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Abstract. The construction of radially directed flows for the multi-
dimensional compressible Euler system remains a challenging problem
in mathematical fluid dynamics. The interplay between the geometric
effect of wave focussing, involving singular source terms of 1

r
-type, and

nonlinear effects, is not well understood. (r denotes the distance to the
origin.)

In this work we focus on geometric effects and consider the radially
symmetric Cauchy problem for the linearized Euler system. We show
how, for radial solutions in 3-d, scaling density and velocity by r and
r2, respectively, yields a system to which wave front tracking can be
applied. We identify a rich class of finite energy data for which Helly’s
Selection Theorem yields convergence to the weak solution of the 3-d
linearized, radial Euler system.
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1. Introduction

The full 3-dimensional (3-d) Euler system describing inviscid compressible
fluid flow consists of conservation laws for mass, momentum and total energy.
Restricting attention to barotropic flows (pressure is a function of density
alone), the conservation laws for mass and momentum decouple from the
energy equation, and can be considered in isolation:

ρt + divx(ρ~u) = 0 (1)

(ρ~u)t + divx(ρ~u⊗ u) + gradx p = 0, (2)

where t is time, x ∈ R3, the flow variables are density ρ and fluid velocity ~u,
and p = p(ρ) is pressure. (We assume p′(ρ) > 0 for ρ > 0.) Currently there
is little hope of establishing a comprehensive well-posedness theory which
covers “general” Cauchy problems for the Euler system (1)-(2).

An interesting case of relevance for bomb-making and inertial confinement
fusion [1] is provided by purely radial flows where the flow variables are
functions only of time t and radial distance r = |x| to the origin, and with
velocity field of the form ~u = u~er (~er = x

r ). Substitution into (1)-(2) yields
the 3-d radial Euler system

ρt + (ρu)r = −2
rρu (3)

(ρu)t + (ρu2 + p(ρ))r = −2
rρu

2, (4)

where r varies over R+ ≡ (0,∞).
Even for the special case of radial flow it is challenging to establish global

existence of weak solutions for a reasonably rich class of initial data (ρ0, u0).
The 1-d theory based on Glimm’s theorem [6], which is the only result
providing global existence for the full 1-d Euler system for “general” data,
is based on a priori variation estimates. Such estimates are not directly
available for radial flows: as incoming (converging) waves focus on the origin,
their amplitude may well increase, as reflected by the singular 1

r source terms
in (3)-(4). As an illustration of our very limited understanding of multi-d
flows, we mention that it is not known whether blowup of amplitude can
occur in, say, finite energy, isentropic radial flows.

For the particular case of isothermal flow (p ∝ ρ), [14] considered the
exterior problem on {r > 1}. The authors adapted the 1-d approach devel-
oped by Nishida [18] specifically for isothermal flow, and established global
existence for fairly general data (see [17] for an extension). More recently
LeFloch-Westdickenberg [13], Chen-Perepelitsa [3], and Chen-Schrecker [4]
have employed the tool of compensated compactness to radial flows on the
domain r > 0. However, it appears unclear at present whether these re-
sults yield existence of genuine weak solutions to the original multi-d sys-
tem (1)-(2) on all of R3 [19]. (The technical issue is to guarantee that the
test functions used in the radial formulation (3)-(4) are sufficiently general.)
Regardless of this issue, it appears highly challenging to obtain further in-
formation about solutions obtained via weak compactness methods. (E.g:
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Can vacuums develop form from non-vacuum data? Can density or veloc-
ity become unbounded at the origin? Are these solutions unique?) We are
therefore interested in “taking a step back” and consider alternative methods
in a simpler setting.

A basic requirement of any such alternative is that it should apply to the
(much!) simpler system obtained by linearizing (3)-(4) about a quiescent
background state (fluid at rest at constant density). Linearizing (3)-(4)
about (ρ, u) ≡ (ρ̄, 0) yields

ρt + ρ̄ur = −2
r ρ̄u (5)

ρ̄ut + p′(ρ̄)ρr = 0, (6)

where ρ and u now denote perturbations. Setting c :=
√
p′(ρ̄) and

v := cρ, w := ρ̄u,

we obtain the symmetric system[
v
w

]
t

+

[
0 c
c 0

] [
v
w

]
r

=

[
−2c

r w
0

]
, (7)

which is to be solved on R+ × R+ with initial data

v(0, r) = v0(r) := cρ0(r), w(0, r) = w0(r) := ρ̄u0(r). (8)

As for boundary conditions along {r = 0} one may appeal to symmetry of
the 3-d velocity field and impose vanishing velocity at the center of motion:

w(t, r)|r=0 ≡ 0. (9)

We stress that this boundary condition will be used only to derive the so-
lution formulae in Section 2.1, which is carried out in a smooth setting;
it is not explicitly implemented in the construction scheme we provide in
Sections 4 and 5; see Remark 3.3.

In what follows we refer to the linearized 3-d, radial Euler system (7) as
the wave system. It may be viewed as the standard, linear second order wave
equation in 3-d written in system form and for radial solutions. As such it
admits explicit solution formulae which we shall use briefly below to study
the behavior near r = 0. However, the main point for us is to provide an
alternative approach to global existence for the wave system - an approach
with the potential of generalization to nonlinear systems where no solution
formulae are available.

Due to the singular behavior near the origin, there is no reason to expect
the linear wave system (7) to have significant predictive power (neither qual-
itative nor quantitative) for the original nonlinear system (3)-(4). Rather,
our interest in (7) is based on the fact that it contains a geometric singular
source term of 1

r -type, and yet is simple enough to admit a detailed analysis.
Before proceeding we comment on what might seem like reasonable alter-

native approaches to radial Cauchy problems: approximation via exterior
problems and time splitting, respectively.
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For the first method the idea is to solve initial-boundary value problems
on the exterior of a ball of radius ε > 0 about the origin. Each exterior
problem is essentially a 1-d problem with a non-singular source. Assuming
that these can be solved, the hope is to obtain a solution of the original
Cauchy problem by sending ε ↓ 0. The works [11, 12] consider the details
of this approach for the second order, linear radial wave equation on R3.
One conclusion in [11, 12] is that, while a solution of the original Cauchy
problem is obtained, one does not recover optimal regularity information.
Also, already the exterior problem may be challenging. E.g., one still has to
confront the issue of increase in amplitudes of incoming waves, and the choice
of boundary conditions along {|x| = ε}. ([11, 12] showed that Neumann
conditions yield better estimates than Dirichlet conditions.)

With time (or operator) splitting one introduces time steps of length
∆t. Each time-step consists of two sub-steps. First, the flux term in (7) is
disregarded, leaving a purely temporal ODE (parametrized by r) which only
involves the source term. Given approximations of v(t, r) and w(t, r) at time
t, this ODE is solved for a time ∆t. Secondly, the result from the first step
is updated by using it as initial data for the PDE obtained by disregarding
the source term, leaving a homogeneous 1-d hyperbolic PDE. This solution
is again propagated for a time ∆t, the end result being the approximations
of v(t, r) and w(t, r) at time t + ∆t. At a general level, time splitting is
a reasonable approach for equations with source terms, where the task of
propagating the solution one time step is split into two simpler steps. Each
of these can often be analyzed in considerable detail and may yield enough
control to obtain convergence of the method toward the exact solution.

However, while it is straightforward to write down explicitly a time split-
ting approximation for the system (7), it fails to preserve the natural energy
for (7). The discrepancy is data dependent and in fact unbounded for cer-
tain types of (bounded) initial data of finite energy. As a consequence we are
not optimistic about time-splitting as a method for establishing existence
of solutions to nonlinear problems with singular source terms. We suspect
that the same applies to the more subtle approach in [7, 15, 16] based on
“generalized Riemann problems” that resolve jump discontinuities between
stationary profiles. (However, this latter approach was successfully applied
to near-stationary gas flow in ducts of variable cross section by Liu [15,16].)

It seems to us that the 1
r -singularity of the source term in (7) induces

flows that are too violent to be approximated well by exterior solutions, time
splitting, or by approximate solutions based on stationary profiles. Instead
we shall squarely face the issue of the geometric singularity at the origin by
employing time dependent building blocks in a front tracking scheme.

