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1. Introduction

The tractor calculus is an efficient and powerful tool for working in conformal
geometry. In the sense used here, the tractor calculus provides a systematic method
for studying conformal geometry using a distinguished family of vector bundles, the
so-called tractor bundles, together with a distinguished connection. By construc-
tion, these bundles are intrinsically conformally invariant, and thus are particularly
well-suited to problems in conformal geometry. This is completely analogous to
the more familiar tensor calculus as it has come to dominate (pseudo)-Riemannian
geometry. Indeed, there is a very close link between the tractor calculus on a con-
formal manifold and the tensor calculus on the corresponding ambient metric [5].

The purpose of this note is to give an introduction to the tractor calculus. In
particular, we will focus on describing the relationships between various fundamen-
tal differential operators and notions of curvature. An important goal in this regard
is to provide the reader with enough background to understand the larger applica-
tions of the tractor calculus as can be found in [1, 2, 12, 13], for example. While
our introduction largely follows the conventions first laid out in [1], our treatment
does differ significantly in that we give a completely index-free approach, avoiding
Penrose’s abstract index notation which is currently favored in the literature. This
is largely an aesthetic choice, based upon the author’s usual preference for tensorial
manipulations.

A key objective of this introduction is to provide plentiful derivations of formulæ
which commonly appear in the literature without derivations. In doing so, we
aim to emphasize the underlying structural ideas behind many of these formulæ,
which, while undoubtedly well-known to the experts, are also rarely explained in the
literature. We hope that this will help the reader to better appreciate the tractor
calculus. Also, this focus might be of particular use as an aid to understanding the
ideas behind the author’s own applications of the tractor calculus to the study of
smooth metric measure spaces [8, 9, 10].

For the reader interested in a further understanding of the tractor calculus, it is
important to realize that, like the tensor calculus, the underlying algebraic prop-
erties are best understood in the context of “frame bundles.” More precisely, the
tractor calculus can be more generally described as associated to a parabolic Cartan
geometry, which is, roughly speaking, a geometry locally modelled on a homoge-
neous space G/P with its Maurer-Cartan form, where P is a parabolic subgroup of
G. Tractor bundles then arise via representations of P , and the algebraic properties
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of the bundle are frequently entirely contained in the properties of the representa-
tion. For details and definitions, we refer the reader to the excellent book [6].

Finally, I hasten to remark that this note has primarily been crafted out of my
own efforts to understand the tractor calculus. In particular, most sections were
written as they were being learned, as opposed to after the fact. As such, this
note is likely to expand as my interests increase, though the level of proofreading
may be somewhat subpar. Thus, for definitive formulæ, I suggest referencing the
established literature (e.g. [1, 2, 6]), and instead hope that this note can offer a
gentler introduction to the tractor calculus than might be found elsewhere. I would
certainly appreciate any comments or corrections, and if there are requests for
additional topics or an expansion of any sections, would be happy to oblige as time
allows.

2. Preliminaries

Our first step is to describe tractor bundles. These bundles can be realized as
associated bundles to the conformal frame bundle of a conformal manifold (Mn, c),
which means that we should view sections of some tractor bundle V as a map
σ : M × c→ V, where V is a vector space (a representation space for the conformal
group). For a fixed choice of metric g ∈ c (henceforth referred to as a choice
of scale), this will always give rise to a bona fide tensor bundle coming from the
induced representation. In this way, we will find it much more practical to describe
tractor bundles by specifying the tensor bundle it is equivalent to under choice
of scale, together with a transformation law for when another choice of scale is
made. Put another way, we will describe tractor bundles much in the way tensor
bundles were classically described as satisfying certain covariant and contravariant
properties.

In discussing the tractor calculus, there are essentially only two bundles one
must be concerned with, the density bundles and the standard tractor bundle —
that this holds in general is due to Čap and Gover [4]. The density bundle E [w] is
the line bundle whose sections σ ∈ E [w] are equivalent via a choice of scale g ∈ c to
smooth functions σg, and which transform with the change of scale g 7→ e2sg = h
according to

(2.1) σg 7→ σh = ewsσg.

Given any vector bundle V →M , one can then use the density bundles to construct
the new bundle V [w] = V ⊗ E [w] associated to the conformal structure. When we
need a name for these objects, we will call them vector density bundles.

The standard tractor bundle T is the rank-(n + 2) vector bundle which, for a
choice of scale g, is such that Tg ∼= R⊕ TM ⊕ R, and transforms according to

(2.2)

σω
ρ

 7→
 esσ

e−s(ω + σ∇s)
e−s(ρ− g(∇s, ω)− 1

2 |∇s|
2σ)

 .

As basic observations, we see that the uppermost nonvanishing slot is conformally
invariant, and is naturally a section of a vector density bundle. Structurally, this
really means that T is best viewed as the filtered bundle

(2.3) T = T −1 ⊃ T 0 ⊃ T 1,
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and that a choice of scale gives rise to an isomorphism between T and the graded
bundle

(2.4) gr T = (T −1/T 0)⊕ (T 0/T 1)⊕ T 1 = E [1]⊕ TM [−1]⊕ T [−1].

In particular, this says that there is a canonical projection T → E [1] and a canonical
inclusion E [−1] ↪→ T . In the literature, it is common to encode (2.3) and (2.4) via
the composition series

(2.5) T = E [1] +
�� TM [−1] +

�� E [−1].

