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Abstract
In this paper we investigate effective versions of Hausdorff dimension which have been recently introduced by
Lutz. We focus on dimension in the class E of sets computable in linear exponential time. We determine the dimension of various classes related to fundamental structural properties including different types of autoreducibility and immunity. By a new general invariance theorem for
resource-bounded dimension we show that the class of pm-complete sets for E has dimension 1 in E. Moreover,
we show that there are p-m-lower spans in E of dimension
H(β) for any rational β between 0 and 1, where H(β) is the
binary entropy function. This leads to a new general completeness notion for E that properly extends Lutz’s concept
of weak completeness. Finally we characterize resourcebounded dimension in terms of martingales with restricted
betting ratios and in terms of prediction functions.

1. Introduction
In 1919, H AUSDORFF [8] introduced a theory of dimension which generalizes Lebesgue measure and, in particular, ramifies the structure of measure zero sets. Hausdorff
dimension, as it was called afterwards, found applications
in many areas of mathematics such as number theory or
dynamical systems (see for instance [7]). Probably bestknown is the role Hausdorff dimension plays in fractal geometry, where it turned out to be a suitable concept for distinguishing fractal sets from sets of a rather ”smooth” geometrical nature.
In the context of computability, originating from applications of Hausdorff dimension in information theory
(see for example [4]), a close connection between Hausdorff dimension and Kolmogorov complexity was established [6, 16, 17, 18, 20, 21], and the notion of effective
dimension was introduced [14]. Recently, L UTZ [13] has
extended the theory of effective dimension to complexity
theory by introducing resource-bounded dimension. Like

for classical Hausdorff dimension, L UTZ’s approach yields
a generalization of resource-bounded measure and a refinement of measure zero classes. Hence resource-bounded dimension might help to obtain a more complete picture of
quantitative aspects of structural properties.
In S
this paper, we focus on the exponential time class
E = k∈N DTIME (2kn) and on the corresponding concepts of p-dimension and dimension in E, which have been
introduced by L UTZ in terms of betting games computable
in polynomial time. We continue the investigation of the
dimension of measure-0-classes in E started by L UTZ [13],
where we concentrate on relations between reducibility and
dimension.
By a new general invariance theorem for resourcebounded dimension we show that (in contrast to p-measure),
for any problem A in E, the class of problems p-m-reducible
to A has the same p-dimension as the class of problems that
are p-m-equivalent to A. In particular this shows that the
measure-0-class of the p-m-complete problems for E has
dimension 1 in E, which in turn implies that the small-spantheorem of J UEDES and L UTZ [9] for measure in E cannot
be extended to dimension in E.
The further investigation of the p-dimension of the lower
p-m-spans leads to another remarkable difference between
p-measure and p-dimension. While any p-measurable lower
p-m-span has either measure 0 or measure 1 in E, here we
show that for any rational β ∈ [0, 1] there is a lower p-mspan of dimension H(β) in E, where H(β) is the binary
entropy function. This leads to a new completeness notion
for E based on dimension, which properly extends L UTZ’s
concept of weak completeness based on measure.
The above investigations are supplemented by results on
the p-dimension of some other interesting structural properties like different types of autoreducibility and immunity.
In the final part of the paper, based on previous work of
L UTZ, S CHNORR, and S TAIGER, we give some equivalent
characterizations of resource-bounded dimension in terms
of martingales and prediction functions.
The outline of the paper is as follows. In Section 2 we
introduce resource-bounded Hausdorff dimension and state

