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Abstract. Consider the interaction of two centered rarefaction waves in one-dimensional, compressible gas flow with pressure
function p(ρ) = a2ργ with γ > 1. The classic hodograph approach of Riemann provides linear 2nd order equations for the
time and space variables t, x as functions of the Riemann invariants r, s within the interaction region. It is well known that
t(r, s) can be given explicitly in terms of the hypergeometric function. We present a direct calculation (based on works by
Darboux and Martin) of this formula, and show how the same approach provides an explicit formula for x(r, s) in terms of
Appell functions (two-variable hypergeometric functions). Motivated by the issue of vacuum and total variation estimates
for 1-d Euler flows, we then use the explicit t-solution to monitor the density field and its spatial variation in interactions of
two centered rarefaction waves. It is found that the variation is always non-monotone, and that there is an overall increase
in density variation if and only if γ > 3. We show that infinite duration of the interaction is characterized by approach
toward vacuum in the interaction region, and that this occurs if and only if the Riemann problem defined by the extreme
initial states generates a vacuum. Finally, it is verified that the minimal density in such interactions decays at rate O(1)/t.
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1. Introduction

Constructing global-in-time solutions to the general 1-dimensional Cauchy problem for compressible gas
flow is a fundamental challenge in mathematical fluid dynamics. For initial data of sufficiently small
variation Glimm’s theorem [9] applies and guarantees the existence of global, weak, entropy solutions.

Following Glimm’s original work there has been considerable effort invested in providing extensions to
more general initial data, and in particular to arbitrary BV data. There is currently no such result available
for the full Euler system (i.e. including the energy equation). Even for the case of barotropic flow, where
the pressure depends only on density ρ and the mass and momentum equations form a closed system, we
are far from a complete existence theory. One class of results for isentropic flow (p(ρ) = a2ργ with γ > 1)
is provided via arguments based on compensated compactness, [6,8]. While providing existence for a wide
class of initial data, it also appears highly challenging to infer further properties of these solutions.

In the present work we are motivated by another line of research that was initiated by Nishida’s
observation [14] that the Cauchy problem in the case γ = 1 (isothermal flow) can be solved globally in
time for any non-vacuum initial data in BV . This is a consequence of a particular feature not present
for isentropic flow: for γ = 1 the wave curves, considered in the Riemann-invariant plane, are translation
invariant. In this case it turns out that the spatial variation of the variable log ρ does not increase in
time along approximate solutions generated by the Glimm scheme [12], and this is enough to deduce
convergence toward a weak solution. Several authors provided extensions to the case γ > 1 and also to
the full Euler system, [7,12,15,21]. However, these latter results do not apply to general BV initial data.

A basic insight from these works is the importance of a priori estimates on the density field of the
solution. General BV data can generate vacuums at time t = 0+ (for sufficiently strong Riemann prob-
lems), and it is currently not known how to obtain compactness of approximate Glimm solutions in this
case.

In this connection it is natural to consider how the minimal density changes in all possible pairwise
interactions of elementary waves (shocks and centered rarefactions). Due to the symmetry x ↔ −x,
there are essentially six interactions of this type: three head-on interactions (

⇀
R

↼
R ,

⇀
S

↼
S ,

⇀
S

↼
R ) and three

overtaking interactions (
⇀
S

⇀
S ,

⇀
S

⇀
R,

⇀
R

⇀
S ). A case-by-case analysis verifies that among these, the minimal

density decays strictly in time only for
⇀
R

↼
R -interactions. On the other hand, for general solutions (i.e.,

containing shocks), new centered rarefaction waves may be generated at later times through
⇀
S

⇀
S - and

↼
S

↼
S -interactions. At present it is not clear if there are situations where such new rarefactions can interact

and drive the density to zero in finite time (assuming no vacuum is generated at time t = 0+).
As a first step it is reasonable to ask for estimates bounding the density away from zero when no

vacuum opens up initially. Even such an apparently modest question is challenging, and the answer is
not known at this time. The strongest result in this direction is that of Lin [11] who established that no
vacuum occurs in finite time in “rarefactive” (shock free) isentropic flows (unless present at time 0+). As
pointed out in [11], the standard Glimm scheme is not well adapted to approximate solutions decaying
toward vacuum: it incorporates a rate of interaction of rarefaction waves which might well lead to zero
density in finite time, although the exact solution contains no vacuum in finite time. Instead Lin [11]
devised a scheme based on polygonal approximation of the pressure function. This takes into account
that characteristic speeds are small, and thus rarefactive waves interact at a slow rate, near vacuum. A
careful analysis established an O(1)/t-decay of density in rarefactive solutions.

We remark that Lin’s scheme is still based on piecewise constant approximations, and no further
information about the internal structure of rarefactive interactions was needed in [11]. While it is not
clear that such detailed information is required for further progress on general BV solutions, it is natural
to inquire about finer properties (monotonicity properties, variation, exact decay rates) of the density
field when rarefaction waves interact. This provides a motivation for the present work: before attacking
the issues of lower density bounds and variation in general isentropic flow, we consider the (much) more
modest question of how exactly centered rarefaction waves penetrate each other. Specifically, we want
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to know precisely how the density field, and in particular its minimal value and its spatial variation,
develops during an interaction of two centered rarefaction waves emanating at time zero.

Our approach is based on the classic work by Riemann [18]: a hodograph transformation yields linear
equations for the space and time variables (x, t) as functions of the Riemann invariants (r, s) within the
penetration region. We derive these in Sect. 2, together with the appropriate boundary conditions for

⇀
R

↼
R -

interactions. We note that it is advantageous to employ a Lagrangian rather than a Eulerian description.
In Sects. 3 and 4 we provide explicit expressions for the corresponding solutions of the t-equation and
x-equation, respectively. The first of these is well-known in the literature, while the second appears to
be new. We discuss the particularities of the boundary value problem for the t-equation, and show—in
contrast to most treatments—how both equations can be solved in a natural manner by a method due to
Martin [13]. The explicit formulae involve hypergeometric functions of one and two arguments (Appell
functions), and they are valid for any value of the adiabatic gas constant γ > 1. We remark that only the
t-solution is required for the subsequent analysis of the density field.

We then investigate the monotonicity of ρ(t, x), as a function of x at fixed times t during symmetric
⇀
R

↼
R -interactions. The results depend on γ ≷ 3 and are summarized in Proposition 5.1. The question of

how the spatial variation Var ρ(t) of the density field develops in time, turns out to be more involved.
While it is easy to determine the overall change in Var ρ(t) from before to after the interaction occurs,
the behavior during the interaction is more challenging. We have not succeeded in analyzing this question
in all detail. Again the answer depends on γ ≷ 3 and our findings are given in Proposition 6.2.

Finally, as another application of the exact formula for t = t(r, s), we consider in Sect. 7 the duration
of general (i.e. non-symmetric)

⇀
R

↼
R -interactions. This is directly related to asymptotic approach to

vacuum in the interaction region. As will be clear from the formulae, in sufficiently weak interactions
the rarefaction waves penetrate each other completely, and cease to interact at a finite time T . The
“terminal” time T is given explicitly in terms of the local sound speeds in the initial data, together with
the starting time t0 at which the interaction begins; see Eq. (3.10) below. Next, if the strength of the
interaction is increased (in a precise sense specified below), the terminal time T will increase. Beyond an
certain threshold, the interaction will last indefinitely.

We recall that Lin [11] established a lower O(1)
t -estimate for the density in general rarefactive solutions.

In particular, no vacuum will appear in finite time for any
⇀
R

↼
R -interaction. However, we shall see that

infinite duration of an
⇀
R

↼
R -interaction corresponds exactly to asymptotic vacuum formation, i.e. T = +∞

if and only if the minimal density in the interaction region decays toward zero. Furthermore, we verify
that this scenario occurs if and only if the Riemann problem defined by the initial extreme left and right
states generates a vacuum. We finally employ the explicit formula for the terminal time T to show that
in

⇀
R

↼
R -interactions of infinite duration, the rate of decay of the minimal density is precisely O(1)/t. In

particular, this shows that Lin’s estimate in [11] is sharp for
⇀
R

↼
R -interactions.