To study geometry using the standard tractor bundle, one wants to find a canon-
ical metric and connection on T . It turns out this is possible, and we shall only
describe what these are. First, we have the tractor metric h, defined by polarizing
the associated norm ∣∣∣∣∣∣

σω
ρ

∣∣∣∣∣∣
2

= 2σρ+ |ω|2,

where |ω|2 is measured according to the choice of scale giving rise to the triple
above. Note that if the conformal metric c has signature (p, q), then the tractor
metric has signature (p+1, q+1). In particular, for conformal Riemannian metrics,
the tractor metric is Lorentzian in signature. Second, the normal tractor connection
is defined in any choice of scale by

(2.6) ∇

σω
ρ

 =

 ∇σ − g(ω, ·)
∇ω + σP + ρ g
∇ρ− P (ω, ·)

 ,

where P = 1
n−2

(
Ric− R

2(n−1)g
)

is the Schouten tensor. It is straightforward to

check that this scales according to (2.2), and is thus well-defined. Also, it is straight-
forward to check that ∇h = 0; i.e. ∇ is a metric connection.

Remark 2.1. Checking that (2.6) is well-defined requires only that P transforms
under conformal change in the same way as the Schouten tensor. Letting P denote
any such object, the connection (2.6) is an example of a preferred connection. Note
that these will automatically all preserve the metric. In order to construct con-
nections which naturally correspond to certain overdetermined PDEs, it is usually
necessary to start first with the whole space of preferred connections and then pick
the “best” one according to some normalization condition; see [15] for details.

Remark 2.2. Note that, since ∇ : T ∗M → T ∗M⊗T ∗M is not conformally invariant,
it is not possible to iterate the tractor connection in a well-defined (i.e. conformally
invariant) way. For this reason, we will introduce a number of other conformally
invariant differential operators later which generalize the Levi-Civita connection in
suitable ways.

Since ∇h = 0, we can freely use h to identify T ∼= T ∗. We will frequently make
use of this by writing σω

ρ

 = I ∼= I∗ = (ρ, ω, σ),

where our convention is adopted so that h(I, J) = I∗(J) is given by ordinary matrix
multiplication on the right hand side.
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Let us now return to our earlier comment that (2.4) gives rise to a projection
T → E [1] and an inclusion E [−1] ↪→ T . Using the tractor metric, it is obvious that
this corresponds to a special tractor X ∈ T [1], which we will call the projector, and
is given in any choice of scale by X = (1, 0, 0). That is, the projection T → E [1]
and the inclusion E [−1] ↪→ T are given by

I 7→ h(X, I) and ρ 7→ X ⊗ ρ,
respectively.

This can be pushed somewhat further by introducing the scale-dependent “trac-
tors” Z ∈ T ∗M ⊗ T and Y ∈ TM by Z(ω) = (0, ω, 0) and Y = (0, 0, 1). It is
obvious that these are scale-dependent, but they can be used to pick out the con-
formally invariant parts of a tractor I whose first or first two components vanish.
This is particularly useful for constructing tractor bundles by considering quotients
and subbundles of tensor products of T with itself, as we will see below. These
scale-dependent tractors are also useful for computations, especially in light of the
observation that

∇X = Z and ∇Z = (−P, 0, g).

Again, this makes sense for any preferred connection ∇.
Finally, we will often need to compute the tractor Laplacian tr{(x, y) 7→ ∇2

xy}. In
any choice of scale, the Levi-Civita connection combines with a preferred connection
∇ to yield a (scale-dependent) connection ∇ on T ∗M ⊗ T satisfying

∇

αT
β

 =

 ∇α− T
∇T + P ⊗ α+ g ⊗ β
∇β − P

(
·, T (·)

)
 .

Using this, it is straightforward to check that the tractor Laplacian is given by

(2.7) ∆

σω
ρ

 =

 ∆σ − 2δω − σ trP − nρ
∆ω + 2P (∇σ − ω) + σδP + 2∇ρ

∆ρ− 〈δP, ω〉 − 2〈P,∇ω〉 − σ|P |2 − ρ trP

 .

Again, we must reiterate that this is in general not a tractor. However, as we shall
see later, it is an important ingredient in constructing natural operators on tractor
bundles.

3. The Adjoint Tractor Bundle

For many purposes, the adjoint tractor bundle is in fact the most natural object
of study. From the algebraic point of view, this is because it arises as an associated
bundle using the adjoint representation for the frame bundle of T , much in the
same way that Λ2M is associated to the frame bundle in (pseudo-)Riemannian
geometry via the adjoint representation of so(n). From the geometric point of
view, this is it is the smallest bundle on which there exists a conformally invariant
first-order operator which can be iterated (see [4]). Accordingly, there are a number
of different ways to introduce the adjoint tractor bundle. For our purpose, we prefer
the following.

Definition 3.1. Let (Mn, c) be a conformal manifold. The adjoint tractor bundle
A is the bundle A = T ∧ T , together with

(1) the metric h induced by the tractor metric 〈 , 〉 by

h(I1 ∧ I2, J1 ∧ J2) = 〈I1, J1〉〈I2, J2〉 − 〈I1, J2〉〈I2, J1〉.
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(2) the action A⊗ T → T given by

A⊗ I 7→ ıIA =: A(I), and

(3) the Lie algebra bracket

{A,B}(I, J) = 〈A(I), B(J)〉 − 〈A(J), B(I)〉.