This is a challenging program to carry out in a general setting. However,
the toy-model (7) is simple enough to allow such an approach. For this we
shall combine front-tracking with a scaling argument. We will exploit the
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fact that the scalings (see Section 4 for motivation)

v(t, r) 7→ A(t, r) := rv(t, r), w(t, r) 7→ B(t, r) := r2w(t, r) (10)

transforms the system (7) into the following “AB-system”

rAt + cBr = 0, Bt + crAr = cA.

Remark 1.1. The scalings in (10) correspond to the well-known fact that
radial solutions of �1+3U = 0 are mapped to solutions of �1+1V = 0 via the
scaling V (t, r) := rU(t, r), see Section 4. One benefit of this scaling is that
it removes the distinction between converging and diverging waves: when
measured in rescaled variables, the waves do not grow stronger (weaker) as
they approach (move away from) the origin.

An important step is to identify a suitable family of solutions to be used
as “building blocks” for the AB-system. The key property is that Riemann
problems defined in terms of them should yield new solutions of the same
type. Having identified such building blocks, we shall monitor the spatial
variation and obtain, by an application of Helly’s Selection Theorem, an
L1
loc-convergent sequence of approximate solutions of the AB-system. It is

easily verified that the limit, after inverting the scalings in (10), provides a
weak solution to (7). While Helly’s Theorem is a standard ingredient, our
use of it requires certain new, r-weighted variation functionals (see (97)-
(98)).

In turn, this dictates the class of initial data covered by our main result,
Theorem 7.1. In particular, we identify a rich class of finite energy data
for which a scaling + front tracking approach yields global-in-time weak
solutions. On the other hand, as it depends on BV regularity, it does not
apply to all finite energy data. In our view this is an acceptable price to pay
for obtaining a method that directly handles solutions of infinite amplitudes
and yields detailed information about their behavior near the origin.

The rest of the article is organized as follows. In Section 2 we deduce
solution formulae for (3)-(4) based on d’Alembert’s formula, give a few ex-
amples of solutions and their behavior near the origin, and record energy
conservation. Section 3 provides the relevant notion of weak solutions for
(3)-(4). This is a slightly subtle point; we impose the natural requirement
that the solution, when assembled into a radially symmetric function on all
of R3, should yield a weak solution of the multi-d system obtained by lin-
earizing the original, multi-d Euler system (1)-(2). In Section 4 we provide
a detailed motivation for the scalings (10) and give the corresponding no-
tion of weak solutions for the AB-system. The more involved part of the
work is carried out in Section 5 where we: resolve Riemann problems, derive
variation bounds, show how to approximate the data by piecewise constant
functions, and finally establish Lipschitz continuity of the solution map. In
Section 6 we use these results, together with a standard consequence of
Helly’s Selection Theorem, to establish the existence of global-in-time, weak
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solutions of the AB-system for a large class of initial data. Finally, in Sec-
tion 7 we translate this result into a corresponding existence result for the
system (3)-(4). Section 8 provides some concluding remarks.

2. Preliminaries

2.1. Extended solutions and solution formulae. We consider the sys-
tem (7) on the whole real line by extending the variables v (density) and w
(radial velocity) evenly and oddly, respectively:

ṽ0(r) =

{
v0(r) r > 0

v0(−r) r < 0,
w̃0(r) =

{
w0(r) r > 0

−w0(−r) r < 0.
(11)

For simplicity, we assume that ṽ0 and w̃0 are smooth, so that, in particular,
ṽ′0(0) = w̃0(0)=0. These data yields solutions (ṽ(t, r), w̃(t, r)) of (7), now
considered for all r ∈ R, whose parities with respect to r are conserved for
all times. The solution of the original initial-boundary value problem (7)-(8)
is obtained by restricting (ṽ(t, r), w̃(t, r)) to r ∈ R+.

According to w̃t + cṽr = 0 there exists a function z̃(t, r) such that

ṽ = −z̃t and w̃ = cz̃r. (12)

Substitution into the first equation in (7) shows that z̃ should satisfy the
3-d radial wave equation

z̃tt − c2(z̃rr + 2
r z̃r) = 0. (13)

Alternatively, the function Z̃(t, r) := rz̃(t, r) should solve the 1-d wave equa-
tion,

Z̃tt − c2Z̃rr = 0. (14)

According to (12) we can choose the initial conditions for z̃ to be

z̃(0, r) =
1

c

∫ r

0
w̃0(s) ds and z̃t(0, r) = −ṽ0(r). (15)

Applying d’Alembert’s formula to (14) then gives

z̃(t, r) = 1
r Z̃(t, r)

=
1

2cr

[
(r + ct)

∫ r+ct

0
w̃0(s) ds+ (r − ct)

∫ r−ct

0
w̃0(s) ds−

∫ r+ct

r−ct
sṽ0(s) ds

]
.

From (12) we finally obtain the following explicit formulae for ṽ and w̃:

ṽ(t, r) =
1

2r

[
(r + ct)ṽ0(r + ct) + (r − ct)ṽ0(r − ct)

]
− 1

2r

[
(r + ct)w̃0(r + ct)− (r − ct)w̃0(r − ct)

]
− 1

2r

∫ r+ct

r−ct
w̃0(s) ds, (16)
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and

w̃(t, r) = − 1

2r

[
(r + ct)ṽ0(r + ct)− (r − ct)ṽ0(r − ct)

]
+

1

2r

[
(r + ct)w̃0(r + ct) + (r − ct)w̃0(r − ct)

]
+

1

2r2

∫ r+ct

r−ct
sṽ0(s) ds− ct

2r2

∫ r+ct

r−ct
w̃0(s) ds. (17)

2.2. Amplitude blow up at origin; energy conservation. We next
analyze how the solutions given by (16)-(17) behave near r = 0. Without
going into a detailed discussion of whether, and in what sense, the formulae
remain valid for non-smooth data, we shall see what they indicate also in
such cases.

First assume that v0 and w0 have smooth extensions ṽ0 and w̃0 as above,
and fix a time t > 0. The parity properties in (11) then give

lim
r↓0

v(t, r) = lim
r↓0

{
1

2r

[
(ct+ r)v0(ct+ r)− (ct− r)v0(ct− r)

]
− 1

2r

[
(ct+ r)w0(ct+ r)− (ct− r)w0(ct− r)

]
− 1

2r

∫ ct+r

ct−r
w0(s) ds

}
= v0(ct) + ctv′0(ct)− 2w0(ct)− ctw′0(ct),

A similar calculation for w (Taylor expanding v0 and w0 about r = ct)
confirms that the boundary condition (9) is satisfied in this case in a classical
manner, viz.

lim
r↓0

w(t, r) = 0.

The above calculation indicates that the amplitude might blow up at r = 0
in the absence of smoothness. For this, consider the initial data

v0(r) ≡ 0, w0(r) =

{
0 0 ≤ r < 1

(r − 1)α r ≥ 1,
(18)

where 0 < α < 1. Substitution into the formulae (16)-(17) shows that these
initial data give blowup of both variables at time t = 1

c :

lim
r↓0

v(1
c , r), lim

r↓0
w(1

c , r) ∝ lim
r↓0

rα−1 =∞.

Next, consider the discontinuous initial data

v0(r) ≡ 0, w0(r) =


0 0 ≤ r < 1
1
r2

1 ≤ r ≤ R
0 r > R,

(19)

where R > 1. A calculation (which is simpler to do in the variables A,B)
shows that both v(t, r) and w(t, r) vanish on the two triangles ∆0 := {(t, r) ∈



8 HELGE KRISTIAN JENSSEN AND YUSHUANG LUO

R+ × R+ | ct < 1− r}, ∆1 := {(t, r) ∈ R+ × R+ | 1 + r < ct < R− r}, while
(v(t, r), w(t, r)) = (− 1

2r ,
1−ct
2r2

) on the parallelogram Π bounded by the four
lines r = ct ± 1, r = 1 − ct and r = R − ct. Thus, the v-component blows
up as r ↓ 0 at time t = 1

c , while w vanishes in Π at that time.
Finally, consider the data

v0(r) ≡ 0, w0(r) =


0 0 ≤ r < 1

1 1 ≤ r ≤ R
0 r > R,

(20)

where R > 1. With the same notation as above we have: (v(t, r), w(t, r)) ≡
(0, 0) on ∆0, (v(t, r), w(t, r)) ≡ (−2, 0) on ∆1, while (v(t, r), w(t, r)) =

(1−2ct
2r −1, r

2−(ct)2+ct
2r2

) on Π. In particular, this last example indicates that for
weak solutions, w(t, r) may not satisfy the boundary condition “w(t, 0) ≡ 0”
in a classical pointwise manner: at time t = 1

c , w ≡
1
2 in Π.

