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Abstract. For strictly hyperbolic systems of conservation laws in one space dimension, the Cauchy
problem is well posed, within a class of functions having small total variation. However, when
solutions with shocks are computed by means of a finite di!erence scheme, the total variation can
become arbitrarily large. As a consequence, convergence of numerical schemes cannot be proved
by establishing a priori BV bounds or uniform L1 stability estimates. In this paper we discuss this
instability, due to possible resonances between the speed of the shock and the mesh of the grid.
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1 - Introduction

A system of conservation laws in one space dimension takes the form

ut + f(u)x = 0 . (1.1)

The components of the vector u = (u1, . . . , un) ! IRn are the conserved quantities, while the
components of the function f = (f1, . . . , fn) : IRn "# IRn are the corresponding fluxes. For smooth
solutions, (1.1) is equivalent to the quasi-linear system

ut + A(u)ux = 0 , (1.2)
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where A(u) .= Df(u) is the n$n Jacobian matrix of the flux function f . We recall that the system is
strictly hyperbolic if this Jacobian matrix A(u) has n real distinct eigenvalues, !1(u) < · · · < !n(u)
for every u ! IRn. In this case, A(u) admits a basis of eigenvectors r1(u), . . . , rn(u). In the strictly
hyperbolic case, the Cauchy problem for (1.1) is well posed, within a class of functions having
small total variation [7, 9]. We remark that, in general, even for smooth initial data the solution
can develop shocks in finite time. The equation (1.1) must then be interpreted in distributional
sense, namely ! ! "

u"t + f(u)"x

#
dxdt = 0

for every test function " ! C1
c , continuously di!erentiable with compact support. In case of discon-

tinuous solutions, uniqueness is obtained by imposing additional entropy admissibility conditions
along shocks [16, 19]. As proved in [7], the Liu conditions characterize the unique solutions obtained
as limits of vanishing viscosity approximations.

In addition to the celebrated Glimm scheme [13], various other approximation methods have
been introduced and studied in more recent literature, namely: front tracking [1, 2, 8, 9, 11, 14],
vanishing viscosity [7], relaxation approximations [15, 22], and semi-discrete schemes [5]. Given an
initial data

u(0, x) = ū(x) (1.3)

with small BV norm, in all of the above cases the approximate solutions retain small total variation
for all times t > 0 and depend Lipschitz continuously on the initial data, in the L1 distance.
Moreover, the approximations converge to the unique entropy weak solution of the hyperbolic
system (1.1). This was indeed proved in [7] for vanishing viscosity, then in [5] for the semidiscrete
upwind scheme and very recently in [6] for Jin-Xin relaxation approximations.

For computational purposes, the most important type of approximations are the fully discrete
numerical schemes, see [17]. In this case, one starts by constructing a grid in the t-x plane with
mesh "t,"x. An approximate solution Uk,j % u(k"t , j"x) is then obtained by replacing partial
derivatives in (1.1) with finite di!erences. For example, if for all u the eigenvalues of the Jacobian
matrix Df(u) satisfy $$!i(u)

$$ < "x/"t i = 1, . . . , n ,

then one can use the Lax-Friedrichs scheme

Uk+1,j = Uk,j +
"t

2"x

"
f(Uk,j"1) & f(Uk,j+1)

#
. (1.4)

In the case where
0 < !i(u) < "x/"t i = 1, . . . , n ,

one can also use the upwind Godunov scheme

Uk+1,j = Uk,j +
"t

"x

"
f(Uk,j"1) & f(Uk,j+1)

#
. (1.5)

As for all previous methods, it is natural to expect that, if the initial data have small total
variation, then the approximations constructed by finite di!erence schemes will have uniformly
small variation, for all positive times. Surprisingly, this is not true. Indeed, the analysis in [3, 4],
has brought to light a subtle mechanism for the instability of fully discrete schemes, due to possible
resonances between the speed of a shock and the ratio "x/"t in the mesh of the grid. As shown
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by the counterexample in [4], these resonances can prevent the validity of a priori BV bounds and
the L1 stability, for these approximate solutions.

