [7], who considered normal sequences over the decimal alphabet {0, 1, . . . , 9}
and proved that the decimal analogues of the sequences

N1 = v1v2v2v3v3v3v4 . . . and N2 = v1v2v3v4 . . .

are normal. In Remark 7, we have employed Lemma 6 and the fact that the set of all
words vi is normal in the limit in order to show that N1 is normal. In order to demonstrate
the normality of the decimal analogue of the sequence N2, Champernowne [7, item (ii) on
page 256] shows a fact about the decimal versions of the vi that is stronger than just being
normal in the limit, namely, for any word u and any constant k, we have for all sufficiently
large i, and all m ≤ |vi|,

frequ(vi(0) . . .vi(m− 1)) <
m

2|u|
+
|vi|

k
. (8)

This result is then used in connection with a variant of Lemma 6 where in place of assump-
tion (ii), which asserts that the ratio |wt+1| and |w1 . . . wt| converge to 0, it is just required
that this ratio is bounded.

3 Selecting subsequences

Oblivious selection rules are a restricted type of selection rule, where the places to be included
in the selected sequence are fixed in advance, i.e., do not depend on the sequence from which
they are selected.

Definition 8. An oblivious selection rule is a sequence S ∈ {0, 1}∞. The sequence B se-
lected by an oblivious selection rule S from a sequence A is just the subsequence of A of all
bits A(i) with S(i) = 1, that is,

B = A(i1)A(i2) . . . where i1 < i2 < . . . and {i1, i2, . . .} = {i : S(i) = 1}.

Kamae [9] gave a complete characterization of the class of oblivious selection rules that pre-
serve normality. Let T be the shift map, which transforms a sequence S = S(0)S(1)S(2) . . .
into another sequence by cancelling the first bit, i.e., T (S) = S(1)S(2) . . .. Given a sequence
S, let δS denote the Dirac measure induced by S, that is, for any class C of sequences,
δS(C) = 1 if S ∈ C and δS(C) = 0 otherwise. Kamae showed that for any oblivious se-
lection rule S that has non-zero density in the sense that lim infn→∞ freq1(S|n) > 0, the
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selection rule S preserves normality if and only if S is completely deterministic, that is, any
cluster point (in the weak-∗ topology) of the sequence of measures


 1

n

n∑

j=0

δT j(S)




n∈N

(9)

has entropy 0. Observe in this connection that for example a normal sequence S will not
preserve normality, and that indeed for normal S any cluster point of the sequence of mea-
sures in (9) yields the uniform Bernoulli measure, which has entropy 1 (see Weiss [20] for
further details).

In the remainder of this paper we consider selection rules that depend on the input
sequence and we investigate which input-dependent selection rules preserve normality. For
a start, we formally define how selection by an input-dependent selection rule works.

Definition 9. Let A be a sequence and let L be a language. The sequence selected from A
by L is the subsequence of A that contains exactly the bits A(i) of A such that the pre-
fix A(0) . . . A(i− 1) is in L.

Along the lines of the work of von Mises and Church, one can define a stochasticity concept
based on selection rules defined by regular languages.

Definition 10. A sequence A is stochastic with respect to a given class of languages if for
every language L from this class, it holds that if L selects from A an infinite sequence, then
in the limit the frequency of 1 in the selected subsequence is 1/2. A sequence is regular
stochastic if it is stochastic with respect to the class of regular languages.

By a celebrated result of Agafonoff [1, 10, 18], the class of normal sequences is closed under se-
lection of subsequences by regular languages. An immediate consequence and, by Remark 12
below, in fact a reformulation of Agafonoff’s result is that any normal sequence is regular
stochastic; since also the reverse implication holds, we have that

A is regular stochastic if and only if A is normal (10)

The forward implication in (10) has been attributed to Agafonoff by Schnorr and Stimm [18,
Section 6], who also give a detailed proof of this result. The backwards implication in (10) has
been observed first by Postnikova [17]; for ease of reference we briefly review the correspond-
ing argument in Remark 11. In connection with Agafonoff’s result and equivalence (10), see
also O’Connor [15] and Broglio and Liardet [6].