We finally introduce the energy E(t) of the solution:

E(t) := 1
2

∫ ∞
0

[
w2(t, r) + v2(t, r)

]
r2 dr. (21)

It is easily verified that any solution of the initial-boundary value prob-
lem (7)-(8) with smooth and compactly supported data (v0, w0), say, has
constant energy:

E(t) ≡ E(0) = 1
4

∫
R

[
w̃2

0(r) + ṽ2
0(r)

]
r2 dr. (22)

3. Weak solutions of the linearized Euler system

We next introduce the relevant notion of weak solutions of the wave sys-
tem (7). Above we obtained (7) by first restricting to radial solutions of the
Euler equations, and then linearizing the latter system. The same system is
obtained by first linearizing the Euler system (1)-(2) about (ρ, ~u) ≡ (ρ̄, 0),
and then imposing radial symmetry. We use this procedure to give the
proper weak formulation for (7); see Remark 3.3.

The linearization (1)-(2) is given by

ρt + ρ̄ divx ~u = 0 ρ̄~ut + c2 gradx ρ = 0, (23)

where ρ and ~u = (u1, u2, u3) denotes perturbations. In terms of

v := cρ, wi := ρ̄ui (i = 1, 2, 3),

the weak form requires that∫
R3

θ0v0 dx+

∫
R+

∫
R3

θtv + c gradx θ · ~w dxdt = 0 (24)

and ∫
R3

θ0wi0 dx+

∫
R+

∫
R3

θtwi + cθxiv dxdt = 0 (i = 1, 2, 3) (25)
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for all smooth and compactly supported test functions θ ∈ C∞c (Rt×R3
x) and

for each i = 1, 2, 3. Here and below we use a ‘0’ subscript on a function of
(t, r) to denote evaluation at time t = 0: θ0(r) ≡ θ(0, r), etc. Now assume
radial symmetry, i.e.,

v(t, x) = v(t, r) ~w(t, x) = w(t, r)
x

r
,

and change to spherical coordinates in (24) and (25). A calculation shows
(see [8, 10] for details) that (24) yields∫

R+

∫
R+

[vϕt + cwϕr] r
2drdt+

∫
R+

v0(r)ϕ0(r) r2dr = 0 (26)

where

ϕ(t, r) =

∫
|x|=1

θ(t, rx) dSx,

while (25) (for each i = 1, 2, 3) yields∫
R+

∫
R+

[
wψt + cv(ψr + 2

rψ)
]
r2drdt+

∫
R+

w0(r)ψ0(r) r2dr = 0 (27)

where

ψ(t, r) :=

∫
|x|=1

xiθ(t, rx) dSx.

Note that the “test function” ϕ(t, r) in (26) typically does not vanish as
r ↓ 0, while ψ(t, r) in (27) vanishes at a linear rate as r ↓ 0. (In particular,
the term 2

rψ in (27) is bounded.) This motivates the following definitions.

Definition 3.1. With R+ ≡ (0,∞) and R+
0 ≡ [0,∞), we introduce the

following sets of functions. C∞c (R×R+
0 ) denotes the set of functions ϕ(t, r)

that are restrictions to R×R+
0 of smooth and compactly supported functions

defined on R×R. C∞0 (R×R+
0 ) denotes the set of functions ψ ∈ C∞c (R×R+

0 )
with the additional property that limr↓0 ψ(t, r) = 0 for all t ≥ 0.

Definition 3.2. Consider the radial wave system (7) for (t, r) ∈ R+
0 ×R+

0 .
For initial data v0, w0 ∈ L1

loc(R
+
0 , r

2dr) we say that the function pair v, w :

R+
0 × R+

0 → R is a weak solution of the corresponding initial value problem
for the wave system (7) provided:

(i) the solution maps t 7→ v(t) and t 7→ w(t) map R+
0 continuously into

L1
loc(R

+
0 , r

2dr) with v(0) = v0 and w(0) = w0; and
(ii) the equations in (7) are satisfied in the following distributional senses:

(26) is satisfied for all ϕ ∈ C∞c (R×R+
0 ), and (27) is satisfied for all

ψ ∈ C∞0 (R× R+
0 ).

Remark 3.3. Definition 3.2 makes no reference to a boundary condition
along {r = 0}. This is as it should be: what we want at the end of the day
are solutions of the Cauchy problem for the multi-d linearized Euler system
(23), without prescribing their behavior at {r = 0}. Starting instead from
the equations in (7), multiplying by ϕ ∈ C∞c (R×R+

0 ) and ψ ∈ C∞0 (R×R+
0 ),
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respectively, and integrating by parts, give (26) and (27) with additional
boundary terms along r = 0. Discarding these terms would amount to im-
posing, a priori, growth conditions on v(t, r) and w(t, r) as r ↓ 0.

Remark 3.4. A direct calculation shows that in the smooth setting of Sec-
tion 2, the formulae (16)-(17) yield a weak solution according to the defini-
tion above.

4. An approach based on scaling and front tracking

To motivate the approach we recall that a front-tracking approach [2,9] for
systems of hyperbolic conservation laws requires suitable “building blocks.”
To be of interest it must be possible to approximate a fairly large class of
initial data by pieces of these basic functions. It is also desirable that they
are themselves exact solutions to the system under study. Finally, it will
simplify the analysis if jump discontinuities between two building blocks
can be resolved exactly in terms of the same type of building blocks. E.g.,
for a strictly hyperbolic and homogeneous system with linearly degenerate
characteristic fields, the default choice is to use constants as building blocks.
Also, recall how the “r-scaling” Z̃(t, r) = rz̃(t, r)) was used to obtain the
solution formulae (16)-(17) for the wave system (7).

To exploit this for our present purpose of generating approximate solu-
tions of the wave system (7), we rewrite the 1-d wave equation (14) for the

scaled “potential” Z̃ as a linearly degenerate system:[
V
W

]
t

+

[
0 c
c 0

] [
V
W

]
r

=

[
0
0

]
, (28)

where
V := −Z̃t and W := cZ̃r.

A front tracking approximation of V and W would consist of functions that
are piecewise constant at time zero, and then constant on triangles and
parallelograms bounded by characteristics r ± ct = constant (emanating

from points of initial jumps along the r-axis) and the r-axis. Thus, Z̃t
and Z̃r are constant, so that Z̃ itself is affine with respect to both r and
t, on such triangles and parallelograms. We therefore consider functions
z̃(t, r) = 1

r Z̃(t, r) of the form

z̃(t, r) = 1
r × [piecewise affine in t+ piecewise affine in r]

Thus, according to (12), in terms of the original variables v and w, this
means that we consider approximate solutions to (7) the form:

ṽ(t, r) = −z̃t = 1
r × [piecewise constant in r] (29)

and
w̃(t, r) = cz̃r = 1

r2
× [piecewise affine in t] . (30)

These expressions motivate changing to the following, scaled variables:

A(t, r) := rṽ(t, r) and B(t, r) := r2w̃(t, r), (31)
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which solve the corresponding system

rAt + cBr = 0 (32)

Bt + crAr = cA. (33)

We refer to (32)-(33) as the AB-system; note that the energy is

E(t) = 1
2

∫ ∞
0

A(t, r)2 +
B(t, r)2

r2
dr. (34)

Reformulating Definition 3.2 in terms of the unknowns A and B yields the
following weak solution concept for the AB-system. Recall the notations
introduced in Definition 3.1.

Definition 4.1. Consider the AB-system (32)-(33) in conservative form:

(rA)t + cBr = 0 (35)

Bt + c(rA)r = 2cA, (36)

for (t, r) ∈ R+
0 × R+

0 . For initial data A0, B0 ∈ L1
loc(R

+
0 , dr) we say that the

function pair A,B : R+
0 × R+

0 → R is a weak solution of the corresponding
initial value problem for the AB-system provided:

(i) the solution maps t 7→ A(t) and t 7→ B(t) map R+
0 continuously

into L1
loc(R

+
0 , dr) with A(0) = A0 and B(0) = B0 (as elements in

Lloc(R+
0 )); and

(ii) (35)-(36) are satisfied in the following distributional sense:∫
R+

∫
R+

rAϕt + cBϕr drdt+

∫
R+

rA0(r)ϕ0(r) dr = 0 (37)

for all ϕ ∈ C∞c (R× R+
0 ), and∫

R+

∫
R+

Bψt + cA(rψr + 2ψ) drdt+

∫
R+

B0(r)ψ0(r) dr = 0 (38)

for all ψ ∈ C∞0 (R× R+
0 ).