some useful facts on it. Our definition slightly differs from
L UTZ’s original concept (see Section 5) but it leads to the
same notion of p-dimension and dimension in E. In Sections 3 and 4 we prove our main results on the p-dimension
of lower p-m-spans. Finally, alternative characterizations of
resource-bounded dimension are discussed in Section 5.
Our notation is fairly standard, for unexplained notation
see [1, 12]. Strings are always over the alphabet {0, 1}, and
we write zi for the ith string in length-lexicographical order,
i.e., z0 is the empty string λ, z1 is the string 0, and so on. We
identify the set of natural numbers N with the set of strings
via the mapping i 7→ z i. Unless explicitly stated otherwise,
sets are sets of natural numbers and classes are sets of sets
of natural numbers.
We identify a set with its characteristic sequence, i.e.,
with a function from N to {0, 1}. In the context of computations that receive as input an initial segment of a set we
write w or v for this prefix and m for its length, whereas if
the input of a computation is meant as a possible member
of a set, we use x, y, or z for the input and n for its length.
Observe that in case of w = A(0) . . . A(m), the length n of
the string x = z m is approximately log m. We abbreviate
A(0) . . . A(m − 1) by A  m.
A set A is p-m-reducible to a set B, written A ≤P
m B,
if A is in P or if there is a polynomial-time computable
function f such that for all x, A(x) = B(f(x)). The lower
p-m-span of a set A is the class of all sets that are p-mreducible to A, and likewise the upper p-m-span of a set
is the class of all sets to which A p-m-reduces. The p-mdegree of a set is the intersection of its lower and upper
P
p-m-span. We write spanP
m (A) and degm (A) for the lower
p-m-span and the p-m-degree of a set A.

2. Hausdorff Dimension in Exponential Time
L UTZ [13] has shown that the classical concept of Hausdorff dimension can be expressed in terms of martingales.
He then used this fact to derive a concept of resourcebounded dimension. In this section we give a definition of
resource-bounded dimension that is easily seen to be equivalent to the one by L UTZ. First, we briefly review the concepts of martingale and betting strategy.
Definition 1 A betting strategy b is a function
b : {0, 1}∗ → [0, 1] × {0, 1}.
The (normed) martingale
db : {0, 1}∗ → [0, ∞)
induced by a betting strategy b is inductively defined by

db(λ) = 1 and
db(wiw )
db(w(1 − iw ))

= db (w)(1 + αw ),
= db (w)(1 − αw )

(1)
(2)

for w ∈ {0, 1}∗ and b(w) = (αw , iw ). A martingale is a
martingale induced by some betting strategy. A martingale
d succeeds on a set A if
lim sup d(A  m) = ∞,
m→∞

and d succeeds on a class C if d succeeds on every member
A of C.
This definition can be motivated by the following fair betting game in which a gambler puts bets on the successive
bits of a hidden sequence A ∈ {0, 1}N. The game proceeds
in infinitely many rounds where at the end of round m the
m-th bit of the sequence A is revealed to the player. The
gambler starts with (normed) capital d(λ) = 1. Then, in
round m, depending on the first m outcomes w = A  m,
following a betting strategy b(w) = (αw , iw ) he bets a certain fraction αw d(w) (αw ∈ [0, 1]) of his current capital
d(w) on the event A(m) = iw . If he guessed the outcome
correctly, i.e. A(m) = iw , his stake is doubled, otherwise
it is lost. The martingale db(w) induced by b will then describe the capital of the gambler in the course of this game.
If this capital grows unboundedly, the gambler wins.
Note that fairness of the game underlying Definition 1 is
reflected by the fairness condition for martingales,
d(w) =

d(w0) + d(w1)
.
2

(3)

It has been shown that a class C has Lebesgue measure 0,
µ(C) = 0, if some martingale succeeds on C. By imposing resource bounds, martingales can be used for defining
resource-bounded measure concepts. For recent surveys on
this area see [12] and [1].
Definition 2 Let t : N → N be a recursive function.
A t(m)-betting strategy is a rational valued betting strategy b such that b(w) can be computed in O(t(|w|)) steps for
all strings w. A t(m)-martingale d is a martingale induced
by a t(m)-betting strategy.
A p-martingale d is a q(m)-martingale for some polynomial q. A class C has p-measure 0, µp (C) = 0 for
short, if some p-martingale succeeds on C and µp (C) = 1 if
µp (C) = 0. A class C has measure 0 in E, µ(C| E) = 0, if
µp (C ∩ E) = 0 and C has measure 1 in E, µ(C| E) = 1, if
µp (E \C) = 0.
In order to obtain a description of Hausdorff dimension in
terms of martingales, we do not just ask whether a martingale succeeds on a set A, but also how fast the capital
increases.