We conclude this introduction by stressing that an approach based on hodograph transformation
and exact solutions provide detailed information beyond what standard approximation schemes give. It
appears likely to us that this level of detail will be required for further progress on the Cauchy problem
for isentropic Euler flows.

2. Hodograph Transformation and Boundary Conditions

We consider one-dimensional isentropic flow of an ideal polytropic gas. In Lagrangian coordinates (t, x)
the equations for specific volume τ = 1/ρ and velocity u are

τt − ux = 0 (2.1)
ut + p(τ)x = 0, (2.2)

where
p(τ) = a2τ−γ , γ > 1. (2.3)
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We set

α :=
γ − 1

2
κ :=

a
√

γ

α
,

and define the Riemann invariants

r := u − κρα s := u + κρα.

Thus,
2κρα = s − r 2u = s + r. (2.4)

The Riemann invariants satisfy
rt − Λrx = 0 (2.5)

and
st + Λsx = 0, (2.6)

where the characteristic speed Λ is given by

Λ :=
√

−p′(τ) = a
√

γρα+1 = δ(s − r)2λ. (2.7)

where we have set
δ :=

α

2(2κ)
1
α

, λ :=
α + 1
2α

=
γ + 1

2(γ − 1)
. (2.8)

We note that
Λr

Λ
= − 2λ

s − r
,

Λs

Λ
=

2λ

s − r
, (2.9)

and that vacuum (i.e. vanishing ρ) corresponds to r = s. Finally, with P (ρ) = a2ργ , the local sound speed
c is given by c2 = P ′(ρ) = a2γργ−1, such that

c = ακρα =
α

2
(s − r). (2.10)

Remark 2.1. A standard reference for this background material is [3], in particular Section 37. Our
notation differs slightly: in [3] the variable x denotes the Eulerian spatial variable, while we use it for the
Lagrangian spatial variable; what is denoted r and s in [3] are what we denote s/2 and −r/2, respectively.

2.1. Hodograph Transform

In regions where the Riemann variables are in 1–1 correspondence with time and spatial position, we can
express time t and x as functions of the Riemann variables r and s,

t = t(r, s) and x = x(r, s).

Differentiating with respect to t and x, solving for tr, ts, xr, xs, and using (2.5)–(2.6), yield

tr =
1

2rt
(2.11)

ts =
1

2st
(2.12)

xr =
1

2rx
(2.13)

xs =
1

2sx
. (2.14)

In particular, by (2.5) and (2.6), we obtain that

xr − Λtr = 0, (2.15)

and
xs + Λts = 0. (2.16)
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Applying ∂s to (2.15), ∂r to (2.16), solving for the mixed second derivatives trs and xrs, and using (2.9),
we obtain the following linear 2nd order PDEs for t(r, s) and x(r, s):

trs +
λ

s − r
(tr − ts) = 0, (2.17)

and

xrs − λ

s − r
(xr − xs) = 0, (2.18)

where the constant λ is given in (2.8)2. We refer to (2.17) and (2.18) as the t- and x-equations, respectively.

Remark 2.2. Applying ∂r to (2.15) we obtain a linear relation between xrr and trr in terms of first order
derivatives. Likewise, applying ∂s to (2.16) yields a linear relation between xss and tss. However, we do
not obtain expressions for the iterated derivatives xrr, trr, xss, tss in terms of first order derivatives.

We note that with an Eulerian description, the equation corresponding to (2.18) would be somewhat
more involved.

2.2. Interactions of Two Rarefaction Waves; Boundary Conditions

We now consider the situation where two centered rarefaction waves interact; see Fig. 1. The two waves
may be of different strengths, with the

⇀
R-wave connecting state 1 on the far left to a middle state 0,

which is connected via the
↼
R -wave to the state 2 on the far right (states are circled in the figures). The

interaction may or may not finish in finite time; if it does (as in Fig. 1), then we let the state 3 denote the
resulting intermediate state between the two outgoing rarefaction waves. The corresponding situation in
the (r, s)-plane is given in Fig. 2. It is immediate from Fig. 2 that the local sound speed c = α

2 (s − r) at
the four states 0, 1, 2, 3, are related by

c0 + c3 = c1 + c2. (2.19)

Next, without loss of generality, we let the
⇀
R-wave emanate from −x̄ and the

↼
R -wave emanate from +x̄.

Let the (r, s)-value of the state between the two approaching waves be (r0, s0). By Galilean invariance
it would suffice to consider the case when the gas in this region is at rest (i.e. r0 = −s0). However, we
prefer to keep (r0, s0) general for now.

The resulting flow is determined once we also specify the s-value of the far left state together with
the r-value of the far right state; let these be s1 and r2, such that the states on the far left and far right
are (r0, s1) and (r2, s0), respectively. Figures 1 and 2 describe the situation in the (x, t)-plane and in the
(r, s)-plane, respectively. The penetration region, where the two waves interact nonlinearly, is denoted by
Π in both planes.

Fig. 1. Interaction of two centered rarefaction waves
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Fig. 2. The interaction in Fig. 1 in the plane of Riemann coordinates

The two waves start to interact at time

t0 = t(r0, s0) =
x̄

Λ0
, Λ0 = Λ(r0, s0). (2.20)

We shall assume for now that the interaction lasts for a finite time1 and we let T denote the time at
which the interaction ends. The state 3 between the two outgoing waves after the interaction is finished,
is then (r2, s1).

Our first goal will be to solve the t-equation (2.17) and the x-equation (2.18) in the penetration region
Π. For this we need the values of x and t along the lower boundary curves Γ1 and Γ2 of Π (thick lines in
Figs. 1, 2). Note that the two upper parts of ∂Π in the (x, t)-plane (along which s ≡ s1 and r ≡ r2) are
not known until t(r, s) and x(r, s) are determined within Π. The curve Γ1 is parametrized by

s �→ (x(r0, s), t(r0, s)) with s increasing from s1 to s0.

Along Γ1 (see Fig. 3) we have

x(r0, s) + x̄

t(r0, s)
= Λ(r0, s) s1 ≤ s ≤ s0, (2.21)

such that
xs = tsΛ + tΛs along r ≡ r0. (2.22)

According to (2.16) we have xs = −tsΛ, giving
ts
t

= −Λs

2Λ
along r ≡ r0.

Integrating from s < s0 to s0 gives

t(r0, s) = t0

√
Λ0

Λ(r0, s)
, (2.23)

where t0 and Λ0 are given in (2.20).

Remark 2.3. We note that (2.21) and (2.23) give

x + x̄ =
t20Λ0

t
along Γ1.

1 As we verify in Sect. 7, this is the case if and only if the Riemann problem defined by the far left state and far right state
does not produce a vacuum.
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This shows that Γ1 is part of a hyperbola in the (x, t)-plane. Ditto for Γ2.

Next, using (2.7), (2.20), (2.23), and (2.21), we obtain that

Along Γ1 (s1 < s < s0):

⎧
⎪⎨

⎪⎩

t(r0, s) = t0

[
s0−r0
s−r0

]λ

x(r0, s) = δt0(s0 − r0)λ
[
(s − r0)λ − (s0 − r0)λ

]
,

(2.24)

where δ is given in (2.8). A similar calculation shows that

Along Γ2 (r0 < r < r2):

{
t(r, s0) = t0

[
s0−r0
s0−r

]λ

x(r, s0) = δt0(s0 − r0)λ
[
(s0 − r0)λ − (s0 − r)λ

]
.

(2.25)

The solutions of (2.17) and (2.18) that meet these boundary conditions will be referred to as the relevant
t- and x-solutions, and denoted by tλ(r, s) and xλ(r, s), respectively. These are to be determined within
the rectangle

Π = [r0, r2] × [s1, s0]

in the (r, s)-plane.