Remark 4.2. Again we impose no boundary condition along {r = 0}, cf.
Remark 3.3. However, we will insist that the initial data and the solutions
have finite energy; see Section 5.4 for the precise set of initial data consid-
ered. This will imply that the approximate solutions to the AB-system we
construct below must, in fact, vanish near r = 0 (see Section 5.1.4).

5. A front tracking algorithm for the AB-system

The first step is to identify effective building blocks to be used in a front
tracking scheme for the AB-system. In what follows r varies over R+

0 . We
start by observing that the exact solution of (35)-(36) corresponding to
constant initial data (A0, B0) ≡ (a, b) is[

A(t, r)
B(t, r)

]
=

[
a

act+ b

]
for any constants a, b ∈ R. (39)
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These solutions will serve as our basic building blocks: the approximate
solutions will be of the form (39) on rectangles and triangles bounded by
characteristic lines, the positive r-axis, and the positive t-axis.

The next steps are: to analyze how the total variations of r 7→ A(t, r), B(t, r)
evolve with t, and to derive Lipschitz estimates for the solution maps t 7→
An(t), Bn(t), regarded as L1

loc(R+, dr)-valued maps. A standard argument
based on Helly’s Selection Theorem (see [2, 9]) will then yield a conver-
gent (sub)sequence of approximate solutions (An(t, r), Bn(t, r)). The con-
vergence here is strong in L1

loc(R
+
0 × R+

0 , dt × dr), and it follows that the
limit (A(t, r), B(t, r)) is a weak solution of (32)-(33). We shall insist that
the solutions have finite energy, i.e., E(t) <∞ for all t ≥ 0.

At the end we define solutions (v(t, r), w(t, r)) := (1
rA(t, r), 1

r2
B(t, r)) of

the original wave system (7). By linearity of the map (A,B) 7→ (v, w) it will
follow that (v, w) is a weak solution according to Definition 3.2.

5.1. Riemann problems and wave interactions. The first step is to re-
solve initial Riemann problems and “interaction Riemann problems” (when
discontinuities meet). We must also resolve “boundary Riemann problems”
along r = 0 that occur when discontinuities with speed −c impinge on the
boundary {r = 0}.

5.1.1. Rankine-Hugoniot relations. The AB-system (32)-(33) has constant
characteristic speeds ±c. The Rankine-Hugoniot relations are:

[[B]] = ±[[rA]] across discontinuities with speed ±c, respectively. (40)

5.1.2. Initial Riemann problems. Consider the initial Riemann problem, cen-
tered at r = r̄ > 0, for (32)-(33) and with constant left and right states[

a−
b−

]
and

[
a+

b+

]
,

respectively. The solution consists of three parts separated by discontinuities
propagating along the two straight lines r = r̄ ± ct. The leftmost and
rightmost parts of the solution are, according to (39), given by[

a−
a−ct+ b−

]
and

[
a+

a+ct+ b+

]
,

respectively. A straightforward calculation using the Rankine-Hugoniot con-
dition across the discontinuities along r = r̄ ± ct, shows that the emerging
middle state between these lines is given as[

â

âct+ b̂

]
, (41)

with

â = 〈a〉 − 1

2r̄
[[b]], and b̂ = 〈b〉 − r̄

2
[[a]], (42)
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where we have used the notations

〈a〉 :=
1

2
(a+ + a−) and [[a]] := a+ − a−, (43)

and similarly for 〈b〉 and [[b]].

5.1.3. Wave interactions in {t > 0, r > 0}. Consider next the situation
where two discontinuities propagating along r = r̄ ± c(t − t̄), respectively,
meet at (t̄, r̄), where t̄ > 0 and r̄ > 0. Denoting the incoming left, middle,
and right states by[

a−
a−ct+ b−

]
,

[
a0

a0ct+ b0

]
, and

[
a+

a+ct+ b+

]
,

respectively, the Rankine-Hugoniot relations (40) yield

(b0 + a0ct)− (b− + a−ct) = (c(t− t̄) + r̄)(a0 − a−) (44)

(b+ + a+ct)− (b0 + a0ct) = (c(t− t̄)− r̄)(a0 − a−). (45)

Adding these two identities and solving for [[b]] ≡ b+ − b− gives

[[b]] = 2r̄(a0 − 〈a〉)− [[a]]ct̄. (46)

with the same notation as in (43). Next, denoting the outgoing middle state
as in (41), the Rankine-Hugoniot relations (40) yield

(b̂+ âct)− (b− + a−ct) = (c(t− t̄)− r̄)(â− a−) (47)

(b+ + a+ct)− (b̂+ âct) = (c(t− t̄) + r̄)(a+ − â). (48)

Adding the last two identities and solving for â gives

â = 〈a〉 − 1

2r̄
([[b]] + [[a]]ct̄) , (49)

again with the same notation as in (43). According to (46) this yields

â = a+ + a− − a0. (50)

(The corresponding explicit expression for b̂ will not be needed.)

5.1.4. Riemann problem at the origin; wave reflection along {t > 0, r = 0}.
Finally we need to analyze the situation along {r = 0}. Consider first
the situation at initial time t = 0, where we shall use piecewise constant
approximations to the initial data A0(r) and B0(r). Let b0 be the constant
value used to approximate B0(r) near r = 0. As we restrict attention to
finite energy data, i.e.,∫ ∞

0
A0(r)2 +

B0(r)2

r2
dr <∞,

we must have b0 = 0. We thus have an initial state of the form[
a0

0

]
near r = 0 at time t = 0.
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The “boundary Riemann problem” at (t, r) = (0, 0) must give a single dis-
continuity along {r = ct}. The solution on the right is given by (39):[

A(t, r)
B(t, r)

]
=

[
a0

a0ct

]
for r > ct,

which is to connect to a state, again of the form (39), on the left of {r = ct}.
Imposing finite energy, this state must be the trivial state[

A(t, r)
B(t, r)

]
≡
[

0
0

]
for 0 < r < ct.

It remains to consider the case when a left-moving discontinuity, along
r = r̄ − ct, say, and with the trivial state on its left, meets the boundary
r = 0 at time t̄ := r̄

c . Letting the state on the right of the discontinuity be[
A(t, r)
B(t, r)

]
=

[
ã

b̃+ ãct

]
(r > r̄ − ct, t < t̄), (51)

the Rankine-Hugoniot relation (40) for a left-moving discontinuity gives

b̃+ ãr̄ = 0. (52)

The left-moving wave will reflect off r = 0 at time t̄ as a right-moving
discontinuity along r = ct− r̄. Imposing finite energy as above, we use the
trivial state (A,B) = (0, 0) as our approximate solution for 0 < r < ct− r̄. It
is immediate to verify that, thanks to (52), the Rankine-Hugoniot condition
is then verified across the reflected discontinuity. (Note that, as the energy
(34) is finite and conserved, and since the characteristic rectangle on which
(51) holds meets the boundary {r = 0} at t = t̄, it follows that B(t, r) =

b̃+ ãct must vanish for t = t̄ = r̄
c ; again, this holds thanks to (52).)

Thus, by imposing finite energy, the approximate solutions vanish on a
band of adjacent triangles bounded by characteristic lines and {r = 0}.

5.2. Front tracking solutions. The analysis above shows how piecewise
constant initial data (A0, B0) for the AB-system can be propagated for all
positive times by resolving Riemann problems. We claim that these are
exact weak solutions according to Definition 4.1.

Indeed, Part (i) of the definition will follow from the L1-estimates in
Section 5.5. Specifically, for any R, T > 0, the arguments in Section 5.5
establish Lipschitz continuity of the solution maps t 7→ A(t), t 7→ B(t) as
maps from [0, T ] into L1([0, R], dr).

Part (ii) of the definition is also satisfied thanks to the following facts.
First, the front tracking solutions are, by choice, piecewise exact solutions.
Next, all Riemann problems are resolved exactly according to the Rankine-
Hugoniot relations (40). Finally, in verifying the weak form via integration
by parts, the boundary terms Bϕ and rAψ appear (in (35) and (36), re-
spectively); both of these terms vanish since both A(t, r) and B(t, r) vanish
along {r = 0} by construction.
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Finally, it is straightforward to verify that the energy E(t) defined in (34)
remains constant along these weak solutions.