Remark 11. Any regular stochastic sequence is normal.
For a proof by contraposition, fix a sequence A that is not normal and let u be a nonempty

word of minimal length such that u does not occur in A in the limit with frequency 1/2|u|.
In case u has length 1, we are done because by selecting all bits we obtain a subsequence
that is biased, i.e., where in the limit the frequency of 0 and 1 differ from 1/2. Otherwise,
we have w = vr for some nonempty word v and r in {0, 1}. Then the selection rule that
selects exactly the bits following an occurrence of v is induced by a regular language and
selects from A a biased sequence. Assuming otherwise, in the limit half of the occurrences
of v are followed by r, while by minimality of w the prefix v of w occurs in A in the limit
with frequency 1/2|v|, hence by |w| = |v| + 1 also w occurs in the limit with its expected
frequency 1/2|w|, thus contradicting the choice of w.

Remark 12. The assertion that any normal sequence is regular stochastic is essentially a
reformulation of Agafonoff’s result.
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The fact that selection by regular languages preserve normality implies by definition of
the involved concepts that any normal sequence is regular stochastic. But also the reverse
implication is straightforward. If there was a regular language that selected from a normal
sequence N a sequence N ′ that is not normal, then by Remark 11 in turn one could select a
biased sequence N ′′ from N ′ by another regular language. But then the biased sequence N ′′

could be selected from the normal sequence N directly by another regular language, i.e., the
sequence N would be normal but not regular stochastic. For a proof of the latter, observe that
the class of selection rules that are induced by regular languages is closed under composition,
as can be seen by “composing” the corresponding finite automata.

The classes of deterministic one-counter languages and of linear languages are both minimum
among the superclasses of the regular languages that are usually studied in formal language
theory. In the remainder of this article we construct two counter-examples that show that
selection by neither of these two types of languages preserve normality. While this adds some
insight on normality preserving input-dependent selection rules, the general problem of an
exact classification of such selection rules in the spirit of Kamae’s result remains open. Note
in this connection that by Remark 13, there are arbitrary complex languages that preserve
normality.

Remark 13. Every Turing degree contains a language L such that selection by L preserves
normality.

Recall the usual identification of languages and sets of natural numbers via identifying
the natural number i with the (i+1)st word in length-lexicographical ordering. Fix an appro-
priate computable infinite sequence of pairwise incomparable words w0, w1, . . ., say, wi = 0i1
and for any given set X of natural numbers, let

LX = {0, 1}∗ \ {wi : i /∈ X} .

By construction, the language LX is Turing-equivalent to X . Furthermore, since the set of
all wi is prefix-free, for any given sequence, the language LX contains all prefixes of the
sequence except for at most one, hence LX selects all bits of the sequence except for at most
one and consequently LX preserves normality.

4 Normality is not preserved by deterministic one-counter

languages

Proposition 14. There is a normal sequence N and a deterministic one-counter language L
such that the sequence selected from N by L is infinite and constant.

Proof. Recall that occr(w) is the number of occurrences of the symbol r in w; for any word w,
let

d(w) = occ0(w) − occ1(w) .

Let L be the language of all words that have as many 0’s as 1’s, i.e.,

L = {w ∈ {0, 1}∗ : d(w) = 0} .

The language L can be recognized by a deterministic push-down automata with unary stack
alphabet that for the already scanned prefix v of the input stores the sign and the absolute
value of d(v) by its state and by the number of stack symbols, respectively.