Definition 3 For a real number s ≥ 0, a martingale d is
s-successful on a set A ∈ {0, 1}N if
lim sup
m→∞

d(A  m)
= ∞.
2(1−s)m

(4)

A martingale is s-successful on a class if it is s-successful
on each member of the class.
If appropriate, we extend notation introduced for betting
strategies to the corresponding martingales and vice versa.
For example, we say a betting strategy is s-successful on
some class if the corresponding martingale is. It is clear
from the definition that if for a class C there exists a martingale d that is s-successful on C for some s ≤ 1, then C
has Lebesgue measure 0. Furthermore, for every ε > 0,
the martingale that never makes a bet (1 + ε)-succeeds on
all sets, whence, by the following proposition, no class has
dimension greater than 1.
Theorem 4 [L UTZ] For any class C, the Hausdorff dimension of C is the infimum of all real numbers s such that there
is a betting strategy which s-succeeds on C.
In [13], after proving a similar result for s-gales (a generalization of martingales, see Section 5 below) L UTZ, exploits the characterization of classical Hausdorff dimension
in terms of betting games in order to define a resourcebounded version of this concept.
Definition 5 Let C be a class and t be a computable function. The t(m)-dimension of C is the infimum of all real
numbers s such that there is a t(m)-betting strategy that is
s-successful on C. The p-dimension of C, written dimp (C),
is the infimum of all s such that there is a p-betting strategy
that is s-successful on C. The dimension of C in E, written
dim(C|E), is the p-dimension of C ∩ E.
L UTZ [13] established some basic properties of p-dimension that show that this concept is reasonable and might
prove useful for investigating the structure of the class
E. He showed that every slice DTIME(2kn) of E has pdimension 0 while E itself has p-dimension 1. Moreover,
for all classes C and D
dimp (C ∪ D) = max{dimp (C), dimp (D)}

(5)

and in fact the latter assertion extends – with max replaced
by sup – to unions of countably many classes that have an
appropriate uniform representation.
For constructive dimension (defined via lower semicomputable martingales), L UTZ used the fact that there exist
universal lower semicomputable martingales to show that
the constructive dimension of a class is the supremum of the
constructive dimension of its members, viewed as singleton
classes (see [14], Lemma 4.5). Since there are no universal

p-martingales, this observation has no exact counterpart for
p-dimension. Still, using the fact that, for any number k,
there is a p-martingale that is universal for the class of mk martingales, we obtain a result of similar flavor which will
serve as a useful tool in our investigation of p-dimension.
Proposition 6 For any class C,
dimp (C) = inf sup dimmk ({A}).
k≥1 A∈C

(6)

We conclude this section with another useful technical
lemma, which shows that in the definition of p-dimension
it suffices to consider betting strategies that are restricted to
a finite set of non-zero betting ratios. Among other applications, we will use this fact in Section 5 in order to characterize the classes that have p-dimension less than 1.
Definition 7 The set of weights of a betting strategy b is
Wb = {α : (∃w, i) [b(w) = (α, i)]}.
A betting strategy b is simple if Wb is a finite set of rational
numbers, and b is strict if 0 6∈ W b.
Lemma 8 Let k ≥ 2 and s ∈ [0, 1] and assume that the
class C has mk -dimension s. Then for any ε > 0 there is a
strict and simple mk -betting strategy b that (s+ε)-succeeds
on C.
Proof. Fix a rational ε > 0. By assumption, there is an
mk -betting strategy b0 that (s + ε/2)-succeeds on C. Let
τ = 2ε/2 and fix rationals γ1 , . . . , γl+1 such that
γ1 = 1 − (1/τ ) < γ2 < . . . < γl+1 = 1
and γj+1 < τ (1 + γj ) − 1 for j = 1, . . . , l. Next define
a betting strategy b that basically works like b0 except that
on a string w with b0(w) = (αw , i) the betting ratio αw is
adjusted to some γj according to
(
(γ1 , i) if αw ≤ γ1
b(w) =
(γj , i) if γj < αw ≤ γj+1
Then a simple case analysis shows that on any single bet
the gain of b0 exceeds the gain of b by at most a factor of τ .
Thus, for any A and m,
db (A  m)
2(1−(s+ε))m