We remark that all previous results about BV stability for viscous, semidiscrete, and relaxation
approximations, relied on the local decomposition of a solution as a superposition of travelling wave
profiles. To implement this approach, it is essential to work with a center manifold of travelling
profiles smoothly depending on parameters. In case of the di!erence schemes (1.4) or (1.5), a
travelling profile with speed # is a continuous function U = U($) such that the assignment

Uk,j = U(j"x & # k"t)

provides a solution to the equation (1.4) or (1.5), respectively. The existence of discrete travelling
profiles was proved by Majda and Ralston [21] in the case of rational wave speeds, and by Liu
and Yu [20] in the case of irrational, diofantine speeds. However, as remarked by Serre [23], these
discrete profiles cannot depend continuously on the wave speed #. In particular, for general n $ n
hyperbolic systems, no regular manifold of discrete travelling profiles exists. A detailed example,
showing how continuous dependence fails for Lax-Friedrichs wave profiles, was constructed in [3].
Of course, this already implies that the techniques used in [7] for proving uniform BV bounds cannot
be applied to fully discrete approximations. To further settle the issue, the recent counterexample
in [4] shows that these a priori BV bounds simply cannot hold.

In the present paper we review the main ideas in [3] and [4]. Section 2 contains a formal
analysis, explaining how the discrete travelling wave profile for the Godunov scheme can fail to
depend continuously on parameters, as the wave speed approaches a given rational number.

In Section 3 we outline the construction of a Godunov solution, for a strictly hyperbolic 2$ 2
system, where the total variation is amplified by an arbitrarily large factor.

2 - Instability of discrete travelling wave profiles

Here and in the next section, we study a 2 $ 2 system of the form
%
&

'

ut + f(u)x = 0

vt +
1
2
vx + g(u)x = 0 .

(2.1)

We assume that f #(u) ! ]1/2 , 1[ , so that the system is strictly hyperbolic, with both characteristic
speeds contained inside the interval [0, 1]. To fix the ideas, let "t = "x = 1. The Godunov
(upwind) approximations then take the form

uk+1,j = uk,j +
"
f(uk,j"1) & f(uk,j)

#
, (2.2)

vk+1,j =
vk,j"1 + vk,j

2
+ gk,j , (2.3)

where
gk,j = g(uk,j"1) & g(uk,j) .

Notice that the u-component of the solution satisfies a scalar di!erence equation. Moreover, the
v-component satisfies a linear di!erence equation with source terms gk,j derived from the first
equation. The solution of (2.3) can be explicitly computed in terms of binomial coe#cients:

vm,i =
(

0$k<m, i"(m"k)$j$i

B(m & k, i & j) gk,j (2.4)
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where
B(m, %) =

m!
%! (m & %)!

· 2"m . (2.5)

Assume that the u-component is a travelling shock profile connecting the states u", u+, with
speed # ! ]0, 1[ . In other words, uk,j = U(k & # j), with

lim
!%±&

U($) = u±, # =
f(u+) & f(u")

u+ & u" > 0 .

We are interested in the oscillations of the v-component of the discretized solution, at (2.3). In the
following, we will choose a function g such that g#(u) = 0 for all u outside a small neighborhood
of (u+ + u")/2. More precisely:

g(u) =
)

1 if u < (u+ + u" & &)/2 ,
0 if u > (u+ + u" + &)/2 . (2.6)

As a consequence, all the source terms gk,j vanish, except within a thin strip around the line*
U(x & #t) = (u+ + u")/2

+
.

To achieve a better understanding of the solution of (2.4), two approximations can be per-
formed:

(i) The binomial coe#cients in (2.5) can be replaced by a Gauss kernel.