3. Time Variable as Function of Riemann Invariants

3.1. Preliminary Remarks

For the t-equation a special situation occurs: the particular boundary conditions (2.24)1 and (2.25)1
implies that the relevant t-solution is given as

tλ(r, s) = t0R(r0, s0; r, s) (3.1)

where R is the Riemann function [4] of the operator L = ∂rs + λ
r+s (∂r + ∂s). This function was recorded

explicitly by Riemann (for any γ ≥ 1) in his foundational work “Ueber die Fortpflanzung ebener Luftwellen
von endlicher Schwingungsweite” ([18, pp. 145–165]2), and is given in terms of hypergeometric functions.
Riemann only (very) briefly indicated his reasoning,3 but then showed how an appropriate choice of
variables leads to the hypergeometric equation, thereby verifying his explicit formula for R. Later authors
have recorded various ways of calculating this and other Riemann functions; for an overview see [2].

While it is straightforward to verify that Riemann’s expression for R does give the relevant solution
tλ(r, s) of the t-equation (2.17), we shall also want to calculate the solution xλ(r, s) of the x-equation
(2.18) with boundary conditions (2.24)2 and (2.25)2. The latter solution is not a Riemann function, and
we shall describe a method for computing it.

For this we use an approach based on Martin’s calculation in [13] of what he called the “resolvent
function.” As pointed out by Martin, in order to apply Riemann’s approach to calculate actual isentropic
flows, it is not the function R that is required but rather the function denoted ω in Riemann’s work.4

However, Riemann did not provide an explicit expression for ω, nor did he give any example showing its
use.

We shall first show how Martin’s approach can be used to derive the known formula (3.1) for the
relevant t-solution tλ(r, s), thereby verifying Riemann’s formula for R. In the next section we perform a
similar calculation which yields the relevant x-solution xλ(r, s).

2 The translation [19] contains a number of errors.
3 Cf. Copson [2]: “Weber’s editorial remarks in the “Collected Works” shed no light on how Riemann reached this remarkable
result. . .”
4 This refers to “general” smooth flows; as indicated above, for the interaction of centered rarefaction waves, the relevant
t-solution can be obtained directly in terms of the Riemann function R due to the particular boundary conditions in
⇀
R

↼
R -interactions.
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Before starting the calculations we make two comments. First, in following Martin’s approach [13] we
exploit Darboux’s earlier analysis of (2.17) ([5], chapters III–IV in livre IV, deuxième partie). Second,
our derivations will be formal and without regard to the values of the variables and the parameters
that appear. However, at the end we verify the formulae by substitution. The formulae will involve
hypergeometric functions of one and two arguments (Appell functions). These are given in terms of infinite
series that converge within the unit disk, and are defined elsewhere by analytic continuation. In our two
applications of these formulae to symmetric

⇀
R

↼
R -interactions and to the question of duration/asymptotic

vacuum formation, the arguments are either within the unit disk (and thus the functions involved are
explicitly given in terms of their defining series), or a transformation formula readily provides the analytic
continuation we need.

Finally, while the expression for tλ is well-known and may be found in many works [3,4], we are are
not aware of a reference giving an explicit expression for xλ.

3.2. Determining the Relevant t-Solution tλ(r, s)

In chapter III of [5] Darboux observes that the functions

(r − a)−λ(s − a)−λ and (s − r)1−2λ(r − a)λ−1(s − a)λ−1 (a constant) (3.2)

are particular solutions of the t-equation (2.17). By linearity we therefore search for the relevant t-solution
in the form of weighted integrals of these particular solutions. Several choices are possible, and we present
the one that appears to give the most direct calculation. For this we use the second type of solutions in
(3.2): positing

tλ(r, s) = (s − r)1−2λ

∫ r

r0

ϕ(a)(r − a)λ−1(s − a)λ−1 da, (3.3)

we seek ϕ such such that the boundary condition (2.24)1 are met (it turns out that the boundary condition
(2.25)1 will be automatically satisfied as well). Suppressing the constant factor t0(s0 − r0)λ for now, we
obtain the equation

∫ r

r0

ϕ(a)(r − a)λ−1(s − a)λ−1 da = (s0 − r)λ−1.

Setting ψ(t) := ϕ(t)(s0 − t)λ−1 and Ψ(t) := (s0 − t)λ−1 gives the Abel-type integral equation
∫ r

r0

ψ(t)(r − t)λ−1 da = Ψ(r),

whose solution is given [17, p. 13] as

ψ(a) =
sin(πλ)

π

[
(s0 − r0)λ−1

(a − r0)λ
+ (1 − λ)

∫ a

r0

(s0 − t)λ−2(a − t)−λ dt

]
.

The change of variables t = r0 + (a − r0)ξ, 0 < ξ < 1, reduces the latter integral to a standard one (e.g.
[10, formula 3.197.4, p. 314]), and gives

ψ(a) =
sin(πλ)

π

(s0 − r0)λ

(a − r0)λ(s0 − a)
.

We thus have

ϕ(a) =
ψ(a)

(s0 − a)λ−1
=

sin(πλ)
π

(s0 − r0)λ

(a − r0)λ(s0 − a)λ
.

Substitution into (3.3) and applying the change of variable a = r0 + (r − r0)y, 0 < y < 1, yield

tλ(r, s) =
sin(πλ)

π
(s − r)1−2λ(s − r0)λ−1 ·

∫ 1

0

y−λ(1 − y)λ−1(1 − uy)−λ(1 − vy)λ−1 dy,
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where
u =

r − r0
s0 − r0

, v =
r − r0
s − r0

. (3.4)

Again, the latter integral is standard (e.g. [10, formula 3.211, p. 315]) and we obtain

tλ(r, s) = (s − r)1−2λ(s − r0)λ−1 · F1(1 − λ, λ, 1 − λ; 1;u, v),

where F1 denotes the Appell function

F1(a, b, b′; c; z, w) =
∞∑

m,n=0

(a)m+n(b)m(b′)n

(c)m+nm!n!
zmwn, (3.5)

where (a)n = a(a+1) · · · (a+n−1) and (a)0 = 1. We next exploit the following relationship [16, formula
16.16.1]

F1(a, b, b′; b + b′; z, w) = (1 − w)−aF

(
a, b; b + b′;

z − w

1 − w

)
,

where F denotes the hypergeometric function (Gauss series)

F (a, b; c; z) =
∞∑

n=0

(a)n(b)n

(c)nn!
zn. (3.6)

Finally, re-inserting the factor t0(s0 − r0)λ, provides the following formula for the relevant t-solution:

tλ(r, s) = t0

(
s0 − r0
s − r

)λ

· F

(
1 − λ, λ; 1;

(r − r0)(s − s0)
(s0 − r0)(s − r)

)
. (3.7)

As F (a, b; c; 0) = 1, it is clear that the boundary conditions (2.24)1 and (2.25)1 are satisfied. Also, since
F (a, b; c; z) solves the hypergeometric ODE

z(1 − z)F ′′ + [c − (a + b + 1)z]F ′ − abF = 0,
(

′ =
d

dz

)
,

it follows that (3.7) satisfies the t-equation (2.17). As noted above, this shows that (3.7), with F defined
by (3.6), gives the relevant t-solution whenever

∣
∣∣∣
(r − r0)(s − s0)
(s0 − r0)(s − r)

∣
∣∣∣ < 1.

Remark 3.1. See [3, Section 82] for the expression (3.7); as explained above, it is essentially due to
Riemann.