It is straightforward to check that the algebraic structure of A is described by
the composition series

(3.1) A = TM [0] +
�� (Λ2TM [−2]⊕ E [0]) +

�� T ∗M [0].

If we want to fix a scale, there are three different useful ways to write an adjoint
tractor according to (3.1). First, using instead the definition A = T ∧ T , we may
write σ1ω1

ρ1

 ∧
σ2ω2

ρ2

 =

−(σ1ρ2 − σ2ρ1) −(σ1ω2 − σ2ω1) 0
ρ1ω2 − ρ2ω1 ω1 ∧ ω2 σ1ω2 − σ2ω1

0 −(ρ1ω2 − ρ2ω1) σ1ρ2 − σ2ρ1


=:

−a −x 0
z A x
0 −z a

 .

(3.2)

Here, our convention is such that the action of A on T is given by left multiplication
A ⊗ I 7→ A · I. This perspective is most useful for deriving the formula for ∇A ∈
T ∗M ⊗ T (see below) and for relating the vector bundle approach to the tractor
calculus to the principal bundle point of view used to describe parabolic geometry
— here there is an obvious isomorphism between fibers Ap and the Lie algebra
so(n+ 1, 1).

Second, we can instead write adjoint tractors in the “vector” notation

(3.3)

 x
A | a

z

 :=

−a −x 0
z A x
0 −z a

 .

This perspective most naturally encodes the filtration described by (3.1), and as
we will see below, emphasizes the similarity between the standard tractor bundle
and the adjoint tractor bundle for computations.

Third, when we want to save space, we will simply denote A = A(x, (A, a), z)
for the adjoint tractor expressed in (3.3).

Either from the “coordinate” expression (3.3) or from the filtration (3.1), we see
that there is a projection A → TM [0] and an inclusion T ∗M [0] ↪→ A. These can
both be described by the tractor X ∧ Z ∈ T ∗M ⊗A[2], a fact easily checked using
the natural isomorphism T ∗M [0] ∼= TM [2]. Note in particular that, while Z is not
conformally invariant, X ∧ Z is, by virtue of the facts that X ∧X = 0 and Z only
fails to be conformally invariant in the “X” slot.

Since the adjoint tractor bundle is defined in terms of T , we can easily derive a
formula for the connection on A induced by a preferred connection ∇ on T . Indeed,
let I, J ∈ T , fix a scale, and compute

∇y(I ∧ J) = ∇yI ∧ J + I ∧∇yJ =:

 α(y)
Φ(y) | φ(y)

β(y)
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with I = (ρ1, ω1, σ1), J = (ρ2, ω2, σ2). Using (2.6) and (3.2), we see that

α(y) =
(
∇yσ1 − ω1(y)

)
ω2 − σ2

(
∇yω1 + σ1P (y) + ρ1y

)
−
(
∇yσ2 − ω2(y)

)
ω1 + σ1(∇yω2 + σ2P (y) + ρ2y

)
= ∇y(σ1ω2 − σ2ω1)− ıy

(
ω1 ∧ ω2 − (σ1ρ2 − σ2ρ1)g

)
Φ(y) =

(
∇yω1 + σ1P (y) + ρ1y

)
∧ ω2 + ω1 ∧

(
∇yω2 + σ2P (y) + ρ2y

)
= ∇y(ω1 ∧ ω2) + P (y, ·) ∧ (σ1ω2 − σ2ω1) + g(y, ·) ∧ (ρ1ω2 − ρ2ω2)

φ(y) = ρ2
(
∇yσ1 − ω1(y)

)
− σ2

(
∇yρ1 − P (y, ω1)

)
− ρ1

(
∇yσ2 − ω2(y)

)
+ σ1

(
∇yρ2 − P (y, ω2)

)
= ∇y(σ1ρ2 − σ2ρ1)− ıP (y)(σ1ω2 − σ2ω1) + ıx(ρ1ω2 − ρ2ω1)

β(y) =
(
∇yρ1 − P (y, ω1)

)
ω2 − ρ2

(
∇yω1 + σ1P (y) + ρ1y

)
−
(
∇yρ2 − P (y, ω2)

)
ω1 + ρ1(

(
∇yω2 + σ2P (y) + ρ2y

)
= ∇y(ρ1ω2 − ρ2ω1)− ıP (y)

(
ω1 ∧ ω2 − (σ1ρ2 − σ2ρ1)g

)
.

This shows that the connection on A induced by ∇ is given for any choice of scale
by

(3.4) ∇

 x
A | a

z

 =

 ∇x− (A− ag)
∇A+ P ∧ x+ g ∧ z | ∇a− 〈P, x〉+ z

∇z − 〈P,A− ag〉

 ,

where we are implicitly using the inclusion Λ2M ⊂ T ∗M ⊗ T ∗M and are rewriting
the interior product y 7→ ıP (y)ω by y 7→ 〈P (y), ω〉 on forms in order to emphasize
the similarity to (2.6).

4. k-Form Tractors

Our goal now is to discuss the k-form tractors which, like differential forms, play
an important role in the tractor calculus. For our purposes, they are most useful
in describing the tractor curvature in Section 7. They have also been found to be
important in studying conformal Killing forms, as described in the book [2]. We
shall be somewhat brief here, summarizing only the key facts, as the computations
necessary to establish our formulæ are essentially identical to the ones in Section 3.