5.3. Variation estimates. The next step is to monitor the spatial varia-
tion of solutions A(t, r) and B(t, r) that are piecewise constant and piecewise
affine in t, respectively. This analysis is dictated by the strategy of applying
Helly’s Selection Theorem to the rescaled variables A and B; this will de-
termine a class of initial data (v0(r), w0(r)) for which this approach works.
We use the following notation: for any f : R+

0 → R,

Var f := sup

N∑
i=1

|f(ri)− f(ri−1)|,

where the supremum is taken over all finite, increasing selections of points
in R+: 0 = r0 < r1 < · · · < rN <∞.

5.3.1. Initial change of variations. Consider piecewise constant initial data
A0(r) and B0(r) on R+

0 with vanishing B-value near r = 0. Assume that
the data have discontinuities at 0 < r1 < r2 < · · · < rN :

A0(r) =

N∑
i=0

aiχ[ri,ri+1)(r), B0(r) =

N∑
i=1

biχ[ri,ri+1)(r), (53)

where we use r0 = 0 and rN+1 = +∞ and also assume continuity from the
right. These data set up a boundary Riemann problem at r = r0 = 0, and
a Riemann problem at each of the locations r = ri, i = 1, . . . , N . Setting
b0 := 0 we have that the initial variations are

VarA0 =

N∑
i=1

|[[a]]i|, VarB0 =

N∑
i=1

|[[b]]i|, (54)

where

[[a]]i := ai − ai−1, [[b]]i := bi − bi−1 for 1 ≤ i ≤ N .

We now fix a time t = t0 > 0 so small that none of the waves resulting
from these Riemann problems interact before time t = t0. To calculate the
variations of r 7→ A(t0, r) and r 7→ B(t0, r) we use the results from Sections
5.1.2 and 5.1.4. Recall that the boundary Riemann problem at r = 0 is
resolved by having the trivial state on the left connect to the state (A,B) =
(a0, a0ct) on the right across the characteristic line r = ct. This wave thus
contributes |a0| to VarA(t0) and |a0|ct to VarB(t0). Next, let the outgoing
middle state from the Riemann problem centered at r = ri (1 ≤ i ≤ N) be

(âi, b̂i + âict). From (42)-(43) it follows that the contribution to VarA(t0)
and VarB(t0) from the two waves in the solution of this Riemann problem
are given as

|ai − âi|+ |âi − ai−1| = 1
2 |[[a]]i + 1

r̄ [[b]]i|+ 1
2 |[[a]]i − 1

r̄ [[b]]i|
≤ |[[a]]i|+ 1

ri
|[[b]]i| (1 ≤ i ≤ N).
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and

|(bi + aict0)− (b̂i + âict0)|+ |(b̂i + âict0)− (bi−1 + ai−1ct0)|
≤ (|[[b]]i|+ ri|[[a]]i|) + (|[[a]]i|+ 1

ri
|[[b]]i|)ct0 (1 ≤ i ≤ N),

respectively. We therefore have

VarA(t0) ≤ VarA0 + |a0|+
N∑
i=1

1
ri
|[[b]]i| =: V (A0, B0), (55)

and

VarB(t0) ≤
(

VarB0 +

N∑
i=1

ri|[[a]]i|
)

+
(

VarA0 + |a0|+
N∑
i=1

1
ri
|[[b]]i|

)
ct0

=: W (A0, B0) + ct0V (A0, B0). (56)

5.3.2. No change in variations across interactions. Consider first the reflec-
tion of a left-moving characteristic into a right-moving characteristic at a
time t̄ > 0 along {r = 0}. As the the state adjacent to the boundary is
the same (trivial) state before and after the reflection, it follows that the
reflection contributes no change to the variation of A and B.

Next, consider the situation in Section 5.1.3 where two discontinuities with
speeds ±c intersect at some point (t̄, r̄), with t̄ > 0 and r̄ > 0. With the same
notation as there, the contribution to VarA(t) from the two approaching
waves, before interaction and after interaction, respectively, are

|a0 − a−|+ |a+ − a0| and |â− a−|+ |a+ − â|.
According to (50), these two sums are identical: the interaction contributes
no change the variation of A. Finally, it follows from this, together with
the Rankine-Hugoniot relations (40), that the interaction also contributes
no change the variation of B.

5.3.3. Changes in variations between interactions. Consider the situation
between two consecutive interactions. With A(t, r) and B(t, r) piecewise
constant and piecewise affine in t, respectively, assume t̄ > 0 and ∆t > 0
are such that no discontinuities in (A(t, r), B(t, r)) meet each other or the
boundary {r = 0} during the time interval [t̄, t̄+∆t]. As the constant values
of A(t, r) do not change between such interactions, it follows that VarA(t)
remains constant between interactions.

Finally, as B(t, r) is piecewise affine in t it follows that VarB(t) increases
at most at a linear rate between t̄ and t̄ + ∆t. Recalling that the any
discontinuity in the solutions under consideration separates states of the
form (a−, b− + ca−t) and (a+, b+ + ca+t), we obtain that

VarB(t̄+ ∆t) ≤ VarB(t̄) + VarA(t̄) · c∆t.

5.3.4. Overall variation estimates. It follows from the analysis above that
the solution (A(t, r), B(t, r)) of (32)-(33) with the piecewise constant initial
(53), satisfy the bounds (55)-(56) for all times t0 ≥ 0.
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5.4. Initial data. The variation bounds (55)-(56) indicate a natural class
of initial data (A0, B0) for which an argument based on scaling and Helly’s
theorem will yield existence of a corresponding weak solution. For this we
introduce the following two “weighted variation” functionals for any mea-
surable and bounded functions A0, B0 : R+

0 → R with B0(0) = 0:

S(A0) = sup
N∑
i=1

ri|A0(ri)−A0(ri−1)| (57)

T (B0) = sup
N∑
i=1

1

ri
|B0(ri)−B0(ri−1)|, (58)

where the supremums are taken over all finite, increasing selections of points
in R+: 0 = r0 < r1 < · · · < rN <∞. Also, define the energy integrals

E(A0) :=

∫
R+

A2
0(r) dr, F(B0) :=

∫
R+

B2
0(r)

dr

r2
.

Then, according to (55)-(56), the relevant sets of initial data A0 and B0 for
the AB-system (32)-(33) are

A := {A0 : R+
0 → R | VarA0,S(A0), E(A0) <∞} (59)

and
B := {B0 : R+

0 → R | VarB0, T (B0),F(B0) <∞}, (60)

respectively.

Lemma 5.1. Given A ∈ A and B ∈ B. Then there are sequences (An) and
(Bn) such that

An → A in L2(R+
0 , dr), Bn → B in L2(R+

0 ,
dr

r2
), (61)

and such that for each integer n > 0:

(a) An(r) is piecewise constant, right-continuous, and VarAn ≤ VarA,
S(An) ≤ S(A);

(b) Bn(r) is piecewise constant, right-continuous, and VarBn ≤ VarB,
T (Bn) ≤ T (B).

Proof. Fix A ∈ A and B ∈ B. We will show that there are sequences (An)
and (Bn) satisfying (a) and (b) and such that

‖A−An‖L2(R+
0 ,dr)

≤ 1

n
, (62)

‖B −Bn‖L2(R+
0 ,

dr
r2

) ≤
1

n
. (63)

We follow [2] and start by analyzing A. First define the variation function

V (r) := sup
{ N∑
j=1

|A(ri)−A(rj−1)| : N ≥ 1, 0 = r0 < r1 < · · · < rN = r
}
.

(64)
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By right continuity of A(r), V (r) is a right continuous, non-decreasing func-
tion satisfying

V (0) = 0, V (∞) = VarA. (65)

Given ε > 0, let N = N(ε) be the largest integer < VarA
ε and consider the

points

r0 := 0, rN :=∞, rj := inf{r : V (r) ≥ jε}, j = 1, · · · , N − 1. (66)

Defining the function Aε by

Aε(r) := A(rj) if r ∈ [rj , rj+1), j = 0, . . . , N − 1, (67)

we obtain from (66) that

‖Aε −A‖L∞(R+
0 ) < ε. (68)

By definition, Aε is piecewise constant and takes values of the original func-
tion A. It follows that VarAε ≤ VarA and S(Aε) ≤ S(A). Thus, for any
ε > 0 the function Aε satisfies (a) with the additional property (68).