≥
=

τ −m db0 (A  m)
(7)
2(1−(s+ε))m
− 2ε m
2
db0 (A  m)
db0 (A  m)
.
= (1−(s+
ε
(1−(s+ε))m
2 ))m
2
2

Hence b (s+ε)-succeeds on C since by choice of b0, for any
set A in C, the rightmost term in (7) is unbounded in m. 2

3. The Dimension of Upper and Lower Spans
In this section we will begin the investigation of the dimension of upper and lower p-m-spans of sets in E. Our
main result here will be that, for any set A, the p-m-degree
and the lower p-m-span of A have the same p-dimension. To
show this we will first prove a general invariance theorem
for p-dimension. Some further applications of this theorem
will be given at the end of this section. Before stating our
invariance theorem we have to introduce some notation.
Definition 9 For any set D, let
censD (m) = |{j ∈ D : j ≤ m}|
be the census function of D and say that D has sublinear
density if censD (m) is in o(m). Furthermore, let
zD
i = min{m ∈ N : cens D (m) = i}
be the (i + 1)th element of D. The D-join (A⊕ D B) of sets
A and B is defined by
(A⊕D B)(zD̄
i ) = A(i)

and

(A⊕D B)(z D
i ) = B(i),

i.e., for all i, A(i) and B(i) are coded into the (i + 1)th
element of the complement of D and of D, respectively.
Definition 10 The class C1 contains a stretched version of
the class C0 if there is a number k ∈ N such that for every
C ∈ C0 there are sets D and H computable in time O(2kn)
where D has sublinear density and (C⊕D H) ∈ C1 . The
classes C0 and C1 are close if for i = 0, 1, the class Ci
contains a stretched version of C1−i.
Theorem 11 Let C0, C1 be classes such that C1 contains a
stretched version of C0 . Then dimp (C1 ) ≥ dimp (C0) and
dim(C1 |E) ≥ dim(C0 |E). Hence, in particular, any two
close classes have identical p-dimension, as well as identical dimension in E.
Proof. As one can easily show, for any class C1 that
contains a stretched version of a class C0, the intersection
C1 ∩ E of C1 with E contains a stretched version of C0 ∩ E.
Hence it suffices to prove the assertion on p-dimension. Let
si = dimp (Ci ). We show that s1 ≥ s0 . By Proposition 6, it
suffices to show that for any rational t > s1 there is a number k ∈ N such that every set C0 ∈ C0 has mk -dimension
at most t.
So fix such a t. Pick s with s1 < s < t and let b1 be a pbetting strategy that s-succeeds on every set in C1 . Then for
every C1 ∈ C1, there are infinitely many numbers m such
that
db1 (C1  m) > 2(1−s)m .

(8)

Next fix a number k0 that witnesses that C1 contains a
stretched version of C0 , let k1 be such that b1 is an mk1 betting strategy, and let k = max(k0, k1) + 1. Finally, let
C0 be any set in C0 . Then it suffices to show that there is an
mk -betting strategy b0 that t-succeeds on C0.
By choice of k0 choose sets D and H computable in time
O(2k0 n) such that D has sublinear density and (C0 ⊕D H)
is in C1, and define a betting strategy b0 by
b0(X  m) = b1((X⊕D H)  zD̄
m ).