For later use we provide a reformulation of (3.7) by introducing the associated Legendre function Pν

(of the first kind, order zero, and degree ν):

Pν(w) := F
(−ν, ν + 1; 1; 1−w

2

)
, w > 1,

see [16, formula 14.3.6]. With ν = λ − 1 we thus have

tλ(r, s) = t0

(
s0 − r0
s − r

)λ

Pλ−1(w(r, s)), (3.8)

where

w(r, s) = 1 − 2(r − r0)(s − s0)
(s0 − r0)(s − r)

. (3.9)

We finally record an expression for the “terminal” time T in interactions of finite duration. Assuming
that the two rarefaction waves penetrate completely and cease to interact at a finite time T , it is clear
from Figs. 1 and 2 that the state appearing between the two outgoing rarefactions is (r3, s3) = (r2, s1),
such that T = tλ(r2, s1). It is convenient to express this in terms of local sound speeds as follows. With

z =
(r2 − r0)(s1 − s0)
(s0 − r0)(s1 − r2)
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we have

z = 1 − c1c2
c0c3

,

where ci denotes the sound speed at state i, i = 0, 1, 2, 3. Substitution into (3.7) then yields

T = tλ(r2, s1) = t0

(
c0
c3

)λ

F

(
1 − λ, λ; 1; 1 − c1c2

c0c3

)
.

Making use of the identity

F (a, b; c; z) =
1

(1 − z)b
F

(
c − a, b; c;

z

z − 1

)
,

([16, formula 15.8.1]), and also (2.19), we arrive at an expression for T in terms of t0 and the initial local
speeds c0, c1, c2:

T = t0

(
c20

c1c2

)λ

F (λ, λ; 1;Z) where Z :=
(c0 − c1)(c0 − c2)

c1c2
. (3.10)

4. Spatial Variable as Function of Riemann Invariants

To derive an explicit expression for the relevant x-solution xλ(r, s) one could proceed in different ways.
An obvious choice would be to use (2.15) (or (2.16)), substitute formula (3.7) for t, integrate with respect
to r, and use the boundary condition (2.24)2. While this does give a certain integral representation for
xλ(r, s), we have not been able to obtain a result in terms of known special functions in this way.

Instead we apply a method similar to the one used above for tλ. However, we now use the first type
of solutions in (3.2). We thus posit

xλ(r, s) =
∫ r

r0

ϕ(a)(r − a)λ(s − a)λ da +
∫ s

s0

ϕ̃(a)(a − r)λ(s − a)λ da

=: x1(r, s) + x2(r, s), (4.1)

and seek ϕ, ϕ̃ so that the boundary conditions (2.24)2 and (2.25)2 are met (for convenience we use a − r
instead of r − a in the second integral). Suppressing the constant factor δt0(s0 − r0)λ for now, we obtain
the equations

∫ r

r0

ϕ(a)(r − a)λ(s0 − a)λ da = (s0 − r0)λ − (s0 − r)λ,

and
∫ s

s0

ϕ̃(a)(a − r)λ(s − a)λ da = (s − r0)λ − (s0 − r0)λ.

The calculation of both ϕ and ϕ̃ are similar to that of tλ above; we only indicate the steps for finding ϕ.
Setting ψ(t) := ϕ(t)(s0 − t)λ and Ψ(t) := (s0 − r0)λ − (s0 − t)λ we again obtain an Abel-type integral
equation for ψ. Solving this we get that

ϕ(a) =
ψ(a)

(s0 − a)λ
=

sin(πλ)
π

(s0 − r0)λ

(a − r0)λ(s0 − a)λ+1
.

Substituting this back into (4.1) and performing calculations similar to those above, we obtain that

x1(r, s) = λ
(r − r0)(s − r0)λ

(s0 − r0)
· F1(1 − λ, 1 + λ,−λ; 2;u, v),
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where u and v are as in (3.4). The same type of calculation yields an expression for x2(r, s). Combining
these, and re-inserting the factor δt0(s0 − r0)λ, yield the following formula for the relevant x-solution:

xλ(r, s) =
λδt0

(s0 − r0)1−λ

[
(r − r0)(s − r0)λ · F1

(
1 − λ, 1 + λ,−λ; 2;

r − r0
s0 − r0

,
r − r0
s − r0

)
(4.2)

−(s0 − s)(s0 − r)λ · F1

(
1 − λ, 1 + λ,−λ; 2;

s0 − s

s0 − r0
,
s0 − s

s0 − r

)]
.

A direct calculation, making use of the formulae

F1(α, β, β′; γ;u, u) = F (α, β + β′; γ;u) and F (1 − λ, 1; 2;u) =
1 − (1 − u)λ

λu
,

shows that xλ in (4.2) satisfies the boundary conditions (2.24)2 and (2.25)2. Finally, since the Appell
function F1(α, β, β′; γ;u, v) solves the PDE

v(1 − v)
∂2F1

∂2v
+ u(1 − v)

∂2F1

∂u∂v
+ (γ − (α + β′ + 1)v)

∂F1

∂v
− β′u

∂F1

∂u
− αβ′F1 = 0

(formula 16.14.1 in [16]), it follows that xλ in (4.2) satisfies the x-equation (2.18). As remarked earlier,
this shows that (4.2), with F1 defined by (3.5), gives the relevant x-solution whenever

∣∣∣∣
r − r0
s0 − r0

∣∣∣∣ ,

∣∣∣∣
r − r0
s − r0

∣∣∣∣ ,

∣∣∣∣
s0 − s

s0 − r0

∣∣∣∣ ,

∣∣∣∣
s0 − s

s0 − r

∣∣∣∣ < 1.

Remark 4.1. We briefly comment on the fact that the solutions tλ(r, s), xλ(r, s) obtained above via
hodograph transformation, can be inverted to give r and s (and thus ρ and u) as smooth functions of t
and x throughout the penetration region Π. While not immediately obvious, one can argue rigorously for
this by verifying that the Jacobian

∂(t, x)
∂(r, s)

= −2Λtrts

is non-vanishing. Alternatively, one can make use of the recent results of Chen et al. [1] on gradient
blowup in isentropic flow. We do not pursue the details of this issue further.

5. Monotonicity Properties of the Density Field

We now turn to the issue of using the explicit solutions given above to obtain information about the spatial
variation of the density field during

⇀
R

↼
R -interactions. For this we specialize to symmetric interactions

where the two rarefaction waves are equally strong. Without loss of generality (by Galilean invariance)
we also assume that the velocity vanishes in the region between the two approaching waves. These two
choices imply that

r2 = −s1 and r0 = −s0, (5.1)

and that location x = 0 corresponds to r = −s within Π. The situation is depicted in the (x, t)-plane and
the (r, s)-plane in Figs. 3 and 4, respectively. As before we let t0 and T denote the times at which the
interaction starts and ends, respectively (we might have T = ∞, see Sect. 7), and we let t1 denote the
time at which the original waves disappear (see Fig. 3). From now on it is assumed that (r, s) ∈ Π, i.e.

−s0 < r < −s1 and s1 < s < s0 (where s1 > 0).

Our first step is to determine the monotonicity properties of the density ρ(t, x) within the penetration
region Π at fixed times t0 < t < T . For this we first consider the case when λ = 1 (γ = 3). With λ = 1
we get from (3.7) and (2.4)1 that

t = t1(r, s) ∝ 1
s − r

∝ 1
ρ
,
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Fig. 3. A symmetric interaction of two centered rarefaction waves

Fig. 4. A symmetric interaction of two centered rarefaction waves

i.e. the density is constant at each time. Thus, in this particular case no spatial variation occurs in the
density field within the penetration region as the two rarefaction waves interact.

For λ �= 1 we again apply the expression for tλ(r, s) in (3.8). However the argument is now more
involved. First, by applying ∂x to (2.4)1 and using (2.15)–(2.16) together with (2.11)–(2.12), we obtain
that

ρx > 0 if and only if
1
tr

+
1
ts

< 0. (5.2)

Since r and s remain constant along backward and forward characteristics, respectively, we have from
Fig. 3 (and Remark 4.1) that

rt > 0 and st < 0 within Π. (5.3)

Thus, by (2.11) and (2.12),
tr > 0 and ts < 0 within Π, (5.4)

and (5.2) gives that
ρx > 0 if and only if tr + ts > 0. (5.5)

Now, in the symmetric case under consideration the time variable is explicitly given in Π by (3.8) as

t = tλ(r, s) = A(s̃ − r̃)−λPλ−1

(
1 − r̃s̃

s̃ − r̃

)
, (5.6)

where we have set
r̃ =

r

s0
, s̃ =

s

s0
, and A = 2λt0. (5.7)
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We note that (r̃, s̃) varies within (−1,− s1
s0

) × ( s1
s0

, 1) as (r, s) varies in Π, such that

w̃ :=
1 − r̃s̃

s̃ − r̃
> 1.