Definition 4.1. A k-form tractor is a section of the bundle ΛkT .

We have already described 1-form tractors (standard tractors) and 2-form trac-
tors (adjoint tractors). Rather unsurprisingly, we will see that the description of
k-form tractors is nearly identical to the description of adjoint tractors.

First, the bundles ΛkT are all naturally filtered bundles,

(4.1) ΛkT = Λk−1M [k] +
�� (ΛkM [k]⊕ Λk−2M [k − 2]) +

�� Λk−1M [k − 2].

Again, since the failure of Z to be conformally-invariant fails only in the “X” slot,
the projection ΛkT → Λk−1M [k] and the inclusion Λk−1M [k−2] ↪→ ΛkT are given
by the special section

(4.2) X ∧ (∧k−1Z) ∈ Λk−1M ⊗ ΛkT [k] ∼= Λk−1TM ⊗ ΛkT [2− k].
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It will be most convenient to record only the “vector” notation, and write k-form
tractors I in the form

(4.3) I =

 α
Φ | φ

β

 ,

where of course α ∈ Λk−1M [k], Φ ∈ ΛkM [k], φ ∈ Λk−2M [k − 2], and β ∈
Λk−1T ∗M [k − 2].

Second, inductively computing using a preferred tractor connection ∇, one finds
that

(4.4) ∇

 α
Φ | φ

β

 =

 ∇α− (Φ− g ∧ φ)
∇Φ + P ∧ α+ g ∧ β | ∇φ− 〈P, α〉+ β

∇β − 〈P,Φ− g ∧ φ〉

 .

Thirdly, it will be later be necessary to evaluate the contractions of a k-form
tractor with X, Z, and Y — of course, only the first of these will in general yield
a (k − 1)-form tractor. A straightforward computation shows that the following
formulæ hold.

ıX

 α
Φ | φ

β

 =

 0
α | 0

φ


ıZ(ω)

 α
Φ | φ

β

 =

 −ıωα
ıωΦ | ıωφ
−ıωβ


ıY

 α
Φ | φ

β

 =

 −φ
β | 0

0


This should not be surprising, since the tractors X, Z, and Y are closely related to
the grading of A, and thus should “act” similarly on k-form tractors.

Finally, the metric on k-form tractors induced by the tractor metric can be
written in the vector notation (4.3) by

(4.5)

〈 α1

Φ1 | φ1
β1

 ,

 α1

Φ1 | φ1
β1

〉 = 〈Φ1,Φ2〉−〈φ1, φ2〉+ 〈α1, β2〉+ 〈α2, β1〉.

5. The Hash Action

We will find it convenient to introduce the “hash action,” which is the natural
algebraic action of End(V ) on a vector bundle V , extended as a derivation to the
tensor algebra of V . For convenience, we will only discuss the case when V = T ,
so that we can employ the isomorphism T ∼= T ∗ without introducing additional
unnecessary notation.

Let V be a tractor bundle. Then the hash action ] : End(T )×V → V is given by
extending as a derivation the natural action of End(T ) on T to arbitrary tractor
bundles; e.g. if A ∈ End(T ), I ∈ T , and J∗ ∈ T ∗, then

A] I = A(I),
(
A]J∗

)
(I) = −J

(
A(I)

)
.

In particular, the hash action is tractorial; i.e. it is a pointwise conformal invari-
ant. Moreover, if A is skew-symmetric (i.e. A ∈ A), then A] commutes with the
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isomorphism T ∼= T ∗, and hence preserves the SO(T )-decomposition of V; e.g. if
T ∈ S2

0T is tracefree and symmetric, then so too is A]T .

We can also extended the hash action to the iterated hash action ]k : ⊗kEnd(T )×
V → V by requiring

(A1 ⊗ . . .⊗Ak) ]k = A1 ] . . . ] Ak ] .

Like the hash action, the iterated hash action is tractorial and, restricted to ⊗kA,
preserves the SO(T )-decomposition of V.

Convention. For the remainder of this note, we shall reserve the symbols e and
E,F to denote contractions between tensor and tractor indices; that is, whenever a
pair of symbols e, E, or F appears in a product, it is meant to denote a contraction
in the respective components. For example, we might define the Ricci curvature by
Ric = Rm(e, ·, e, ·) or the rough tractor Laplacian by ∆ = ∇E∇E .

We will be most interested in the double hash action ]2 = ]], when restricted
to A � A, the symmetric product of A with itself (see Section 9) — we will be
especially interested in the action of the curvature tractor W on tractor bundles.
To do so, we need to first introduce some additional notation.

Given A ∈ A�A, let trA ∈ T ⊗ T be given by

trA = A(E, ·, E, ·).

Given T ∈ ⊗kT , I ∈ T and 1 ≤ i ≤ k, denote by Ti(I) ∈ ⊗k−1T the contraction of
T with I in the i-th slot of T ; i.e. Ti(I) is uniquely defined by requiring

(5.1) 〈Ti(I), J1 ⊗ . . .⊗ Jk−1〉 = 〈T, J1 ⊗ . . .⊗ Ji−1 ⊗ I ⊗ Ji ⊗ . . .⊗ Jk−1〉

for all J1, . . . , Jk−1 ∈ T . Likewise, for 1 ≤ i, j ≤ k, i 6= j, we denote by Tij(I, J) ∈
⊗k−2T the contraction of T with I in the i-th slot and J in the j-th slot of T .
Then denote by T (I) ∈ ⊗k−1T the sum of all possible contractions,

T (I) =

k∑
i=1

Ti(I).