Recall from Section 2 that vi is obtained by concatenating all words of length i and that
by Remark 7, the sequence

N = v1v2v2v3v3v3v4 . . . (11)
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is normal. For the scope of this proof, call the subwords vi of N in (11) designated subwords.
Furthermore, for all t, let zt be the prefix of N that consists of the first t designated subwords.
Every prefix of the form zt of N is immediately followed by the (t+1)st designated subword,
where each designated subword starts with 0. Hence the proposition follows, if we can show
that among all prefixes w of N , exactly the zt are in L, or equivalently, exactly the prefixes w
that are equal to some zt satisfy d(w) = 0.

Fix any prefix w of N . Choose t maximum such that zt is a prefix of w and pick v such
that w = ztv. By choice of t, the word v is a proper prefix of the (t+1)st designated subword
and v is equal to the empty word if and only if w is equal to some zi. By additivity of d, we
have

d(w) = d(zt) + d(v) = d(vi1) + . . . + d(vit
) + d(v) (12)

for appropriate values of the indices ij . Then in order to show that w is equal to some zi if
and only if d(w) = 0, it suffices to show that for all s,

(i) d(vs) = 0, (ii) d(u) > 0 for any nonempty proper prefix u of vs . (13)

We proceed by induction on i. For i = 0 there is nothing to prove, so assume i > 0. Let v0
i

and v1
i be the first and the second half of vi, respectively. For r = 0, 1, the word vr

i is obtained
from vi−1 by inserting 2i−1 times r, where d(vi−1) = 0 by the induction hypothesis. Hence (i)
follows because

d(vi) = d(v0
i ) + d(v1

i ) = d(vi−1) + 2i−1 + d(vi−1)− 2i−1 = 0 .

In order to show (ii), fix any nonempty proper prefix u of vi. First assume that u is a proper
prefix of v0

i . Then u can be obtained from a nonempty, proper prefix of vi−1 by inserting
some 0’s, hence we are done by the induction hypothesis. Next assume u = v0

i v for some
proper prefix v of v1

i . We have already argued that by the induction hypothesis d(v0
i ) is

equal to 2i−1. Furthermore, v can be obtained from a proper prefix v′ of vi−1 by inserting
at most 2i−1 many 1’s, where by the induction hypothesis we have d(v′) > 0. In summary,
we have

d(u) = d(v0
i ) + d(v) ≥ 2i−1 + d(v′)− 2i−1 > 0 ,

which finishes the proof of the proposition. ut

Recalling that every regular language is a deterministic one-counter language, the following
corollary is immediate by Proposition 14 and because Agafonoff’s result implies that normal
sequences are stochastic with respect to regular languages.

Corollary 15. The sequences that are stochastic with respect to deterministic one-counter
languages form a proper subclass of the class of sequences that are stochastic with respect to
regular languages.

5 Normality is not preserved by linear languages

Proposition 16. There is a normal sequence N and a linear language L such that the
subsequence selected from N by L is infinite and constant.

Proof. For any word w = w(0) . . . w(n− 1) of length n, let

wR = w(n− 1) . . . w(0)

be the mirror word of w and let

L = {wwR : w is a word}
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be the language of palindromes of even length. The language L is linear because it can be
generated by a grammar with start symbol S and rules S → 0S0 | 1S1 | λ.

The sequence N is defined in stages s = 0, 1, . . . where during stage s we specify prefixes z̃s

and zs of N . At stage 0, let z̃0 and z0 both be equal to the empty word. At any stage s > 0,
obtain z̃s by appending 2s−1 copies of vs to zs−1 and obtain zs by appending to z̃s its own
mirror word z̃R

s , i.e.,

z̃s = zs−1vs . . . vs (2s copies of vs), and zs = z̃sz̃
R
s ; (14)

i.e., for example, we have z̃1 = v1,

z1 = v1v
R
1 ,

z̃2 = v1v
R
1 v2v2,

z2 = v1v
R
1 v2v2 vR

2 vR
2 v1v

R
1 ,

z̃3 = v1v
R
1 v2v2 vR

2 vR
2 v1v

R
1 v3v3v3v3,

z3 = v1v
R
1 v2v2 vR

2 vR
2 v1v

R
1 v3v3v3v3 vR

3 vR
3 vR

3 vR
3 v1v

R
1 v2v2 vR

2 vR
2 v1v

R
1 .