It follows from (5.6) that

tr + ts = − A

s0
(s̃ − r̃)−λ−1(r̃ + s̃)P ′

λ−1(w̃),

so that by (5.5)
ρx > 0 if and only if (r̃ + s̃)P ′

λ−1(w̃) < 0. (5.8)
Next, according to [16, formula 14.6.3] we have

P ′
λ−1(w) = (w2 − 1)− 1

2 P 1
λ−1(w), (5.9)

where P 1
λ−1 denotes the associated Legendre function of order 1. According to [16, 14.16(iii)] the latter

function has no zero for w > 1, and the sign of P ′
λ−1(w̃) is therefore determined by the sign of P 1

λ−1 at
w = 1+. For this we use that [16, formula 14.8.8]

P 1
λ−1(w) ∼ λ(λ − 1)

(
w − 1

2

) 1
2

as w → 1+ for λ �= 1. (5.10)

We thus obtain from (5.8) that

ρx > 0 if and only if (r̃ + s̃)(λ − 1) < 0. (5.11)

In the symmetric case under consideration, r̃ + s̃ ≷ 0 corresponds to x ≷ 0 (see Fig. 4). Finally, by using
(2.8)2, we conclude:

Proposition 5.1. Consider two centered rarefaction waves of equal strength that start to interact at time
t0 and at location x = 0, and consider the density field ρ(t, x) at a fixed time t > t0. Then, depending
on the adiabatic constant γ > 1, we have the following monotonicity properties for the density within the
penetration region Π:

(i) for 1 < γ < 3 the function x �→ ρ(t, x) increases for x < 0 and decreases for x > 0;
(ii) for γ > 3 the opposite holds;
(iii) for γ = 3 the density is constant at each fixed time and proportional to 1/t.

6. Spatial Variation of Density within the Penetration Region

With the same setup as above (symmetric
⇀
R

↼
R -interaction) we would like to know how the spatial

variation of the density field, i.e. Var ρ(t) ≡ Varx ρ(t, x), behaves across the interaction as time t increases
from the time t0 when the two waves start to interact. This turns out to be a non-trivial issue.

Let t1 be the time at which the original waves disappear, see Fig. 1.
We now consider times t, t′ with t0 < t < t1 and t1 < t′ < T ; see Fig. 5. In Fig. 6 we have used the

information from Proposition 5.1 to give schematic5 graphs of the density profiles at times t and t′ in the
case when 1 < γ < 3. The situation is similar for γ > 3, with the change that the monotonicity of ρ(t, ·)
within the penetration region Π (i.e. for −a < x < a and −a′ < x < a′) is reversed.

For 1 < γ < 3 it is clear that the spatial variation of the density field is constant in time before the
two waves start to interact (for 0 ≤ t ≤ t0), and again constant once the two waves have passed through
each other (for t > T provided, of course, that this occurs in finite time).

5 Here and below, “schematic” means that we only indicate monotonicity properties and draw as piecewise linear graphs
that in general are smooth.
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Fig. 5. Interaction of two centered rarefaction waves

Fig. 6. Density profiles (schematic) for 1 < γ < 3

6.1. Overall Changes in Var ρ(t)

We shall first compare Var ρ(t) ≡ Varx ρ(t, x) at times t = t0 and t = T (assuming T < ∞). Considering
ρ as a function of (r, s) we now set

ρ0 := ρ(−s0, s0), ρ1 = ρ2 := ρ(−s0, s1), ρ3 := ρ(−s1, s1); (6.1)

these are the densities at the four corners of the penetration region Π in the (r, s)-plane (see Fig. 4). We
then have

Var ρ(t0) = 2(ρ0 − ρ1), Var ρ(T ) = 2(ρ1 − ρ3).

Now, according to (2.4)1 we have

ρ0 =
(s0

κ

) 1
α

, ρ1 =
(s0 + s1

2κ

) 1
α

, ρ3 =
(s1

κ

) 1
α

,

and a straightforward calculation shows that

Var ρ(T ) ≷ Var ρ(t0) if and only if γ ≷ 3.

6.2. Changes in Var ρ(t) During Interaction

Next, according to Proposition 5.1, in order to monitor how Var ρ(t) develops during the interaction,
we need to consider the density at the center of motion as well as along the curves bounding Π in the
(x, t)-plane. Let the right, lower part of the boundary of Π in the (x, t)-plane be parametrized as x = Γ̌(t)
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(i.e., Γ̌ parametrizes by time the curve denoted Γ2 in Fig. 1), and the right, upper part be parametrized
by x = Γ̂(t). Considering ρ as a function of (t, x), we set

ρ̄(t) := ρ(t, 0), (6.2)

ρ̌(t) := ρ(t, Γ̌(t)) for t0 < t < t1, (6.3)

ρ̂(t) := ρ(t, Γ̂(t)) for t1 < t < T. (6.4)

We also introduce the following notation for the Riemann invariant s, normalized by s0 as in (5.6)–(5.7).
The relevant ones are

s̄(t) :=
s(t, 0)

s0
and ŝ(t) :=

s(t, Γ̂(t))
s0

,

and these are indicated along the vertical axis in the ( r
s0

, s
s0

)-plane in Fig. 7 (schematic) at times t′

and t as above, when 1 < γ < 3. Note that since st < 0 within Π by (5.3), (2.6) shows that sx > 0
within Π. This, together with the underlying symmetry of the interaction, verify the shape of the curves
x �→ ( r(t,x)

s0
, s(t,x)

s0
) in Fig. 7. In particular, we have that

s̄(t′) < ŝ(t′) for 1 < γ < 3 and t1 < t′ < T.

The only difference for γ > 3 is that the curve x �→ ( r(t,x)
s0

, s(t,x)
s0

) “buckles the other way” such that the
point on this curve closest to the origin corresponds to x = 0 at each time t ∈ (t0, T ) (it is useful to recall
that s − r ∝ ρα; thus Proposition 5.1 provides a partial check on Fig. 7).

As a consequence of Proposition 5.1, we have that Var ρ(t), for t0 < t < T , is given as follows:

for 1 < γ < 3: Var ρ(t) =
{

2 (ρ̄(t) − ρ1) t0 < t < t1
2 (ρ̄(t) + ρ1 − 2ρ̂(t)) t1 < t < T,

(6.5)

and

for γ > 3: Var ρ(t) =
{

2 (2ρ̌(t) − ρ̄(t) − ρ1) t0 < t < t1
2 (ρ1 − ρ̄(t)) t1 < t < T.