(ii) Choosing & > 0 small, we can assume that the source term gk,j is nonzero only at the integer
points (k, j) immediately to the left of the line x = #t. More precisely,

gn,j =
, 1 if j = [[#n]] ,

0 otherwise.
(2.7)

Here [[s]] denotes the largest integer ' s. After a linear rescaling of variables, in place of (2.3)
we are led to study the heat equation with point sources

vt & vxx = 'n,[["n]] . (2.8)

In turn, the above equation can be compared with

vt & vxx = 'n,"n , (2.9)

vt & vxx = 't,"t , (2.10)

see fig. 1. Notice the di!erence between these three equations: In (2.10) the source term acts
continuously in time, along the straight line x = #t. In (2.9), at every integer time t = n the
source consists of a unit mass at the point (n,#n) (the white dots in fig. 1). On the other hand,
in (2.8) these sources are located at the points with integer coordinates

-
n , [[#n]]

.
, immediately

to the left of the line x = #t (the black dots in fig. 1).
The travelling wave solution of (2.10) contains no downstream oscillations. Indeed, v(t, x) =

"(x & #t), where

"(y) =
! &

0
G(t, y + #t) dt =

)
e""y/# if y ( 0 .
1/# if y < 0 .

Here G(t, x) = e"x2/4t/
)

4(t is the standard Gauss kernel.
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Figure 1: The heat equation with various singular sources.

Concerning the solution of (2.9), by repeated integration by parts one can show that down-
stream oscillations are rapidly decreasing. Namely, for every k ( 1 one has

$$vx(t,#t & y)
$$ = O(1) · y"k as y # * . (2.11)

Thanks to (2.11), the analysis of downstream oscillations in the solution of (2.8) can be based
on a comparison with (2.9). This will show that, if the speed of the source is close to a rational
but not exactly rational, then resonances will occur. For example, assume that # = 1 + &, with
0 < &<< 1. Consider a travelling wave solution, so that v(t, x) = $"(x&#t) for every integer time
t and every x ! IR. In this case, we have the explicit representation

v(t, x) =
(

"&<n<t

G
-
t & n, x & [[#n]]

.
.

For y << 0, calling $"(y) the value of the solution profile at a distance |y| downstream from the
shock, we find

$"(y) .=
(

"&<n<0

G
-
& n, y & [[#n]]

.

=
(

"&<n<0

G
-
& n, y & #n

.
&

(

"&<n<0

/
G

-
& n, y & #n

.
& G(&n, y & [[#n]]

.0

% 1
#
&

(

"&<n<0

Gx(&n, y & #n
.-
#n & [[#n]]

.

% 1
#

+
! &

0
Gx(t, y + #t)

-
&t & [[&t]]

.
dt .

(2.12)
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Figure 2: Amplitude of oscillations generated by almost periodic sources.

The amplitude of the two factors in the integral on the right hand side of (2.12) is illustrated in
fig. 2.

Clearly, the function t "# &t & [[&t]] takes values in [0, 1] and has period &"1. We observe that
! &

0
Gx(t, y + #t) dt = 0 ,

! &

0

$$Gx(t, y + #t)
$$ dt = O(1) · |y|"1/2.

A direct analysis of the last integral in (2.12) shows that nontrivial oscillations occur when |y|
has the same order of magnitude as &"2. More precisely, call y#

.= &&"2, t# = &"2/#, so that
Gx(t#, y# + #t#) = 0. As y ranges over the interval I#

.= [y#/2 , 3y#/2], the function y "# $1+#(y)
oscillates several times. The amplitude of each oscillation is ( c0 &, and the distance between a
peak and the next one is % &"1. On the whole interval I# we thus have % &"1 oscillations. The
total variation of $1+# on the interval I# remains uniformly positive, as & # 0. Since y# # &*
as & # 0+, the above analysis shows that the family of profiles $1+# cannot converge in the BV
norm, as & # 0. In particular, discrete travelling profiles cannot depend smoothly on the wave
speed.