Then, by regarding A(I, ·) ∈ T ⊗ A by contracting in the first component, denote
the inner product 〈A, T 〉 ∈ ⊗kT by

〈A, T 〉 = A(E, ·) ] T (E).

More precisely,

〈
〈A, T 〉, J1 ⊗ . . .⊗ Jk

〉
=

k∑
i=1

〈A(E, Ji) ] Ti(E), J1 ⊗ . . .⊗ Ĵi ⊗ . . .⊗ Jk〉

=

k∑
i,j=1

A
(
E, Ji, 〈Tij(E, ·), J1 ⊗ . . .⊗ Ĵi ⊗ . . .⊗ Ĵj ⊗ . . .⊗ Jk〉, Jj

)
.

Finally, observe that with the assumption that A is symmetric, it holds for all
S ∈ T ⊗ T that

〈A,S〉(J1, J2) := A
(
E, J1, S(E, ·), J2

)
+A
(
E, J2, S(·, E), J1

)
= 2A

(
E, J1, S(E, ·), J2

)
.
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In particular, we may more usefully write
(5.2)〈
〈A, T 〉, J1⊗. . .⊗Jk

〉
= 2

∑
i<j

A
(
E, Ji, 〈Tij(E, ·), J1⊗. . .⊗Ĵi⊗. . .⊗Ĵj⊗. . .⊗Jk〉, Jj

)
With this notatation, we can easily rewrite the action of A � A on ⊗kT as

follows.

Proposition 5.1. Let A ∈ A�A and T ∈ ⊗kT . It holds that

(5.3) A]] T = trA]T + 〈A, T 〉.
In particular, if trA = 0,

(5.4) A]] T = 〈A, T 〉.

Remark 5.2. By Proposition 5.1, we see that the Lichnerowicz Laplacian on (0, 2)-
tensors (cf. [3, 1.143])

∆Lh = ∆h− h ◦ Ric−Ric ◦h+ 2 Rm(e, ·, h(e), ·)
can be rewritten

∆L = ∆ + Rm ]] .

Proof. Since everything is linear and the double hash action acts as a derivation,
it suffices to check this for A = α ⊗ α and T = I1 ⊗ I2 ⊗ I3 ∈ ⊗3T . Regarding
α ∈ End(T ) and α2 = α ◦ α, a straightforward computation from the definition of
the double hash action yields

A]] T = α2(I1)⊗ I2 ⊗ I3 + I1 ⊗ α2(I2)⊗ I3 + I1 ⊗ I2 ⊗ α2(I3)

+ 2α(I1)⊗ α(I2)⊗ I3 + 2α(I1)⊗ I2 ⊗ α(I3) + 2I1 ⊗ α(I2)⊗ α(I3).

On the other hand, it is straightforward to check that for I ∈ T , (trA)(I) = −α2(I)
and

1

2
〈A, T 〉 = α(I1)⊗ α(I2)⊗ I3 + α(I1)⊗ I2 ⊗ α(I3) + I1 ⊗ α(I2)⊗ α(I3). �

6. Tractor-D Operator

One of the most important operators in the tractor calculus is the tractor-D
operator, originally discovered by Tracey Thomas [16].

Definition 6.1. Let V[w]→ (Mn, c) be a tractor bundle. The tractor-D operator
D : V[w]→ T ⊗ V[w − 1] is the operator

I 7→

w(n+ 2w − 2)I
(n+ 2w − 2)∇I
−(∆I + wJ I)

 ,

where J = trP .

There are three features of this operator that we wish to emphasize. First, this
operator is a second order operator, and admits as a special case the first splitting
operator in the BGG sequence for the standard tractor bundle [7]. Moreover, in
the case w = −n−22 , the bottom slot is conformally invariant, giving a “strongly
invariant” version of the conformal Laplacian on arbitrary tractor bundles. Indeed,
since the tractor-D operator can be iterated, it is possible to use this idea to generate
all of the GJMS operators; see [13].
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Second, since D is a first-order operator modulo the bottom slot, and especially
since it is “only” the tractor connection when w = 0, there are many ways in which
D still “acts like” a connection; indeed, it is for this reason T.Y. Thomas originally
wrote down this operator [16]. One way to see this analogy is given in Section 7,
where we compute the commutator of two tractor-D operators.

Third, for generic values of w (i.e. w 6∈ {0,−n−22 }), the projecting part of DI
is simply a multiple of I. Put another way, the uppermost slot of the tractor-D
operator acts algebraically, while the latter two act differentially. This means that it
is sometimes possible to use D as an algebraic operator, as opposed to a differential
operator. As a first example of this, consider the composition

V[w]
X⊗−−→ T ⊗ V[w + 1]

D−→ T ⊗ T ⊗ V[w]
tr−→ V[w],

where tr is the natural pairing on T ⊗T ∼= T ⊗T ∗ defined using the tractor metric.
We first compute that for I ∈ V[w],

D(X ⊗ I) =

 (w + 1)(n+ 2w)X ⊗ I
(n+ 2w)(X ⊗∇I +∇X ⊗ I)
−(∆(X ⊗ I) + (w + 1)J I)

 .