(6.6)

We next record the equations for ρ̄ = ρ̄(t), ρ̂ = ρ̂(t), and ρ̌ = ρ̌(t). For the symmetric case under
consideration, (2.4), (5.6), and (2.25) give that with

s̃1 :=
s1
s0

,

Fig. 7. The curves x �→ (r(t, x), s(t, x)) (bold) for times t ∈ (t0, t1) and t′ ∈ (t1, T ); schematic situation for 1 < γ < 3.
Arrows indicate motion as time increases
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• ρ̄ is given by:
(

ρ̄

ρ0

)α

= s̄ where s̄ = s̄(t) solves
t

t0
=

(
1
s̄

)λ

Pλ−1

(
1 + s̄2

2s̄

)
; (6.7)

• ρ̂ is given by:
(

ρ̂

ρ0

)α

=
ŝ + s̃1

2
where ŝ = ŝ(t) solves

t

t0
=

(
2

ŝ + s̃1

)λ

Pλ−1

(
1 + s̃1ŝ

ŝ + s̃1

)
; (6.8)

• ρ̌ is given by:

ρ̌ = ρ0

(
t

t0

)− 1
αλ

. (6.9)

Next, before considering Var ρ(t), we argue that all three densities ρ̄(t), ρ̂(t), and ρ̌(t) decay in time.
First, since α = γ−1

2 > 0 it is clear from (6.9) that ρ̌(t) is decreasing. Next, it is clear from (6.7)–(6.8)
that ρ̄(t) and ρ̂(t) are decreasing if and only if s̄(t) and ŝ(t) are decreasing, respectively. It follows from
the fact that st < 0 inside the penetration region Π (see Sect. 5), that s̄(t) ≡ s(t, 0) is decreasing. Finally,
to see that also ŝ(t) decreases we observe that, along Γ̂, r̃ = r

s0
takes on the constant value − s1

s0
= −s̃1.

Evaluating (5.6) along Γ̂, differentiating with respect to t, and recalling that ts = 1
2st

< 0 within Π by
(2.12) and (5.4), we obtain that

˙̂s(t) < 0.

Thus, for all values of γ > 1, we have that the density is decreasing in time along the center of motion
(along x = 0), as well as along the curves Γ̌ and Γ̂ that bound the interaction region. We are now ready
to consider Var ρ(t) and we do this separately for the cases γ � 3.

6.3. The Case γ = 3

According to part (iii) of Proposition 5.1 we have for γ = 3 that ρ̌(t) ≡ ρ̄(t) for t0 < t < t1, and
ρ̂(t) ≡ ρ̄(t) for t1 < t < T . As the density ρ̄(t) along x = 0 is monotonically decreasing, it follows that
the map t �→ Var ρ(t):

• remains constant equal to 2 (ρ0 − ρ1) for 0 < t < t0;
• decreases monotonically for t0 < t < t1 and vanishes at time t1;
• increases monotonically back to 2 (ρ0 − ρ1) for t1 < t < T ; and
• remains constant equal to 2 (ρ0 − ρ1) for t > T .

This shows that t �→ Var ρ(t) is non-monotone during the interaction when γ = 3.

6.4. The Case γ > 3

In this case it follows from (6.6) and the fact that ρ̄(t) is decreasing, that Var ρ(t) is increasing during
the time interval (t1, T ). To analyze how Var ρ(t) behaves during (t0, t1) we set

f̄ = f̄(t) :=
ρ̄(t)
ρ0

and f̌ = f̌(t) :=
ρ̌(t)
ρ0

,

and observe that (6.7) and (6.9) gives f̌ explicitly in terms of f̄ by

f̌ =
f̄

Pλ−1

(
1
2 (f̄α + f̄−α)

) 1
αλ

=:
f̄

Qγ(f̄)
. (6.10)
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Thus, for γ > 3 and t ∈ (t0, t1), (6.6) gives

d

dt
Var ρ(t) = 2ρ0 ˙̄f(t) · d

df

(
2f

Qγ(f)
− f

)∣∣
∣∣∣
f=f̄(t)

. (6.11)

Before we look at the function
Rγ(f) :=

2f

Qγ(f)
− f (6.12)

we consider the range of values that f̄(t) can take as t increases from t0 to t1. According to the analysis
above we have

˙̄f(t) =
˙̄ρ(t)
ρ0

< 0,

such that f̄(t) starts out at time t0 with value 1 and then decreases monotonically as t increases from t0
to t1. From part (ii) of Proposition 5.1 we have that ρ̄(t1) < ρ̌(t1) = ρ1, ρ1 being the density at the far
right (see 6.1). It follows that f̄(t1) < ρ1

ρ0
, such that f̄(t1) can be made arbitrarily small by considering a

sufficiently strong
⇀
R

↼
R -interaction (i.e., an interaction with ρ1

ρ0
sufficiently close to zero).

Now, for a fixed value of γ > 3, (6.11) shows that the monotonicity of Var ρ(t) for t ∈ (t0, t1) is
given in terms of the monotonicity of the map f �→ Rγ(f). A calculation using (5.9) and (5.10) shows
that R′

γ(1−) = 1 (independently of γ; see Fig. 8). Thus, at time t0, Var ρ(t) will start out decreasing.
As time increases toward t1 we shall see that this behavior may or may not change, depending on the
values of γ, ρ0, and ρ1. For this we need to know how Rγ(f) behaves over the whole range 0 < f < 1.
This turns out to be a complicated issue to settle analytically. Instead we make use of Maple to graph
f �→ Rγ(f) for various values of γ. As Fig. 8 indicates (and animation plots confirm), there is a critical
γ-value γ∗ ≈ 17.29 at which these maps change their monotonicity. For γ > γ∗ the graph of Rγ(f) has a
local maximum at a value f = f , and a local minimum at a value f = f̄ > f .

For γ < γ∗ the map f �→ Rγ(f) is strictly increasing, and (6.11) shows that Var ρ(t) will decrease
monotonically during the time interval (t0, t1), no matter what the strength of the interaction is. On the
other hand, for γ > γ∗ and sufficiently strong interactions (such that the terminal f -value f̄(t1) is close to
zero), Var ρ(t) will first decrease, then increase, and then decrease again as t varies over (t0, t1). Finally,
for a fixed γ > γ∗ and for interactions of intermediate strength, we have that f̄(t1) takes a value between

Fig. 8. Maple plots of the function f �→ Rγ(f) in (6.12); the critical γ-value at which the monotonicity changes is
γ∗ ≈ 17.29
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the local extrema f and f̄ ; for such cases Var ρ(t) will first decrease and then increase as t varies over
(t0, t1).

The main conclusion from all of this is that the behavior of the map t �→ Var ρ(t) on the time interval
(t0, t1) depends on both the value of γ > 3 as well as the strength of the interaction. In particular,
t �→ Var ρ(t) may be non-monotone on (t0, t1).

Remark 6.1. For γ > 3 it would be of interest to know more precisely how large Var ρ(t) can become
during (t0, t1). In particular we would like to know if it can attain values larger than the final value
2(ρ1 − ρ3) that Var ρ(t) takes at times t ≥ T . If so, then this opens up for the possibility that the
interaction of rarefaction waves can induce large amplifications of variation in finite time. It appears
challenging to investigate this issue analytically.

6.5. The Case 1 < γ < 3

In this case it follows from (6.6) and the fact that ρ̄(t) is decreasing, that Var ρ(t) is decreasing during
the time interval (t0, t1).

The behavior of Var ρ(t) for t ∈ (t1, T ) turns out to be harder to analyze. In particular, we have not
been able to determine the monotonicity of Var ρ(t) on (t1, T ) in general. To see the technical reason
for this, recall that in the case of γ > 3 and t ∈ (t0, t1), the relations (6.7) and (6.9) gave the explicit
expression (6.10) for ρ̌ in terms of ρ̄. However, for 1 < γ < 3 and t ∈ (t1, T ) the relevant relations are
(6.7) and (6.8), which do not provide an explicit formula for one of ρ̂(t) and ρ̄(t) in terms of the other.

Instead of pursuing a complete description of Var ρ(t), we restrict ourselves to demonstrating that there
are instances in which Var ρ(t) is non-monotone on (t1, T ) when 1 < γ < 3. To argue for this we consider
the particular situation where s̃1 = 0. In the symmetric case under consideration, this corresponds to
a situation in which the two interacting waves generate an asymptotic vacuum and T = +∞ (see Sect.
(7)).

For this particular situation we first verify that Var ρ(t) is decreasing at time t = t1+ for sufficiently
large values of λ (i.e. γ ≈ 1+). For such a fixed λ value, we then show that Var ρ(t) is strictly increasing
at large times. This proves the claim that Var ρ(t) may be non-monotone during (t1, T ).