We next use this to find an An satisfying (a) and also (62). First, since
A ∈ L2(R+

0 , dr), for each n there is an ηn so that∫ ∞
ηn

A2(r) dr <
1

2n2
. (69)

Now apply the argument above with ε = 1
n
√

2ηn
to find a piecewise constant

function Ãn satisfying (a) and with

‖A− Ãn‖L∞(R+
0 ) <

1

n
√

2ηn
. (70)

We observe that, as A ∈ L2(R+
0 , dr) ∩BV (R+

0 ), we have

lim
r→∞

A(r) = 0.

Now set

An(r) :=

{
Ãn(r) r ∈ [0, ηn),

0 r ≥ ηn.
(71)

Clearly An is piecewise constant and, by definition, takes values of A(r).
Thus (a) is satisfied, while (62) follows from

‖A−An‖2L2(R+
0 ,dr)

=

∫ ∞
0
|A(r)−An(r)|2 dr

=

∫ ηn

0
|A(r)− Ãn(r)|2 dr +

∫ ∞
ηn

A2(r) dr

≤
∫ ηn

0
|A(r)− Ãn(r)|2 dr +

1

2n2
(by (69))

≤ηn
( 1

n
√

2ηn

)2
+

1

2n2
=

1

n2
. (by (70))
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For completeness we include the slightly different argument for the B-
component. First, since B ∈ L2(R+

0 , r
−2dr), for each n there numbers δn <

ζn so that∫ δn

0
B2(r)

dr

r2
<

1

6n2
and

∫ ∞
ζn

B2(r)
dr

r2
<

1

12n2
. (72)

Since B ∈ BV (R+
0 ) its limit at ∞ exists as a finite number:

C := lim
r→∞

B(r). (73)

We then increase, if necessary, ζn in (72) so that we also have

ζn > 12C2n2, (74)

which yields ∫ ∞
ζn

C2 dr

r2
<

1

12n2
.

We proceed to construct a piecewise constant approximation to B(r) on
[δn,∞). Applying the same technique as above we define

W (r) := sup
{ N∑
j=1

|B(rj)−B(rj−1)| : N ≥ 1, δn = r0 < r1 < · · · < rN = r
}
,

(75)
which satisfies

W (δn) = 0, W (∞) = Var[δn,∞)B ≤ VarB. (76)

Given ε > 0, let N be the largest integer < VarB
ε and consider the points

r0 := δn, rN :=∞, rj := min{r : W (r) ≥ jε}, j = 1, · · · , N −1. (77)

Defining the function

B(ε)(r) := B(rj) if r ∈ [rj , rj+1), j = 0, . . . , N − 1, (78)

we obtain from (77) that

‖B −B(ε)‖L∞([δn,∞)) < ε.

Note that B(ε) takes values of B on [δn,∞).

Replacing ε with δn
n
√

2(ζn−δn)
we obtain a piecewise constant function,

denoted by B̃n, with the property

‖B − B̃n‖L∞([δn,∞)) <
δn

n
√

2(ζn − δn)
. (79)

By assumption B ∈ BV (R+
0 ); the limit limr↓0B(r) therefore exists, and it

is necessarily zero since B ∈ L2(R+
0 , r

−2dr). We then define the following
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piecewise constant function

Bn(r) :=


0 0 ≤ r < δn,

B̃n(r) r ∈ [δn, ζn),

C r ≥ ζn,
(80)

where C is given by (73). As Bn takes values of B it follows that part (b)
of the lemma is satisfied. Finally, (63) follows from the properties above:

‖B −Bn‖L2(R+
0 ,

dr
r2

)

=

∫ δn

0
B2(r)

dr

r2
+

∫ ζn

δn

|B(r)− B̃n(r)|2 dr
r2

+

∫ ∞
ζn

|B(r)− C|2 dr
r2

≤
∫ δn

0
B2(r)

dr

r2
+

1

δ2
n

∫ ζn

δn

‖B − B̃n‖2L∞([δn,ζn]) dr

+ 2

∫ ∞
ζn

B2(r)
dr

r2
+ 2

∫ ∞
ζn

C2 dr

r2

≤ 1

2n2
+
ζn − δn
δ2
n

( δn

n
√

2(ζn − δn)

)2
=

1

n2
.

�

5.5. Lipschitz continuity in time. In order to apply the standard front
tracking approach for 1-d systems of conservation laws to the AB-system
(32)-(33) [2, 9], we proceed to show that the solution maps t 7→ A(t), B(t),
with A piecewise constant and B piecewise affine in t, are Lipschitz contin-
uous as maps from R+

0 into L1
loc(R

+
0 , dr).

We now fix an upper time T > 0 and piecewise constant data A0 ∈ A,
B0 ∈ B of the form (53). Let A(t, r), B(t, r) denote the corresponding
solutions obtained by resolving initial Riemann problems, wave interactions,
and boundary Riemann problems as detailed in Section 5.1. We shall first
estimate

‖A(s′)−A(s)‖1 := ‖A(s′, r)−A(s, r)‖L1(R+,dr)

for times 0 ≤ s < s′ ≤ T , and we start with the situation when there are no
interactions during the time interval [s, s′]. The simplest case occurs when no
front-location (i.e., position of a discontinuity) at time s is crossed by other
fronts during [s, s′]. The following lemma reduces the issue to this simplest
case, for concreteness formulated for the A-component of the solution.

Lemma 5.2. With A(t, r) as above, assume that no interaction occurs dur-
ing the time interval [s, s′] where 0 < s < s′ ≤ T . Then, by letting M be a
sufficiently large integer and setting

∆t :=
s′ − s
M

, (81)

we have: during each subinterval (s+m∆t, s+(m+1)∆t], m = 0, . . . ,M−1,
no front in A(t, r) crosses any front location present at time s+m∆t.
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Proof. Recall that A(t, r) is piecewise constant for any t. For any t ∈ [s, s′],
let 0 < r1(t) < r2(t) < . . . < rN (t) denote the front locations in A(t, r), and
set r0(t) := 0. As no interaction occurs during [s, s′] the minimal distance
between adjacent fronts remains strictly positive, i.e.,

l := min
t∈[s,s′]
1≤i≤N

|ri(t)− ri−1(t)| > 0.

Now let M be the smallest integer satisfying M > c(s′−s)
l . It follows that

c∆t < l and that any two adjacent fronts at time tm := s + m∆t (m =
0, . . . ,M − 1) are at least at a distance l apart. Since each front is either
stationary or moves a distance c∆t < l during the time interval Im :=
(tm, tm+1], it follows that, during Im, no front crosses a front location present
at time tm. �

Since discontinuities in B(t, r) propagate with the same speeds ±c, it is
immediate that Lemma 5.2 applies with A(t, r) replaced by B(t, r).

Lemma 5.3. With the same setup as in Lemma 5.2 we have

‖A(s′)−A(s)‖1 ≤ cVarA(s) · |s′ − s|. (82)

Proof. Define ∆t as in (81). According to Lemma 5.2, and with the notation
introduced in its proof, we have: as t increases from tm to tm+1, each front
moves a distance c∆t without crossing any front location present at time tm.
As the constant values taken by A(t, r) do not change due to the absence of
interactions during [s, s′], it follows that

‖A(tm+1)−A(tm)‖1 = cVarA(tm) ·∆t.
Adding these up for m = 0, . . . ,M − 1, and using that VarA(t) remains
constant, we obtain

‖A(s′)−A(s)‖1 ≤
M−1∑
m=0

‖A(tm+1)−A(tm)‖1

=

M−1∑
m=0

cVarA(tm) · |tm+1 − tm| ≤ cVarA(s) · |s′ − s|.

�

The corresponding statement for B(t, r) requires a separate analysis since
its values change linearly with time. In particular, we need to restrict to a
compact spatial domain. For R > 0, we set

‖B(s′)−B(s)‖1,R := ‖B(s′, r)−B(s, r)‖L1([0,R],dr).

