
Programming Assignment 1

Explanation of Results
The explanation of the behavior of the interpolating polynomial on equally
spaced point can be found in Isaacson and Keller (1966 pp. 275-279). In
brief, for an arbitrary function f(x), the interpolating polynomial using
equally spaced points, pn(x), does not necessarily converge uniformly to
f(x). For this special function we have

lim
n→∞

max
x∈[−1,1]

|f(x)− pn(x)| =∞

This is due in part to the behavior of the higher derivatives of the function
and in part due to the polynomials ψn(x) =

∏n
j=0(x− xj) near the ends of

the interval. Consider the error bound for Lagrange interpolation:

ε(x) = f(x)− pn(x) = ψn(x)
fn+1(ξ)

(n+ 1)!

for some ξ ∈ [−1, 1]. If the theory is to be believed, then some terms in this
bound must be growing. It is easy to show that the terms

max
x∈[−1,1]

|ψn(x)|

becomes quite small as n gets large.The nodes appear in ± pairs. Assume
that n is odd and consider pairing the roots so that the product looks like

(n−1)/2∏
i=0

(x− xi)(x+ xi) =
(n−1)/2∏

i=0

(x2 − x2
i )

Each of these quadratic terms is less than one throughout the entire
interval [−1, 1].
Thus,

max
x∈[−1,1]

fn+1(ξ)

(n+ 1)!

must be growing. Although it involves a messy calculation this can be
established. However, the derivative term appears in all three error bounds.
It alone cannot provide an explanation of the relative behavior of the three
interpolation processes.
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In this example, the ψn(x) based on the Chebyshev points is the monic
polynomial of degree n+ 1 that has the smallest max norm:

‖ψn‖∞ = max
x∈[−1,1]

|ψn(x)|.

In particular it is much smaller near the ends of the interval than is ψn(x)
based on equally spaced points. For example, for n+ 1 = 30 we find

‖ψn‖∞ = 1.123110−05 for even distribution

‖ψn‖∞ = 1.862610−09 for Chebyshev distribution

Hermite interpolation on equally spaced points suffers the same fate as
Lagrange interpolation on equally spaced points but is not as seriously
affected. The error bound for Hermite interpolation is

ε(x) = f(x)− h2m−1(x) = ψm(x)2f
2m(ξ)

(2m)!

for some ξ ∈ [−1, 1]. In this problem we chose m so that 2m was
approximately equal to n+ 1. Thus, Hermite interpolation has the same
derivative term. However, this bound involves ψm(x)2 for equally spaced
nodes rather than ψn(x). For example, for m = 15 we find

‖ψn‖2∞ = 3.7148e10−06 for even distribution

which is smaller than the value for even distribution for the Lagrange form
above.
Another explanation of why the interpolating polynomial using Chebyshev
points does so well, even on this diffcult function. Briefly, interpolation at
the Chebyshev points yields a polynomial nearly equal to the Chebyshev
least-squares best polynomial, which is, in turn, nearly equal to the minmax
polynomial. We will learn more about this in the section on approximation.
It is interesting to note that for large degree polynomials, the evaluation
process itself becomes polluted with round-off error that is larger near the
right end of the interval than near the left end. This is because the points
were ordered starting at the left end. The propagation of round-off is
explained in the text. There, the differences are discussed, rather than the
divided differences. However, the same analysis will apply. In double
precision this effect is minimal.
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