3 - Lack of BV bounds for Godunov solutions

In this section, we consider the 2 $ 2 system

ut +
"
ln(1 + eu)

#
x

= 0, (3.1)

vt +
1
2
vx + g(u)x = 0. (3.2)

We choose a right state u+ and a left state u", with u" > u+ > 0, in such a way that the
corresponding shock for the scalar conservation law (3.1) travels with rational speed. For sake of
definiteness, we choose

#0 =
ln(1 + eu!

) & ln(1 + eu+
)

u" & u+
=

5
6

. (3.3)
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In the equation (3.2), we consider a smooth function g, with g#(u) = 0 everywhere except on a
small subinterval of [u+, u"]. More precisely, for some 0 < '0 << u" & u+, we assume that

g(u) =
)

1 if u ' (u+ + u" & '0)/2 ,
0 if u ( (u+ + u" + '0)/2 . (3.4)

On a large time interval [0, T ], we now consider a solution of (3.1) having a shock located
along a curve ) such that

)(t) =
5
6
t & 2

)
T & t for all t ! [0, T & T 2/3] . (3.5)

Notice that this solution can be obtained by adding a weak compression wave to the left of the
shock. This compression wave impinges on the shock, and slightly increases its speed as time goes
by. The solution corresponds to an initial condition of the form

u(0, x) =
)

u" + "(x) if x < 0 ,
u+ if x > 0 .

(3.6)

Observe that
Tot.Var.{)̇} =

1)
T & T 2/3

& 1)
T

(3.7)

becomes arbitrarily small as T # *. Therefore, choosing T large, we can assume that the C1

norm of the perturbation " is as small as we like.

Next, consider the corresponding approximate solution of (3.1)-(3.2) computed by the Go-
dunov scheme, with step size "t = "x = 1, i.e.

uk+1,j = uk,j + ln
-
1 + euk,j!1

.
& ln

-
1 + euk,j

.
, (3.8)

vk+1,j =
vk,j"1 + vk,j

2
+ gk,j , (3.9)

where
gk,j = g(uk,j"1) & g(uk,j) .

We claim that, when the initial data provide a discrete approximation to (3.6), at the later integer
time m = T the corresponding Godunov solutions satisfy

V (m) .=
(

i

|vm,i & vm,i"1| ( c1 · ln T (3.10)

Letting T # *, we thus obtain a sequence of Godunov solutions where:

(i) The initial data are a vanishingly small perturbation of a discrete shock profile joining u"

with u+.

(ii) At suitably large times, by (3.10) the total variation becomes arbitrarily large.

We outline below the two main steps in the construction.

STEP 1. We first need to construct an explicit solution of the nonlinear di!erence equation (3.8),
which approximates an exact solution of (3.1) having a shock along ). Thanks to the special choice
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of the flux function in (3.1), we can use a nonlinear transformation due to P. Lax [], analogous
to the Hopf-Cole transformation. Namely, if the positive numbers zn,j provide a solution to the
linear di!erence equation

zn+1,j =
zn,j + zn,j"1

2
, (3.11)

then a solution of (3.8) is provided by

un,j = ln
1

zn,j"1

zn,j

2
. (3.12)

Explicit solutions of (3.11) in the form of discrete travelling profiles are easy to obtain. In
particular, if

z(t, x) = e"b [x""(b) t] , #(b) .=
ln(1 + eb) & ln 2

b
,

then zm,j
.= z(m, j) provide a solution to (3.11). Since (3.11) is linear homogeneous, any integral

combination of these travelling profiles will provide yet another solution, say

z(t, x) = 1 +
! T

"&
a($) e"! [x""(!)t] d$ . (3.13)

By a judicious choice of the positive function a(·) in (3.13), we obtain a smooth function

u(t, x) .= ln
1

z(t, x)
z(t, x & 1)

2
(3.14)

which closely approximates the solution of (3.1), (3.6). In particular, using the Laplace asymptotic
method, we can prove that the level curve

*
(t, x) ; u(t, x) = (u+ + u")/2

+

is very close to the shock curve ) at (3.5). By the Lax formula, the numbers um,i
.= u(m, i) now

provide a solution to the finite di!erence equation (3.8).