To begin we use the relations in (6.7) and (6.8) to derive the following expression for how Var ρ(t)
varies on (t1, T ): expressing the densities ρ̄ and ρ̂ in terms of s-values and taking derivatives with respect
to t gives

d

dt
Var ρ(t) =

2ρ0
α

{

s̄
1
α −1 ˙̄s −

(
ŝ

2

) 1
α −1

˙̂s

}

=
2ρ0
α

s̄
1
α −1 ˙̄s ·

{

1 − 2
(

ŝ

2s̄

)λ+ 1
α

· λP̄λ−1 + 1
2

(
1
s̄ − s̄

)
P̄ ′

λ−1

λP̂λ−1 + 1
ŝ P̂ ′

λ−1

}

, (6.13)

where P̄λ−1 and P̂λ−1 denote evaluation of Pλ−1 at 1
2

(
s̄ + 1

s̄

)
and 1

ŝ , respectively. As ˙̄s < 0 the sign of
d
dt Var ρ(t) is opposite to that of the expression in the curly brackets in (6.13).

First consider the case t = t1+, at which time ŝ = 1, such that

P̂λ−1 = Pλ−1(1) = 1 and P̂ ′
λ−1 = P ′

λ−1(1) =
λ(λ − 1)

2
. (6.14)

In what follows s̄ is evaluated at time t1 and will depend only on λ. As 1 < γ < 3 we have (see Fig. 7)
1
2

=
ŝ + s̃1

2
< s̄ < 1, (6.15)

and according to (6.7) and (6.8) the value of s̄ = s̄(λ) is given implicitly by

(2s̄)λ = Pλ−1

(
1
2

(
s̄ + 1

s̄

))
. (6.16)
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Next, by using that

P ′
λ−1(x) =

λ(λ − 1)
(x2 − 1)

1
2
P−1

λ−1(x)

(by formulae 14.6.3 and 14.9.13 in [16]), together with (6.14) and (6.16), we deduce that the sign of the
expression in curly brackets in (6.13) is the same as the sign of the expression

E(λ) := 1 − 4
λ(λ + 1)(2s̄)λ+ 1

α

[
λPλ−1

(
1
2

(
s̄ +

1
s̄

))
+

1
2

(
1
s̄

− s̄

)
P ′

λ−1

(
1
2

(
s̄ +

1
s̄

))]

= 1 − 4
λ(λ + 1)(2s̄)

1
α

[

λ +
1
2

(
1
s̄

− s̄

)
P ′

λ−1

(
1
2

(
s̄ + 1

s̄

) )

Pλ−1

(
1
2

(
s̄ + 1

s̄

))

]

= 1 − 4
(λ + 1)(2s̄)

1
α

[

1 +
(λ − 1)P−1

λ−1

(
1
2

(
s̄ + 1

s̄

))

Pλ−1

(
1
2

(
s̄ + 1

s̄

))

]

(6.17)

From [16, 14.15.13] we have that

P−μ
ν (cosh ξ) =

1
νμ

(
ξ

sinh ξ

)1/2

Iμ

((
ν + 1

2

)
ξ
) (

1 + O
(
ν−1

))
as ν → ∞,

uniformly with respect to ξ ∈ (0,∞), where Iμ denotes the modified Bessel function of the first kind and
order μ (see [16]). Setting

ξ̄ := − log s̄ > 0,

such that

cosh ξ̄ =
1
2

(
s̄ + 1

s̄

)
and sinh ξ̄ =

1
2

(
1
s̄ − s̄

)
,

we thus obtain

(λ − 1)P−1
λ−1

(
1
2

(
s̄ + 1

s̄

))

Pλ−1

(
1
2

(
s̄ + 1

s̄

)) =
I1

(
(λ − 1

2 )ξ̄
)

I0
(
(λ − 1

2 )ξ̄
)

(
1 + O

(
λ−1

))
as λ → ∞.

Finally, according to [16, formula 10.30.4], the modified Bessel function Iμ, satisfies

Iμ(z) ∼ ez

√
2πz

as z → ∞ with μ fixed.

Applying this in (6.17) we get that

E(λ) ∼ 1 − 8
(λ + 1)(2s̄)

1
α

[
1 + O

(
λ−1

)]
.

According to (6.15) we have 2s̄ > 1 for all values of λ. Thus, since α ↓ 0 as λ ↑ ∞, we obtain that
E(λ) > 0 for sufficiently large values of λ. We conclude that for the special case where the interaction
leads to asymptotic vacuum we have that Var ρ(t) is strictly decreasing at time t = t1+, whenever γ is
sufficiently close to 1.

We now fix such a value of γ and consider the behavior of Var ρ(t) at large times. As t → ∞ we have
that both s̄ and ŝ tend to zero (recall that s̃1 = 0). By using the asymptotic expressions

Pλ(x) ∼ C1(2x)λ−1 and P ′
λ−1(x) ∼ C2

(2x)λ−1

x
as x → ∞, (6.18)

for constants C1, C2 depending on γ (see [16, formula 14.8.12]), we obtain from (6.13) that

d

dt
Var ρ(t) =

2ρ0
α

s̄
1
α −1 ˙̄s ·

{

1 − 2
(

ŝ

2s̄

) 2
α

}

as t → ∞.
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By using the above asymptotic expression for Pλ in (6.7)2 and (6.8)2, we also have that

ŝ

2s̄
→ 1 as t → ∞,

showing that Var ρ(t) is strictly increasing at large times.
We summarize our findings in the following:

Proposition 6.2. Consider two centered rarefaction waves of equal strength that start to interact at time
t0 and at location x = 0. Let t1 > t0 be the time at which the original waves disappear, and let T > t1 be
the time at which the waves cease to interact (T could be +∞).

Let the spatial variation of the density field at fixed times be denoted Var ρ(t). The map t �→ Var ρ(t)
is constant equal to 2 (ρ0 − ρ1) on (0, t0), and constant equal to 2 (ρ1 − ρ3) on (T,∞). For t0 < t < T
the monotonicity properties of this map depends on the adiabatic constant γ > 1 and the strength of the
interacting waves. In summary, the following properties hold for t �→ Var ρ(t):

t0 < t < t1 t1 < t < T
1 < γ < 3 Decreasing Possibly non-monotone
γ = 3 Decreasing Increasing
γ > 3 Possibly non-monotone Increasing

Finally, when T < ∞, we have that Var ρ(t) at time t = T is strictly larger than what it was initially,
if and only if γ > 3.

7. Duration of Interaction, Asymptotic Vacuum, Density Decay

7.1. Duration of Interaction and Asymptotic Vacuum Formation

In this section we consider the duration of a general, non-symmetric
⇀
R

↼
R -interaction. We shall see that

infinite duration corresponds to asymptotic vacuum formation within the interaction region, i.e. the
minimal density at time t within Π tends to zero as t ↑ +∞. It turns out that this occurs if and only
if the initial data are such that a vacuum opens up in the solution to the “extreme” Riemann problem
defined by the initial states on the far left and far right.