However, to compute the trace, we only need to consider the terms on the “diago-
nal;” that is, terms of the form X⊗ . . . , Z⊗ . . . , and Y ⊗ . . . in the top, middle, and
bottom slots, respectively. In particular, since∇X = Z and∇2X = −Y ⊗g−X⊗P ,
we see that

D(X ⊗ I) =

(w + 1)(n+ 2w)X ⊗ I
(n+ 2w)∇X ⊗ I

nY ⊗ I

+ off-diagonal terms.

Taking the trace, it then follows that

tr
(
D(X ⊗ I)

)
= (n+ w)(n+ 2w + 2)I.

This computation is useful for performing explicit computations involving multi-
ple iterates of the tractor-D operator. Moreover, as we shall see in the next section,
it is useful in that suggests a means to construct a map Λ2T ∗M → Λ2T which, for
dimM sufficiently large, is injective.

7. Curvature

An important object associated to any connection on a vector bundle is its cur-
vature. On a the standard tractor bundle T with preferred connection ∇, the cur-
vature R = −d∇ ◦d∇ ∈ Λ2M ⊗A is clearly conformally invariant — this is because
the exterior derivative, and thus its “twisted” version d∇, is conformally invariant,
as opposed to the Levi-Civita connection on one-forms. This observation, together
with the observation that (2.6) also yields a (scale-dependent) expression for the
connection on T ∗M ⊗ T induced by the Levi-Civita and the tractor connection,
allows one to compute that

(7.1) R =

 0 0 0
−dP W 0

0 dP 0

 ,

where W = Rm−P ∧g and Rm = −d∇ ◦d∇ is the usual Riemann curvature tensor.
In particular, we see that W is conformally invariant whenever it is non-vanishing,
in which case dP is conformally invariant — in the case of the normal tractor
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connection, W is just the Weyl curvature, and dP the Cotton-York tensor, which
recovers the well-known facts of their conformal invariance in dimensions ≥ 4 and
3, respectively.

Remark 7.1. As a point of caution, our sign convention for the curvature is the
negative of what is frequently found in the literature (e.g. [1, 13]). We have adopted
this convention because it is more natural from the form-based perspective we are
employing; that is, we will always denote the curvature of a tractor I by R(I),
and our notation is such that this is consistent with the definition of the action
R · I = R(I) = ıIR.

Remark 7.2. Like the Riemann curvature tensor, the tractor curvatureR extends as
a derivation to arbitrary tractor bundles V; that is, if s ∈ V, then −(d∇)2s = R ] s,
where the hash action is that of A on V.

For studying only the standard tractor bundle, it is enough to understand R.
However, when studying other tractor curvatures, it becomes necessary to have a
purely tractor-valued “curvature tractor.” Ideally, this will be a section ofA⊗A[−2]
which has the usual curvature symmetries and for which the component Λ2M ⊗A
is given by the tractor curvature R — either this requirement, or the requirement
that the curvature tractor scale like the usual Weyl curvature in Λ2M ⊗Λ2M [−2],
can be taken as the reason for the chosen weight.

To this end, observe that by (4.1), we may realize the curvature as a section
Ω ∈ Λ3T ⊗ A[−1] by

(7.2) Ω = X ∧R,

with the (scale-dependent) inclusion Λ2TM ↪→ A[2] suppressed in the notation R.
As in Section 6, we can then consider the tractor

W =
1

n− 2
trDΩ ∈ A⊗A[−2],

where the trace is defined in the obvious way. As we will see in Section 8, the
factor 1

n−2 is simply a normalization that will make the formula for [D,D] take a
particularly nice form with respect to W .

We would like to have an explicit formula for the tractor W in terms of R, which
we can easily derive using the formulæ from Section 4 and Section 6. More precisely,
by definition of the trace operator, we have that

(n− 2)W = 〈DXΩ, Y 〉+ 〈DY Ω, X〉+

n∑
i=1

〈DZ(ei)Ω, Z(ei)〉,

where DIΩ := 〈DΩ, I〉 ∈ Λ3T ⊗ A[−2] for I ∈ T (i.e. the contraction takes place
in the extra T factor introduced by the tractor-D operator) and {ei} is any (local)
orthonormal frame of the tangent bundle with respect to some choice of scale.
Hence, by definition of the tractor-D operator, we have that

(7.3) (n− 2)W = −(n− 4)ıY Ω− ıX (∆Ω− JΩ) + (n− 4)

n∑
i=1

ıZ(ei)

(
∇eiΩ

)
.



12 JEFFREY S. CASE

Now, by (7.2) and repeated applications of (4.4), we have that

Ω =

 0
0 | 0
R


∇yΩ =

 0
y ∧R | ıyR

∇yR


∇x∇yΩ =

 −〈x, y〉R+ y ∧ ıxR+ x ∧ ıyR
∗ | ∇x

(
R(y, ·)

)
+∇y

(
R(x, ·)

)
∗

 ,

(7.4)

where one must take care to remember that the connection on the right hand side is
the connection on Λ2M ⊗A induced by the Levi-Civita connection and the tractor
connection, and the terms ∗ are left uncomputed because they are unnecessary in
evaluating ıX∆Ω. Taking the trace (in x and y) of ∇2Ω, we see that

(7.5) ∆Ω =

−(n− 4)R
∗ | 2δR

∗

 .

Remark 7.3. The factor 4 coming from the trace of the map (x, y) 7→ x∧ıyR+y∧ıxR
is due to the fact that our conventions are such that α ∧ β := α⊗ β − β ⊗ α.