(9)

Roughly speaking, b0 mimics the bets of b1 but b0 skips all
bets on elements of D. The bet of b0 on X(m) corresponds
to the bet of b1 on place zD̄
m of (X⊕ D H), i.e., to the bet of
b1 on the element of D̄ at which X(m) has been coded into
(X⊕D H).
To show that the betting strategy b0 has the required
properties, we first show that b0 t-succeeds on C0. Let
ε = t − s > 0. By sublinear density of D fix m0 such
that, for all m > m0 , there are less than εm elements of D
that are smaller than m. Moreover, for m ≥ min D̄ let m0
be the greatest number in {i < m : i ∈
/ D}. Then while
betting on C0(0) through C0(m0 ), b0 gains up to a factor
of at most 2εm the same capital as b1 gains by betting on
(C0⊕D H)(0) through (C0 ⊕D H)(m). Thus, by choice of
ε, for every m > m0 that satisfies (8) for C1 = (C0 ⊕D H)
we obtain
db0 (C0  m0 )

≥

≥

2−εmdb1 ((C0⊕D H)  m)

0

2(1−s−ε)m = 2(1−t)m > 2(1−t)m .

Since there are infinitely many such numbers m0 , b0 tsucceeds on C0.
It remains to show that b0 is an mk -betting strategy. In
order to compute b0(X  m), we first compute z D̄
m and
wm = (X⊕ D H)  zD̄
m . By sublinear density of D, |wm | is
at most 2m for almost all m. Hence wm can be computed
by successively computing for i = 0, . . . , 2m the values
censD (i), censD̄ (i), and, in case of i = z D̄
j , the value H(j).
Hence, except for updating some counters and some other
negligible computations, it suffices to evaluate D and H for
all arguments up to 2m. Since these sets are computable
in time O(2k0 n ), this can be done in time O(4m2k0 |2m| )
and hence in time O(mk0 +1 ). Finally, we have to compute b1 (wm ). Since b1 is an mk1 -betting strategy and since
|wm | ≤ 2m this can be done in O(mk1 ) steps, hence the
total time required for computing b1(X  m) is bounded
by O(mmax(k0 +1,k1 ) ). So b1 is an mk -betting strategy by
choice of k.
2
Corollary 12 Let A be in E. Then the lower p-m-span of
A and the p-m-degree of A have the same p-dimension, as
well as the same dimension in E.

Proof. By Theorem 11, we are done if we can show that
the lower p-m-span and the p-m-degree of A are close. As
the latter class is contained in the former one, it suffices to
show that the p-m-degree of A contains a stretched version
of the lower p-m-span of A. So let D = {0|y|y : y ∈ N}
e in the p-m-degree of A that
and – by A ∈ E – fix a set A
is computable in time O(2n ). Then D has sublinear density
e
and for every set X ≤P
m A, the set (X⊕ D A) is in the p-mdegree of A.
2
In Corollary 12 we can replace p-m-reducibility by most of
the common resource-bounded reducibilities. Corollary 12
implies that the p-dimension of the degree of a set is growing with the relative complexity of the set.
Corollary 13 Let A, B be sets in E with A ≤P
m B. Then
P
dimp (degP
m (A)) ≤ dimp (deg m (B))

Proof. M AYORDOMO [15] has shown that C1 has measure 1 in E, hence dimension 1 in E. To show that C2 ,
C3, and C4 have dimension 1 in E, too, it suffices to show
that these classes contain stretched versions of C1 . But
this is witnessed by the pairs (D, Hi), i = 1, 2, 3, where
D = {0|y|y : y ∈ N} and Hi is any infinite and coinfinite
set in Ci that is computable in time O(2n).
2
Recall that for any reducibility r, a set A is r-autoreducible
if there is an r-reduction from A to itself that does not allow to query the oracle on the input. The measure of the
p-T-autoreducible sets in E is not known (see [5]). For
more restrictive reducibilities, however, the class of autoreducible sets has measure 0 in E. Examples are the classes
of the p-m-autoreducible sets and of the sets that are p-Tautoreducible via order-decreasing reductions, i.e., by reductions that on input x can only query their oracle at places
y < x. Dimension in E allows us to distinguish the size of
these two measure-0-classes in E.

and
P
dim(degP
m (A)|E) ≤ dim(deg m (B)|E).