We show next that the set of prefixes of N that are in L coincides with the set {zs : s ≥ 0}.
From the latter, it is then immediate that L selects from N an infinite subsequence that
consists only of 0’s, since any prefix zs of N is followed by the word vs+1, where all these
words start with 0.

By definition of the zs, all words zs are prefixes of N and are in L. In order to show that
the zs are the only prefixes of N contained in L, let

us = 01s1s0 .

By induction on s, we show for all s > 2 that

(i) in z̃s occurs exactly one subword us−1 and no subword us;
(ii) in zs occur exactly two subwords us−1 and one subword us;

Inspection shows that both assertion are true in case s = 3. In the induction step, consider
some s > 3. Assertion (i) follows by z̃s = zs−1vs . . . vs, the induction hypothesis on zs−1,
and because by definition of vs, the block of copies of vs cannot overlap with a subword us.
Assertion (ii) is then immediate by assertion (i), by zs = z̃sz̃

R
s , and because us is equal

to us
R and 01s is a suffix of z̃s.

Now fix any prefix w of N and assume that w is in L, i.e., is a palindrome of even
length. Let s be maximum such that zs is a prefix of w. We can assume s ≥ 3, because
inspection reveals that w cannot be a prefix of z3 unless w is equal to some zi, where in the
latter case we are done. By (ii), the words zs and zs+1 contain us as a subword exactly once
and twice, respectively, hence w contains us as a subword at least once and at most twice.
When mirroring the palindrome w onto itself, the first occurrence of the palindrome us in w
occurrence must either be mapped to itself or, if present at all, to the second occurrence
of us in w, in which cases w must be equal to zs and zs+1, respectively. Since w was chosen
as an arbitrary prefix of N in L, this shows that the zs are the only prefixes of N in L.

It remains to show that N is normal. Let

W = {vi : i ∈ N} ∪ {vi
R : i ∈ N}

and write the sequence N in the form

N = w1w2 . . . (15)
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where the words wi correspond in the natural way to the words in the set W that occur in
the inductive definition of N (e.g., w1, w2, and w3 are equal to v1, v1

R, and v2). For the
scope of this proof, we will call the subwords wi of N in (15) the designated subwords of N .

We conclude the proof by showing that the assumptions of Lemma 6 are satisfied and
that hence N is normal. By Proposition 5, the set of all words of the form vi is normal in
the limit, and the same holds, by literally the same proof, for the set of all words vi

R; the
union of these two sets, i.e., the set W , is then also normal in the limit because the class of
sets that are normal in the limit is easily shown to be closed under union.

Next observe that among the designated subwords of any prefix zs of N each of the 2s
words v1, . . . , vs and v1

R, . . . , vs
R occurs exactly 2s−1 many times; in particular, zs contains

at least s2s designated subwords and has length of at least 2s−1|vs|. Now fix any t > 0 and
let z = w1 . . . wt; let s be maximum such that zs is a prefix of z. By the preceding discussion,
we have for any w in W ,

|{i ≤ t : wi = w}|

t
<

2s

s2s
=

1

s

and, furthermore,
|wt+1|

|w1 . . . wt|
<
|vs+1|

|zs|
≤

|vs+1|

2s−1|vs|
≤

1

2s−3
.

Since t was chosen arbitrarily and s goes to infinity when t does, this shows that assump-
tions (i) and (ii) of Lemma 6 are satisfied. ut

Similar to the argument for deterministic one-counter languages in the previous section,
we can conclude that stochasticity with respect to linear languages differs from regular
stochasticity.

Corollary 17. The sequences that are stochastic with respect to linear languages form a
proper subclass of the class of sequences that are stochastic with respect to regular languages.
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