Combining (7.3), (7.4), and (7.5), we then see that

(7.6) W =

 0
(n− 4)R | 0

−δR

 .

Remark 7.4. In Section 8 and Section 9, W will act as a “curvature” on tractors
s ∈ V. Like R, this action will be via the hash action W ]s, where the hash action
is taken in the second A factor.

So long as n 6= 4, the primary part of this is simply the curvature of the tractor
connection. Moreover, using (4.4) and the identity δW = (n − 3)dP , it is easy to
compute that

(7.7) δR =

 0
(n− 4)dP | 0

−B

 ,

where

(7.8) B = δdP + 〈W,P 〉 = δdP +W
(
e, ·, P (e), ·

)
is the Bach tensor. In particular, this gives a new (and rather roundabout) proof
of the conformal invariance of the Bach tensor in dimension n = 4 (cf. [12]).

8. Commutator of the Tractor-D operator

We now turn to computing the commutator of the tractor-D operator. As
we will see, the curvature tractor W appears naturally, reflecting somewhat the
“connection-like” properties of D.

To begin, let s ∈ V[w] for V[w] an arbitrary tractor bundle; we will specialize
later. First, we know that [D,D]s ∈ A⊗V[w−2], and it will be convenient to write
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this in the “matrix” notation (3.2). First observe that, using only the definition of
the tractor-D operator,

(8.1) D2s =

 −〈X,�Ds〉 c2∇s ∗
−〈Z(·),�Ds〉 c3〈Z(·),∇Ds〉 c2∇s

∗ c3〈Y,∇Ds〉 −c1(∆s+ wJs)

 ,

where the components marked ∗ will automatically disappear upon skewing (i.e.
computing the commutator), � is the operator � = ∆+(w−1)J , and the constants
c1, c2, c3 are

c1 = (w − 1)(n+ 2w − 4)

c2 = (w − 1)(n+ 2w − 2)(n+ 2w − 4)

c3 = n+ 2w − 4.

In particular, we see immediately that the “top” component of [D,D]s according
to (3.3) vanishes. To see what happens after skewing in the remaining terms, we
need to first compute ∇Ds and ∆Ds. Using (2.6) and (2.7), it follows easily that

∇Ds =

 c2∇s
(n+ 2w − 2)∇2s+ w(n+ 2w − 2)P ⊗ s− (∆s+ wJw)g

−∇
(
∆s+ wJs)− (n+ 2w − 2)P (·,∇s)

(8.2)

∆Ds =


(w − 1)(n+ 2w − 4)∆s− 2w(w − 1)wJs

(n+ 2w − 2)∆∇s− 2∇∆s+ 2(w − 1)(n+ 2w − 2)P (∇s)
+w(n+ 2w − 4)∇J ⊗ s− 2wJ∇s

∗

 ,(8.3)

where again, the term ∗ is unnecessary to our computation. From the standpoint
of computing [D,D]s, there are two things to observe. First, the only term which
remains when skewing the middle component of (8.2) is the curvatureR ] s. Second,
we need to compute the difference ∆∇−∇∆ on tractors, which will also introduce
the tractor curvatureR. More precisely, if y ∈ TpM is extended to a parallel section
in a neighborhood of p, then

(∆∇s)(y) = ∇e∇e∇ys
= ∇e∇y∇es−∇e(R(e, y) ] s)

= ∇y∇e∇es−R(e, y)∇es−∇eR(e, y) ] s−R(e, y) ]∇es
= ∇y∇e∇es− 2R(e, y) ]∇es+∇R(e,y)es−∇eR(e, y) ] s

= ∇y∆s+ Ric(y,∇s)− δR(y) ] s− 2R(e, y) ]∇es,

(8.4)

which is of course the well-known Bochner formula relating the Laplacian on V and
the Laplacian on T ∗M ⊗ V.

Recalling that Ric = (n− 2)P + Jg, we are now able to compute the remaining
terms in (8.1) in a way which makes computing the commutator simple.

〈Y,∇Ds〉 = −∇∆s− (n+ 2w − 2)P (∇s)− wJ∇s− w∇J ⊗ s
〈X,�Ds〉 = (w − 1)(n+ 2w − 4)

(
∆s+ wJs

)
〈Z(·),�Ds〉 = (n+ 2w − 4)∇∆s+ (n+ 2w − 2)(n+ 2w − 4)P (∇s)

+ w(n+ 2w − 4)∇J ⊗ s+ w(n+ 2w − 4)J∇s− (n+ 2w − 2)δR ] s
− 2(n+ 2w − 2)R(e, ·) ]∇es.
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In particular, we see that
(8.5)

[D,D]s = (n+ 2w − 2)

 0 0 0
δR ] s+R(e, ·) ]∇es −(n+ 2w − 4)R ] s 0

0 −δR ] s− 2R(e, ·) ]∇es 0

 .

Note that we can rewrite (8.5) as

[D,D]s = −(n+ 2w − 2)

W ]s+ 2w

 0
R ] s | 0

0

− 2

 0
0 | 0
R(e, ·) ]∇es

 ,

which is formulation typically found in the literature (e.g. [12, 13]); in this expres-
sion, recall from Remark 7.4 that the hash action of A⊗A on V is via the action
of the second A factor only. In particular,

[D,D]s = 0.