Other interesting consequences of Corollary 12 include the
following.
Corollary 14 (a) The class of p-m-complete sets for E
has dimension 1 in E.
(b) The upper p-m-span of any set in E has dimension 1 in
E.
(c) The class of p-m-complete sets for NP has the same
dimension in E as NP.
M AYORDOMO [15] has shown that the class of p-mcomplete sets has measure 0 in E, hence this class is an
interesting example of a measure-0-class in E that has dimension 1 in E. M AYORDOMO’s result was extended
by J UEDES and L UTZ [9] who have shown that for any set
A ∈ E, the lower p-m-span of A or the upper p-m-span of A
has measure 0 in E. Corollary 14 shows that this small-span
theorem fails with measure replaced by dimension.
We conclude this section by giving two more examples
of dimension 1 results that can be derived from Theorem 11.
First we show that the property of p-immunity yields a partition of E into four classes each having dimension 1 in E.
Corollary 15 The following classes have dimension 1 in E.
C1

C2
C3
C4

=
=
=
=

{A : A is p-immune and Ā is p-immune},

{A : A is p-immune and Ā is not p-immune},
{A : A is not p-immune and Ā is p-immune},
{A : A is not p-immune and Ā is not p-immune}.

Corollary 16 The class of p-m-autoreducible sets has dimension 1 in E while the class of sets that are p-Tautoreducible via order-decreasing reductions has dimension 0 in E.
Proof. To show that the class of the p-m-autoreducible sets
has dimension 1, we show that this class contains a stretched
version of E. Given any set X ∈ E, let D = {0|y| y :
e be any set in DTIME(2n ) that is p-my ∈ N} and let X
e is p-m-autoreducible.
equivalent to X. Then the set X⊕ D X
On the other hand, to show that the class of sets that
are p-T-autoreducible via order-decreasing reductions has
dimension 0 in E, fix a set A in E and a polynomially
time-bounded oracle Turing machine M such that A(x) =
M Ax (x) for all x. By Proposition 6 it suffices to define an m2 -betting strategy b that s-succeeds on A for all
s > 0. As one can easily check, the strategy b defined by
b(X  m) = (1, M Xm (m)) will do.
2

4. Lower spans of intermediate dimension in E
In this section we continue the investigation of the dimension of the lower p-m-spans of sets in E by discussing
the question of which dimensions can occur for such spans.
Trivially, the dimension in E of the lower p-m-span of a set
is 0 if the set is computable in polynomial time and is 1
if the set is p-m-complete. For resource-bounded measure
there are lower p-m-spans that have neither measure 0 nor
measure 1 in E (see L UTZ [11]). L UTZ calls a set weakly
complete if its lower p-m-span does not have measure 0 because one can reduce to any such set a nonnegligible part
of E. In particular, a weakly complete set is intractable,
i.e., is not in P. For the latter, however, it suffices that the

lower p-m-span does not have dimension 0 in E. We call
a set with this property partially complete. Obviously, every weakly complete set is partially complete. As we show
below, however, the converse fails. In fact there is a large
variety of partially complete sets that are not weakly complete. For any rational number β ∈ (0, 1) there is a set A in
E such that the lower p-m-span of A has dimension H(β)
in E. Here the function
H(β) = β log(1/β) + (1 − β) log(1/(1 − β))

(10)

is the binary entropy function and its range is dense in the
interval (0, 1).
In fact we will show that for any m2 -β-random set
Rβ in E, the lower p-m-span of Rβ has dimension H(β)
in E. This result was motivated by the the observation of
A MBOS -S PIES, T ERWIJN, and Z HENG [3] that a set A is
weakly complete if the lower p-m-span of A contains an
m2 -random set R ∈ E, and by the more recent result by
L UTZ [14] that any constructively β-random set has constructive dimension H(β). We first review the definition of
mk -β-random sets.
Definition 17 Let β be a rational number in (0, 1). A set
R is mk -β-random if no mk -betting strategy b succeeds on
R under the modified payoff function dβb where for b(w) =
(αw , iw ) and µβ (1) = β and µβ (0) = 1 − β we have
db(wiw ) = db (w)(1 + αw

µβ (1 − iw )
)
µβ (iw )

(11)

and
db(w(1 − iw )) = db (w)(1 − αw ).