We thus return to the general situation in Sect. (2.2) of a possibly non-symmetric
⇀
R

↼
R -interaction

where two centered rarefactions emanating from ±x̄ start to interact at time t0. The
⇀
R-wave connects

state 1 to state 0, and the
↼
R -wave connects state 0 to state 2 (see Fig. 1). Let’s begin by assuming that

the interaction under consideration is of finite duration. The terminal time T at which the interaction
ends is then given explicitly by (3.10):

T ≡ T (c0, c1, c2) = t0

(
c20

c1c2

)λ

F (λ, λ; 1;Z), Z =
(c0 − c1)(c0 − c2)

c1c2
, (7.1)

where ci denotes the local sound speed at state i, i = 0, 1, 2 (see Figs. 1, 2). Note that, since

c =
α

2
(s − r) ∝ ρα, α =

γ − 1
2

> 0,

and since the waves are rarefactive, we necessarily have c1 < c0 and c2 < c0. Thus Z > 0. Furthermore,
we have that

Z < 1 ⇐⇒ c0 < c1 + c2, (7.2)

and that
Z ↑ 1 ⇐⇒ c1 + c2 ↓ c0. (7.3)

According to [16, Section 15.2 (i)], for any fixed λ > 1
2 (i.e., γ > 1), the value of the function F (λ, λ; 1;Z) is

finite at each point of the open unit interval |Z| < 1. Therefore, whenever c1, c2 are such that c0 < c1+c2,
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(7.1)–(7.2) show that the interaction ends in finite time. On the other hand, [16, formula 15.4.23] gives
that

F (λ, λ; 1;Z) ∼ Γ(2λ − 1)
Γ(λ)2

(1 − Z)1−2λ as Z ↑ 1. (7.4)

As λ > 1
2 , it follows from (7.1) and (7.3)–(7.4) that T ↑ ∞ whenever c0, c1, c2 are varied so as to have

c1 + c2 ↓ c0. We conclude that the duration of the interaction will tend to infinity when, and only when,
the initial states 0, 1, and 2 are made to vary so that c1 + c2 ↓ c0.

Next, recall from (2.19) that the sound speed of the state 3 at the end of the interaction is given as
c3 = c1 + c2 − c0. As c ∝ ρα we have that c ↓ 0 corresponds to approach to vacuum. We conclude that
T ↑ ∞ if and only if the initial states 0, 1, 2 are varied in such a way that the “end state” 3 approaches
vacuum. Referring to Fig. 2, this corresponds to the scenario that the lower left corner of the interaction
region Π (in the Riemann coordinate plane) approaches the vacuum line r = s.

It remains to consider the case where the given initial states 0, 1, 2 are such that c1+c2 ≤ c0. Fix such
a triple; we refer to the resulting solution as the “1–0–2-solution” or the “1–0–2-interaction”. Consider
the situation where we vary the extreme initial states while keeping the given initial middle state 0. The
variable extreme states are denoted 1′ and 2′; in all cases under consideration these are chosen so as to
generate two approaching rarefaction waves. See Fig. 9.

From the argument above it follows that for weak interactions, i.e. c′
1 � c0 and c′

2 � c0, the interaction
will finish at a finite terminal time T ′ := T (c0, c′

1, c
′
2) given by (7.1). If we now increase the strength

of the interaction by monotonically decreasing both c′
1 and c′

2, then c′
1 + c′

2 will get closer to c0. The
calculation above shows that as c′

1 + c′
2 approaches c0, the corresponding terminal times T ′ will increase

without bound.
Consider now any choice of states 1′ and 2′ with

c1 < c′
1 < c0, c2 < c′

2 < c0, and c′
1 + c′

2 > c0. (7.5)

I.e., the two rarefactions in the 1′–0–2′-solution are weaker than the corresponding waves in the 1–0–
2-solution, and the 1′–0–2′-interaction terminates in finite time. It is clear that the rarefaction wave
connecting state 1′ to state 0 coincides with a part (the part closer to state 0) of the rarefaction wave
connecting state 1 to state 0. Similarly, the rarefaction wave connecting state 0 to state 2′ coincides with
a part (the part closer to state 0) of the rarefaction wave connecting state 0 to state 2. See Figs. 9 and 10.
Consequently, the interaction region Π′ in the 1′–0–2′-solution coincides with a part of the interaction
region Π in the 1–0–2-solution. We express this by saying that the 1–0–2-interaction contains the 1′–0–
2′-interaction as a sub-interaction.

With c′
1 and c′

2 as in (7.5), since c1 + c2 ≤ c0, we may let c′
1 and c′

2 decrease toward c1 and c2,
respectively, so as to have c′

1+c′
2 ↓ c0. The argument above shows that the terminal time T ′ := T (c0, c′

1, c
′
2)

in the corresponding sub-interactions approach infinity. As the 1–0–2-interaction contains sub-interactions
of arbitrarily long duration, it does not terminate in finite time.

r

0

r0

0s

s1

r2

2

31

r=s:  vacuum line

s
2

1

Fig. 9. An interaction of infinite duration, with a sub-interaction of finite duration
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Fig. 10. The same interaction as in Fig. 9, drawn in the (x, t)-plane

Finally, letting c′
3 denote the sound speed at the outgoing middle state 3′ between the outgoing

rarefaction waves in the 1′-0-2′-interactions, we have that c′
3 = c′

1 + c′
2 − c0 ↓ 0 as c′

1 + c′
2 approaches

c0. Since the 1′–0–2′-interaction is a sub-interaction of the 1–0–2-interaction, the state 3′ is attained by
the 1–0–2-solution. This shows that the 1–0–2-interaction contains states with arbitrarily low densities
as time tends to infinity.

We have thus verified that an
⇀
R

↼
R -interaction with initial states 1, 0, 2 as in Fig. 1 will last indefinitely

if, and only if, the corresponding local sound speeds satisfy

c1 + c2 ≤ c0, (7.6)

and that this also characterizes those
⇀
R

↼
R -interactions where asymptotic vacuum formation occurs.

Before considering the rate of decay of the density in infinite-duration interactions, we observe that
(7.6) also characterizes the emergence of a vacuum state in the Riemann problem defined by the initial
states 1 and 2. To see this, recall [20, Theorem 18.6] which identifies those Riemann problems for the
(full or isentropic) Euler system that give rise to a vacuum: the Riemann problem defined by the states
1 and 2 will produce a vacuum if and only if

u2 − u1 ≥ 1
α

(c1 + c2). (7.7)

In our case of an
⇀
R

↼
R -interaction, the states 1 and 2 are connected via the state 0 through a forward

and a backward rarefaction, across which r and s remain constant, respectively. According to (2.4) and
(2.10) we therefore have

u2 − u1 =
1
α

(2c0 − (c1 + c2)). (7.8)

It follows from (7.7) and (7.8) that the Riemann problem defined by the extreme states in a
⇀
R

↼
R -

interaction produces a vacuum if and only if c1 + c2 ≤ c0. According to (7.6) this corresponds precisely
to infinite duration of the

⇀
R

↼
R -interaction.

7.2. Density Decay

To conclude we briefly outline how the analysis above can be used to show that the the minimal density
in any

⇀
R

↼
R -interaction of infinite duration is of order 1

t as t → ∞. This verifies that the lower density
bound provided by Lin [11] for general shock-free solutions, is sharp.

Consider an
⇀
R

↼
R -interaction for which (7.6) is satisfied, such that there is asymptotic vacuum forma-

tion, and set

m(t) := min
x∈R

ρ(t, x).
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First assume that the interaction is symmetric and let t1 denote the time at which the initial rarefaction
waves disappear (see Fig. 3). Also, recall from Sect. 6.2 that x = Γ̂(t) parametrizes the upper (right)
boundary curve of the interaction region Π in the (x, t)-plane. It follows from Proposition 5.1 that for
times t > t1, the minimal density m(t) is attained along:

• the centerline x = 0 if γ > 3, or
• the boundary curve x = Γ̂(t) if 1 < γ < 3.

An application of (6.7) or (6.8), respectively, together with the asymptotic formula (6.18)1, shows that
m(t) decays like O(1)

t in either case.
Finally, consider a non-symmetric interaction of infinite duration. For concreteness assume that the

↼
R -wave connecting states 0 and 2 is stronger than the

⇀
R-wave connecting states 1 and 0. The resulting

interaction may be considered as a sub-interaction (in the sense introduced above in Sect. 7.1) of the
symmetric interaction obtained by strengthening the

⇀
R-wave until it is as strong as the

↼
R -wave. According

to Proposition (5.1), it follows that the minimal density in non-symmetric interactions for 1 < γ < 3
(γ > 3) is attained along the right (left) boundary of the interaction region, along which r ≡ r2 (s ≡ s1).
It now follows from (3.8) and (6.18)1 that m(t) is again of order 1

t as t → ∞, for all values of γ > 1.
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