Note, however, that this is only true for the tractor-D operator associated to the
normal tractor connection (cf. [10]).

9. The “Form Tractor-D” Operator

While the tractor-D operator is canonically defined on densities, this is not the
case for other tractor bundles. Indeed, by redefining the tractor-D operator, we
will be able to realize (8.5) as an algebraic expression involving only the curvature
tractor W , thereby making clear the intuition of W as the curvature of D. Note,
however, that this requires the assumption n 6= 4. This is as expected, as we are
effectively transcribing the defining equation for the curvature of the ambient metric
into tractor form, which only works when n 6= 4 (cf. [5]).

Remark 9.1. The fact that we can only accomplish the goal of this section in
the case n = 4 is closely related to the fact that the projecting part of W in
dimension four is precisely the Bach tensor, or equivalently, the Fefferman-Graham
obstruction tensor. Indeed, there is an operator ∆/ with leading symbol ∆ such that
in even dimension n = 2m, the Fefferman-Graham obstruction tensor is precisely
the projecting part of ∆/

m−2
W ; see [14] for details.

9.1. A new expression for (8.5). Our first goal is to write (8.5) using only D
and W . To that end, define

(9.1) 〈W,Ds〉 = W (E, ·,DEs, ·) := W (E, ·) ]DEs.

This choice is made because of the observation that the part of the expression (8.5)
which is not immediately expressable in terms of D and W contains a term which
resembles the double hash action of R on T ∗M ⊗ T (cf. (5.4)). To evaluate (9.1),
observe that W (X) = 0 and

W (Y, ·) ]DXs = w(n+ 2w − 2)

 0
−δR ] s

0


W (Z(e), ·) ]DZ(e)s, ·) = (n+ 2w − 2)

 0
(n− 4)R(e, ·) ]∇es

δR(e) ]∇es

 .
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In particular,

(9.2) X ∧ 〈W,Ds〉 = (n+ 2w − 2)

 0
0 | 0

(n− 4)R(e, ·) ]∇es− wδR ] s

 .

Solving for R(e, ·) ]∇es, it then follows that if n 6= 4, then

(9.3) −(n− 4)[D,D]s = (n+ 2w − 2)(n+ 2w − 4)W ]s− 2X ∧ 〈W,Ds〉.

That is, we see that the expression for the “curvature” of D involves a first order
term — this is true both in that the right hand side of (9.3) involves only one D
and in that W (X) = 0 implies that the second order part of Ds has no contribution
to (9.3).

9.2. The form tractor-D operator. Our next goal is to find a new operator
D/: V[w] → T ⊗ V[w − 1] for which [D/,D/] is purely algebraic. Indeed, we want to
define this operator by only modifying D in the bottom slot, so that the projecting
part of D/: V[0] → T ⊗W[−1] is still the tractor connection. As we will show, this
can be done by defining (cf. [11])

(9.4) D/ = D− 1

n− 4
X ⊗W ]] .

Since trW = 0, we can in particular use (5.4) to evaluate W ]].
In order to show that (9.4) gives the correct modification of the tractor-D oper-

ator, let us define

(9.5) Dα = D− αX ⊗W ]]

and consider its commutator; in particular, we will show that D/ is the only operator
of the form (9.5) with an algebraic commutator (cf. [14]).

To begin, first observe that, since W (X) = 0,

(9.6) D2
α = D2 − αX ⊗W ]]D− αD(X ⊗W ]]) + α2X ⊗X ⊗W ]]W ]] .

In particular, the last summand disappears upon skewing. However, before skewing,
we need to find more useful expressions for the middle two summands.

First observe that by (5.2) and (5.4), it holds that

(9.7) W ]]Ds = 2〈W,Ds〉+W ]](Ds)1,

where (Ds)1 ∈ V[w − 1] denotes the second factor in the decomposition Ds ∈
T ⊗ V[w − 1] (recall (5.1)). Moreover, it is easy to see that for W := W ]](Ds)1,

(9.8) W = w(n+ 2w − 2)Y ⊗W ]] s+ (n+ 2w − 2)Z(e)⊗W ]]∇es+X ⊗Ψ,

and that the final term X⊗Ψ is irrelevant, as it disappears upon considering X∧W.
Second, recalling that W ∈ A⊗A[−2], we compute that

D(X ⊗W]]s) =

 (w − 1)(n+ 2w − 4)X ⊗W ]] s
(n+ 2w − 4)X ⊗∇(W ]] s) + . . .

−
(
∆X ⊗W ]] s+ 2∇Z(·)(W ]] s) + . . .

)
 ,

where the terms marks by the ellipsis are irrelevant, as they disappear upon skewing
in the first two tractor powers. For the same reason, there is no loss in replacing
∆X with −nY . With this in mind, it is easy to see that

D̂(X ⊗W ]] s) = −X ∧W + (n+ 2w − 2)X ∧
(
2Y ⊗W ]] s− (∇Z(·)W ) ]] s

)
.
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In particular, using (9.3), (9.6), (9.7), and (9.8), this implies that

−[Dα,Dα]s = (n+ 2w − 2)(n+ 2w − 4)W ]s− 2(1− (n− 4)α)X ∧ 〈W,Ds〉
− (n+ 2w − 2)αX ∧

(
2Y ⊗W ]] s+∇Z(·)W ]] s

)
.

(9.9)

In particular, setting α = 1
n−4 yields an expression which depends algebraically on

s.
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