(12)

Note that for β = 1/2, the payoff function (11) coincides
with the usual payoff function from (1). Hence the mk -1/2random sets are just the mk -random sets.
Lemma 18 For any natural number k ≥ 2 and for any
rational number β ∈ (0, 1), there is an m2 -β-random set
in E.
An m2 -β-random set as in Lemma 18 can be constructed
by a standard construction that diagonalizes against an appropriately weighted sum of all m2 -betting strategies. We
omit the details of the proof. Now our result can be stated
as follows.
Theorem 19 Let R be an m2 -β-random set in E for some
rational β ∈ (0, 1). Then the lower p-m-span of R has pdimension and dimension in E equal to H(β).
Using Corollary 12 and Lemma 18, Theorem 19 implies the
following corollary.

Corollary 20 For any rational number β ∈ (0, 1), there is
a set A in E such that
P
dimp (spanP
m (A)) = dimp (deg m (A)) = H(β).

(13)

The assertion remains valid if we replace in (13) pdimension by dimension in E.
Using bias sequences of rational numbers, the third author
shows that Corollary 20 can be extended from rational to
∆02-computable real numbers. As the ∆02-computable real
numbers are closed under taking logarithms, and the function H is a surjective, continous mapping of the unit interval
to itself, this yields the existence of lower spans of arbitrary
∆02-computable dimension, including lower spans of rational dimension.
The proof of Theorem 19 is based on the following three
lemmas.
Lemma 21 Let β be a rational in (0, 1) and let the set R
be mk -β-random for some k ≥ 2. Then dimmk ({R}) ≥
H(β).
Lemma 22 Let β be a rational in (0, 1) and let R be an
m2 -β-random set in E. Then for any k ≥ 2, there is an
mk -β-random set Rk in E that is p-m-reducible to R.
Lemma 23 Let β be a rational in (0, 1) and let R be an
m2 -β-random set in E. There is a number k ∈ N such that
dimmk ({A}) ≤ H(β) for any set A that is p-m-reducible
to R.
Note that Lemmas 21 and 22 imply that
dim(spanP
m (R)|E) ≥ H(β) while, by Lemma 23 and
Proposition 6, H(β) ≥ dimp (spanP
m (R)).
Now Theorem 19 follows, since for any set R,
P
dimp (spanP
m (R)) ≥ dim(span m (R)|E). We omit the proofs
of Lemmas 21 through 23. Lemma 21 is a resourcebounded version of L UTZ’s result on the constructive
dimension of constructively β-random sets [14], while
Lemma 22 extends an observation of A MBOS -S PIES , T ER WIJN and Z HENG [3] on m2 -random sets.
We conclude this section with some remarks on the notion of partial completeness.
Definition 24 A set A is partially complete for E if A ∈ E
and
dim(spanP
m (A)|E) > 0.
The following implications hold, from left to right, because
E does not have measure 0 in E, because any class of measure in E different from 0 has dimension 1 in E, and finally
because the class P has dimension 0 in E.
A complete ⇒ A weakly complete ⇒

A partially complete ⇒ A intractable (14)

In fact, all three implications in (14) are proper. For the first
implication this has been shown by Lutz [11]. Concerning
the third one, it suffices to observe that there are tally sets in
E \ P whereas the lower p-m-span of any tally set is easily
shown to have p-dimension 0. The strictness of the second
implication follows from Theorem 19.
Corollary 25 There is a set that is partially but not weakly
complete for E.
Proof. Fix a rational β 6= 1/2 in (0, 1). Observe that H(β)
differs from 0 and 1. Thus by Theorem 19 the lower p-mspan of any m2 -β-random set in E has dimension H(β) ∈
/
{0, 1} and hence, in particular, has measure 0 in E.
2