Lemma 5.4. With B(t, r) as above, assume that no interaction occurs dur-
ing the time interval [s, s′] where 0 < s < s′ ≤ T . Then, for any R > 0 there
is a number LR,T (A0, B0), depending only on R, T , and the initial data A0

and B0 (see (84)), such that

‖B(s′)−B(s)‖1,R ≤ LR,T (A0, B0) · |s′ − s|. (83)
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Proof. Recall that Lemma 5.2 applies to B(t, r); using the notation intro-
duced in its proof we first consider one of the subintervals Im = (tm, tm+1]
(m = 0, . . . ,M − 1) in which no front crosses a front location present at
time tm. Without loss of generality we may also assume that no fronts cross
the location r = R within the open interval (tm, tm+1). (By assumption the
solution under consideration contains only finitely many fronts; if a front
does meet r = R at some time t̄ ∈ (s, s′), we add t̄ to the tm and rename
them.)

Let 0 < r1 < r2 < . . . < rN denote the front locations in [0, R] at time
tm. With r0 := 0 and rN+1 := R, let

A(tm, r) =

N∑
i=0

aiχ[ri,ri+1)(r), B(tm, r) =

N∑
i=0

biχ[ri,ri+1)(r),

for 0 ≤ r ≤ R. As no interactions occur between times tm and tm+1 we have

A(tm+1, r) =

N∑
i=0

aiχ[r′i,r
′
i+1)(r), B(tm+1, r) =

N∑
i=0

b′iχ[r′i,r
′
i+1)(r),

where r′i = ri + ci∆t (∆t = (tm+1 − tm)) for i = 1, . . . , N , ci = ±c, and
r′0 = 0, r′N+1 = R. Also, b′i = bi + aic(tm+1 − tm) for i = 0, . . . , N .

Since the times tm are chosen so that no front position during (tm, tm+1)
crosses a front position present at time tm, we can choose a partition 0 =
d0 < d1 < · · · < dN = R of [0, R] such that ri, r

′
i ∈ Ji := (di−1, di] for i =

1, . . . , N . We first consider one of the intervals Ji, assuming for concreteness
that r′i < ri (the opposite case is entirely similar). Referring to Figure 1,
which depicts the situation where ai−1 > 0 > ai, we have

‖B(tm+1)−B(tm)‖L1(Ji,dr)

= |b′i−1 − bi−1|(r′i − di−1) + |bi−1 − b′i|(ri − r′i) + |b′i − bi|(di − ri)
= c

[
|ai−1|(r′i − di−1) + |bi−1 − b′i|+ |ai|(di − ri)

]
∆t

≤ c
[
|ai−1|(r′i − di−1) + |bi−1 − b′i−1|+ |b′i−1 − b′i|+ |ai|(di − ri)

]
∆t

= c
[
|ai−1|(r′i − di−1) + |ai−1|c∆t+ |b′i−1 − b′i|+ |ai|(di − ri)

]
∆t

= c
[
|ai−1|(ri − di−1) + |b′i−1 − b′i|c(t− s) + |ai|(di − ri)

]
∆t

= c
[

VarJi B(tm+1) +

∫
Ji

|A(tm, r)| dr
]
∆t,

where VarJi indicates spatial variation over the interval Ji. Summing up the
contributions from each Ji, we obtain

‖B(tm+1)−B(tm)‖1,R ≤ c
[

Var[0,R]B(tm+1) +

∫
[0,R]
|A(tm, r)| dr

]
∆t
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Figure 1. Fronts and B-values in Ji during (tm, tm+1).

Estimating the last integral in terms of the energy,∫
[0,R]
|A(tm, r)| dr ≤ R

1
2

[ ∫
[0,R]
|A(tm, r)|2 dr

] 1
2 ≤ R

1
2
[
E(A0) + F(B0)

] 1
2 ,

and using (56), give that ‖B(tm+1)−B(tm)‖1,R is bounded by

c
[
W (A0, B0) + cs′V (A0, B0) +R

1
2
[
E(A0) + F(B0)

] 1
2

]
∆t,

where V (A0, B0) and W (A0, B0) were defined in (55)-(56). Finally, summing
up over the time intervals Im, and using that s′ ≤ T , we conclude that

‖B(s′)−B(s)‖1,R ≤
M−1∑
m=0

‖B(tm+1)−B(tm)‖1,R ≤ LR,T (A0, B0) · |s′ − s|,

where

LR,T (A0, B0) := c
[
W (A0, B0)+cT ·V (A0, B0)+R

1
2
[
E(A0)+F(B0)

] 1
2

]
(84)

�

Turning next to situations where one or more interactions occur between
times s and s′ (0 < s < s′ < T ), we start by estimating ‖A(s′) − A(s)‖1.
First, assume that there is a single time s̄ ∈ (s, s′) at which one or more
interactions occur, one of which could be the reflection of a front at (t, r) =
(s̄, 0). As fronts move at speed ±c, it is readily verified that ‖A(s̄ ±∆t) −
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A(s̄)‖1, where 0 < ∆t < min(s′ − s̄, s̄− s), is of order ∆t. Applying Lemma
5.3, and the fact that VarA(t) is constant for t > 0 (cf. Sections 5.3.2 and
5.3.3), we obtain

‖A(s′)−A(s)‖1 ≤‖A(s′)−A(s̄+ ∆t)‖1 + ‖A(s̄+ ∆t)−A(s̄)‖1
+ ‖A(s̄)−A(s̄−∆t)‖1 + ‖A(s̄−∆t)−A(s)‖1
≤cVarA(s̄+ ∆t) · (s′ − (s̄+ ∆t)) +O(∆t)

+ cVarA(s) · (s̄−∆t− s)
≤cVarA(s)(s′ − s− 2∆t) +O(∆t). (85)

Sending ∆t ↓ 0 we conclude that (82) holds whenever 0 < s < s′ are times
for which there is a single intermediate time of interaction(s).

Let now s and s′ be arbitrary times with 0 < s < s′. As there are at most
finitely many interactions occurring during the time interval [s, s′], we can
partition it into a finite number of subintervals of the type just considered.
Applying (82) to each subinterval and using the triangle inequality show
that (82) holds for any two positive times s, s′.

Finally, assume that 0 = s < s′ = t0, where t0 is chosen small enough
that no interaction occurs during the time interval (0, t0). With the data
(53) and with notation as in Section 5.3.1 we then have

‖A(t0)−A(0)‖1 = |a0|ct0 +

N∑
i=1

(|âi − ai−1|+ |âi − ai|)ct0

≤ c
(

VarA0 + |a0|+
N∑
i=1

1
ri
|[[b]]i|

)
t0 = c · V (A0, B0)t0. (86)

Combining the results above and applying the triangle inequality, we con-
clude: for piecewise constant data A0 ∈ A, B0 ∈ B of the form (53), the
first component A(t, r) of the solution of the AB-system (32)-(33) satisfies
the Lipschitz estimate

‖A(s′)−A(s)‖1 ≤ c · V (A0, B0) · |s′ − s| for any s, s′ ≥ 0, (87)

where V (A0, B0) is given by (55).
Next, consider the second component B(t, r) of the solution. As above,

for times s, s′ with 0 < s < s′ < T , assume first that there is a single time
s̄ ∈ (s, s′) at which one or more interactions occur in the solution (one of
which could be a boundary interaction at (t, r) = (s̄, 0)). Again it is readily
verified that ‖B(s̄±∆t)− B(s̄)‖1, where 0 < ∆t < min(s′ − s̄, s̄− s), is of
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order ∆t. Fixing an R > 0 and applying Lemma 5.4 we thus have

‖B(s′)−B(s)‖1,R ≤ ‖B(s′)−B(s̄+ ∆t)‖1 + ‖B(s̄+ ∆t)−B(s̄)‖1
+ ‖B(s̄)−B(s̄−∆t)‖1 + ‖B(s̄−∆t)−B(s)‖1
≤ LR,T (A0, B0) · (s′ − (s̄+ ∆t)) +O(∆t)

+ LR,T (A0, B0) · (s̄−∆t− s)
≤ LR,T (A0, B0)(s′ − s− 2∆t) +O(∆t). (88)

Sending ∆t ↓ 0 we conclude that (83) holds whenever 0 < s < s′ are times
for which there is a single intermediate time of interaction(s).

If s and s′ are arbitrary times with 0 < s < s′ < T we argue as for
A(t, r) above and obtain that the estimate (83), with the Lipschitz constant
LR,T (A0, B0) in (84), holds for any two positive times s, s′.