STEP 2. The analysis of the oscillations produced by the source gm,j in the v-component of the
solution relies on the same ideas outlined in Section 2. In the explicit formula

vm,i =
(

0$k<m, i"(m"k)$j$i

B(m& k, i & j) gk,j (3.15)

two approximations can be performed:

(i) The binomial coe#cients B(m, %) can be replaced with a Gaussian kernel.

(ii) Because of our special choice of the function g, we can assume that gk,j is nonzero only at the
integer points (k, j) immediately to the left of the curve x = )(t). More precisely,

gn,j =
)

1 if j =
""
)(n)

##
,

0 otherwise.
(3.16)
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By the previous analysis, if the sources gk,j are concentrated on the points with integer co-
ordinates to the left of a line x =

"
(5/6) + &

#
(t & T ), for t ! [T & 2&"2 , T & &"2], then at time

m = T solution v will contain a “packet” of downstream oscillations. More precisely, on the interval
I#

.= [&2&"2/3 , &&"2/3] the total variation satisfies the lower bound
(

i'I!

|vm,i & vm,i"1| ( c0 , (3.17)

for some constant c0 > 0 independent of &.
We now observe that, if the sources are located along the curve ) at (3.5) whose speed is not

constant, arbitrarily many of these oscillation packets can be obtained. Indeed, call

&0
.= T 1/3 , &k

.= 4"k&0 .

Notice that the sources occurring within the time interval Jk
.= [T & 2&"2

k , T & &"2
k ] are located

at integer points next to the curve ), and this curve has speed )̇(t) % 5/6 + &k when t ! Jk.
Therefore, at the terminal time m = T , these sources are responsible for a packet of oscillations,
located approximately on the interval I#k

.=
"
& 2&"2

k /3 , &&"2
k /3

#
. Notice that, for T large, we

have
T & 2&"2

k = T & 22k+1T 2/3 > 0

provided that lnT > 3(2k + 1) ln 2. We thus conclude that (3.10) holds with c1 = c0/6(k + 1). All
details of these estimates will appear in [4].

T

T!T 2/3

! !12

2
J

1
J

v(0,  ) v(T,  )..

I

x =       5!6 + !

0I! I

Figure 3a Figure 3b
Packets of oscillations generated by sources at integer points with speed close to rational.
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4 - Concluding remarks

The above analysis was concerned with Godunov solutions to a very specific 2 $ 2 system
of conservation laws. Dealing with the special flux function f(u) = ln(1 + eu) enabled us to use
the explicit Lax formula. However, this is only an expedient to simplify the analysis. We believe
that similar instability results hold for all finite di!erence schemes, in connection with generic
hyperbolic systems. The only cases where uniform BV bounds are known to hold are for systems
where all shock curves are straight lines [10, 18].

Our counterexample points out a basic limitation of analytic theory: there is no hope to
achieve a rigorous proof of convergence of finite di!erence approximations by means of a priori BV
bounds. Other approaches are thus required, such as the compensated compactness method used
in [12].

On the other hand, the present analysis should not have worrisome consequences for the
practical performance of numerical schemes. Indeed, it appears that the initial data yielding large
total amount of oscillations are very rare: they must be carefully constructed, so the the shocks
present in the solution have exactly the appropriate speed that resonates with the grid. For
”generic” initial data, we do not expect such resonances.

It is also worth observing that, in our specific example, the total variation is large but spread
out over many grid points. If a sequence of approximate solutions were constructed, letting the
mesh "t,"x # 0 one would still recover the correct solution in the limit. For general n $ n
hyperbolic systems, however, the convergence to a unique limit of finite di!erence approximations
remains a di#cult open problem.
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