5. Alternative Characterizations of ResourceBounded Dimension
In this final section we shortly discuss (without giving proofs) some alternative characterizations of resourcebounded dimension. First we review definitions of dimension that have been given by L UTZ and S TAIGER and relate
them to our definition in Section 2. L UTZ [13] introduced
gales as a generalization of martingales, by modifying the
fairness condition (3).
Definition 26 For s ∈ R+
0 , an s-gale is a function g mapping strings to nonnegative integers satisfying

The equivalence remains valid if we restrict all statements
either to computable or to polynomial-time computable
martingales and gales.
In the remainder of this section we characterize the classes
of p-dimension less than 1 in terms of p-martingales with
restricted sets of betting ratios and in terms of p-prediction
functions. These characterizations are related to previous
results of S CHNORR on computable martingales (in particular Theorems 14.5 and 18.4 in [19]) and to characterizations
of resource-bounded stochasticity notions in terms of simple martingales by A MBOS -S PIES , M AYORDOMO , WANG
and Z HENG [2].
The first approach to randomness due to VON M ISES,
which is now commonly called stochasticity, can be described in terms of (partial) prediction functions (see e.g.
[2] for details). The special case of a total p-prediction
function and a corresponding concept of predictability are
defined as follows.
Definition 28 A (total) p-prediction function is a function
f : {0, 1}∗ → {0, 1} such that f can be computed in polynomial time. The function f predicts a set A if there is an
ε > 0 such that for infinitely many numbers m
|{m0 < m : f(A  m0 ) = A(m0 )}|
> 1 + ε.
|{m0 < m : f(A  m0 ) 6= A(m0 )}|

(16)

(15)

A set A is p-predictable if there is a p-prediction function
that predicts A, and a class C is p-predictable if there is a
p-prediction function predicting every set in C.

For gales the notion of success is defined in the same way
as for martingales (which are, of course, 1-gales). S TAIGER
[21, 22] observed the close relation between martingales
and Hausdorff dimension, too. He defined a parameter
λd (A), the exponent of the increase of a martingale d on
a set A, by

KO [10] proposed p-unpredictability as a formalization of
polynomial time randomness. In [2], where p-unpredictable
sets are called Ko-p-stochastic, it was shown that these sets
are just the sets on which strict and simple p-martingales
cannot succeed. The following theorem which in part parallels the latter observation reveals some fundamental relations between p-dimension and p-predictability.

g(w) =

g(w0) + g(w1)
2s

λd (A) = lim sup
m→∞

for all w ∈ {0, 1}∗.

log(d(A  m))
.
m

As the following proposition shows, s-succeeding martingales, L UTZ’ s-gales, and the exponent of increase defined
by S TAIGER all yield the same concept of dimension.
Proposition 27 For any class C and any rational number
s > 0, the following conditions are equivalent:
(a) s > dimH (C).
(b) There is an s-gale succeeding on C.
(c) There is a martingale d with λd (A) ≥ 1 − s for all
A ∈ C.

Theorem 29 Let C be a class. Then the following are
equivalent.
(a) The class C has p-dimension less than 1.
(b) There is a strict and simple p-betting strategy that succeeds on C.
(c) There is a rational number ε and a strict p-betting strategy b that succeeds on C such b succeeds on C and
α ≥ ε for all weights α of b.
(d) C is the union of finitely many p-predictable classes.
Note that the implication (a)⇒(b) follows from Lemma 8.
There is a similar characterization of the classes of pdimension 0.

Theorem 30 Let C be a class. Then the following are
equivalent.
(a) The class C has p-dimension 0.
(b) For every rational number ε ∈ (0, 1) there is a strict
p-betting strategy b such that b succeeds on C and ε is
the only weight of b.
(c) For every rational number ε ∈ (0, 1) there is a strict pbetting strategy b such that b succeeds on C and α ≥ ε
for all weights α of b.
Note, however, that there is no one-one correspondence between p-dimension and highest possible minimum betting
weight, for one can construct classes with identical allowable betting weight but distinct p-dimensions.
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