Finally, assume that 0 = s < s′ = t0, where t0 is as above. Consider
the initial data (53) and use notation as in Section 5.3.1. Letting j be the
largest index such that rj < R and choosing, if necessary, t0 small enough
that the forward wave from (t, r) = (0, rj) does not reach r = R before time
t0, we have (assuming R < rj+1)

‖B(t0)−B(0)‖1,R

= (r1 − 2ct0)|a0|ct0 +

j−1∑
i=1

[
|b̂i − bi−1|+ |b̂i − bi|+ |ai|(ri+1 − ri − 2ct0)

]
ct0

+
[
|b̂j − bj−1|+ |b̂j − bj |+ |aj |(R− rj − 2ct0)

]
ct0

≤ c
[ j∑
i=1

(|[[b]]i|+ ri|[[a]]i|) + |a0|r1 +

j−1∑
i=1

|ai|(ri+1 − ri) + (R− rj)|aj |
]
t0

= c
[
W (A0, B0) +

∫ R

0
|A0(r)| dr

]
t0 ≤ c

[
W (A0, B0) +R

1
2E(A0)

1
2

]
t0. (89)

(The same result is obtained if R = rj+1.) Combining the results above
and applying the triangle inequality, we conclude: for fixed R, T > 0 and
piecewise constant data A0 ∈ A, B0 ∈ B of the form (53), the second
component B(t, r) of the solution of the AB-system (32)-(33) satisfies the
Lipschitz estimate

‖B(s′)−B(s)‖L1([0,R],dr) ≤ L · |s′ − s| for any s, s′ ∈ [0, T ], (90)

with a Lipschitz constant L depending on R, T , A0 and B0:

L = max
(
LR,T (A0, B0), c

[
W (A0, B0) +R

1
2E(A0)

1
2

])
, (91)

where LR,T (A0, B0) is given by (83).
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6. Existence of Weak Solutions to the AB-system

Theorem 6.1. For initial data A0, B0 with A0 ∈ A and B0 ∈ B (see (59)-
(60)), there exists a weak solution of the initial-boundary value problem for
the AB-system according to Definition 4.1.

Proof. Given the data A0 and B0, we choose sequences (An,0) and (Bn,0) as
described in Lemma 5.1, and let An(t, r) and Bn(t, r) denote the correspond-
ing weak solutions constructed as in Sections 5.1-5.2. Note that Lemma 5.1
in particular implies that

An,0 → A0 in L1
loc(R

+
0 , dr), Bn,0 → B0 in L1

loc(R
+
0 , dr). (92)

Next, fix numbers R > 0 and T > 0. The results in Section 5.3 show
that An(t) and Bn(t), for t ∈ [0, T ], satisfy the uniform variation estimates
(55)-(56) (with t0 replaced by T ). As An(t, r) vanishes for sufficiently large
r while Bn(t, r) vanishes along {r = 0}, these variation bounds also yield
uniform bounds on |An(t, r)| and |Bn(t, r)| (again for t ∈ [0, T ]). Finally,
the results in Section 5.5 show that An and Bn satisfy uniform Lipschitz
estimates of the form

‖An(s′)−An(s)‖L1([0,R],dr) ≤ L · |s′ − s|
and

‖Bn(s′)−Bn(s)‖L1([0,R],dr) ≤ L · |s′ − s|,
where L depends on R, T , as well as on upper bounds for VarAn,0, VarBn,0,
S(An,0), T (Bn,0), E(An,0) and F(Bn,0). (Note: since An,0(r) vanishes for
large r, the term |An,0(r)| which appears in the Lipschitz constant L through
LR,T (A0, B0) in (91), can be estimated in terms of VarAn,0.) According to
Lemma 5.1, L is therefore bounded independently of n in terms of R, T ,
VarA0, VarB0, S(A0), T (B0), E(A0) and F(B0).

A standard argument based on Helly’s Selection Theorem (see Theorem
2.4 in [2]) implies that there are subsequences, denoted (An′), (Bn′), and
limit functions A, B such that

An′ → A and Bn′ → B in L1
loc([0, T ]× R+

0 ), (93)

and such that

An′,0 ≡ An′(0)→ A(0) and Bn′,0 ≡ Bn′(0)→ B(0) in L1
loc(R

+
0 ). (94)

The same argument also shows that the limits A and B satisfy the bounds

‖A(s′)−A(s)‖L1([0,R],dr) ≤ L · |s′ − s| (95)

and
‖B(s′)−B(s)‖L1([0,R],dr) ≤ L · |s′ − s| (96)

whenever R > 0 and s, s′ ∈ [0, T ]. In particular, according to (92) and
(94), we have A(0) = A0 and B(0) = B0 as elements in L1

loc(R
+
0 ). Finally,

the limit functions A(t, r) and B(t, r) can be chosen to be right-continuous
with respect to r at each fixed time t; these “good versions” of the limiting
functions then satisfy the variation bounds (55) and (56) for any t0.
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It is now straightforward to use linearity of the AB-system, together
with energy conservation, to show that the full sequences (An) and (Bn)
converge to the limit functions A and B, respectively, in L1

loc([0, T ] × R+
0 ).

It follows from this that A and B can be uniquely extended to globally
defined functions in L1

loc(R
+
0 × R+

0 ).

Finally, fix any test functions ϕ ∈ C∞c (R × R+
0 ), ψ ∈ C∞0 (R × R+

0 ),
and numbers R, T > 0 such that both ϕ(t, r) and ψ(t, r) vanish identically
whenever r ≥ R or t ≥ T . As (37) and (38) hold with A and B replaced by
An and Bn, respectively, for each n (see Section 5.2), it follows from (93)
that (A,B) is a weak solution of the initial boundary value problem for the
AB-system according to Definition 4.1. �

7. Existence of Weak Solutions to the 3-d radial wave system

It remains to translate Theorem 6.1 into an existence result about weak
solutions to the original wave system (7). It is immediate to verify the
following: if the pair (A,B) is a weak solution with initial data A0(r), B0(r)
of the AB-system according to Definition 4.1, then the pair

v(t, r) :=
1

r
A(t, r), w(t, r) :=

1

r2
B(t, r)

is a weak solution with initial data v0(r) := 1
rA0(r), w0(r) := 1

r2
B0(r) of the

wave system (7) according to Definition 3.2.
To formulate concisely the main result we define the two data classes

V and W corresponding to the classes A and B, respectively, for the AB-
system. First introduce the following two functionals for measurable func-
tions v0, w0 : R+

0 → R with w0(0) = 0:

S(v0) := sup
N∑
i=1

ri|riv0(ri)− ri−1v0(ri−1)| (97)

T(w0) := sup
N∑
i=1

1

ri
|r2
iw0(ri)− r2

i−1w0(ri−1)|, (98)

where the supremums are taken over all finite, increasing selections of points
in R+: 0 = r0 < r1 < · · · < rN <∞. Next, define the energy integrals

E(v0) :=

∫
R+

v2
0(r) r2dr, F(w0) :=

∫
R+

w2
0(r) r2dr.

Finally, define the data classes

V := {v0 : R+
0 → R | Var(rv0(r)),S(v0),E(v0) <∞} (99)

and

W := {w0 : R+
0 → R | Var(r2w0(r)),T(w0),F(w0) <∞}. (100)

Translating Theorem 6.1 we obtain our main result:
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Theorem 7.1. For initial data v0, w0 with v0 ∈ V and w0 ∈ W there exists
a weak solution of the initial-boundary value problem for the 3-d radial wave
system (7) according to Definition 3.2.

8. Concluding remarks

We have not addressed the question of uniqueness. For the particular
linear toy-model we have analyzed above, this could presumably be handled
by exploiting energy conservation.

We observe that the result in Theorem 7.1 provides global existence for
a certain family of finite energy data for, essentially, the standard second
order linear wave equation in R1+3 with radial symmetry. This data class
V × W is what naturally results from the variation bounds in Section 5.3.
Of course, there is a highly developed well-posedness theory in place for the
linear wave equation. We stress that we are not attempting to reproduce
this theory. Instead, our goal here has been to carry out the details of an
approach based on scaling and BV compactness to radial flow problems. As
a bonus we obtain detailed information about the solutions near the origin:
rv(t, r) and r2w(t, r) remain bounded as r ↓ 0. We thus obtain bounds on
the possible blowup rates in solutions whose initial data (v0, w0) belong to
the data class V ×W.
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