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Abstract. Radially symmetric solutions to multi-dimensional systems of conservations laws are important in applications
and computations, as well as in the general theory of conservative systems. Notwithstanding their one-dimensional nature they
are poorly understood. In particular this is true for the Euler equations in gas-dynamics. After a short review of symmetric
solutions to the Euler system, we introduce a scalar model for symmetric waves. The model is contrasted with standard multi-
dimensional conservation laws, both scalar equations and systems. We give explicit examples of focusing nonlinear waves that
blow up in amplitude. Based on the examples a suitable solution concept is introduced and compared to related treatments in
the literature.
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1. Introduction. We consider radially symmetric solutions to multi-dimensional (multi-D) conserva-
tion laws. Although such solutions are essentially one-dimensional (1-D), the only spatial dependence being
through the radial distance to the origin, little is rigorously known about their existence, uniqueness, and
qualitative behavior. When formulated in polar form, i.e. in terms of time t and the radial variable r, the
equations typically contain lower order geometric source terms. These source terms are singular at r = 0
and this rules out any straightforward application of techniques that work in standard 1-D theory.

We are motivated by the compressible Euler system and Section 2 contains a review of radially symmetric
gas flow. It is noteworthy that even the basic question of whether converging waves can/must lead to blowup
at the origin, is open.

Any attempt to study general Cauchy problems for conservation laws in several space dimensions must
necessarily also address the case of radially symmetric solutions. Given the analytic obstacles one encounters
for symmetric solutions to systems, it is natural, as a preliminary step, to consider scalar models that captures
converging and diverging non-linear waves. In Section 3 we present one such model, see (3.3). The type
of scalar equations we consider are tailor-made to generate symmetric solutions, and they are not covered
by the standard Vol′pert-Kruz̆kov theory [14, 24, 53] for scalar conservation laws. The model captures the
phenomena of imploding shocks, along which the solution may blow up in amplitude. On the other hand,
as a scalar model it does not capture reflection of waves off the origin.

2. Radially symmetric Euler solutions. The Euler system for compressible fluids plays a distin-
guished role in the theory of conservation laws. Solutions describing radially symmetric gas flow are impor-
tant in applications as well in theory, and they also serve to validate numerical codes. Particular types of
symmetric solutions, such as single, expanding and contracting shock waves or detonations, received a great
deal of attention during World War II. Below we recall some of these findings.

Before considering time-varying solutions we mention the case of stationary symmetric Euler flows. Such
flows may be set up as follows: in the region between two concentric spheres (or cylinders) we inject gas
at one of the boundaries while extracting it at the other. By carefully adjusting the rates of injection and
extraction one may build up (non-constant) stationary profiles which may or may not contain shocks. The
case of smooth, inviscid flow without swirl of an ideal polytropic gas in a cone was analyzed in [13]. Chen
and Glimm [8, 9], in their work on flow in the exterior of a sphere, have performed a detailed local analysis
of stationary shocks for isentropic symmetric flow. In [16, 17] stationary shock profiles were constructed for
general barotropic flow, as well as for the full Euler system. It was also shown that these solutions may
be realized as limits of Navier-Stokes profiles as viscosity and heat conductivity tend to zero. Let us note
here that no non-trivial stationary symmetric solution to the Euler system can be defined on a whole ball
about the origin, [16,17]. Starting from the exterior boundary and moving towards the origin, any stationary
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symmetric flow will necessarily become sonic at a radius r∗ > 0, beyond which the flow cannot be continued
in a stationary manner.

The much harder problem of constructing dynamic (non-stationary) symmetric solutions to the com-
pressible Euler system remains to a large extent open. The Holy Grail would be global (in time) existence
results for weak solutions with radially symmetric initial data. However, very few rigorous results have been
established for such flows, and we currently lack a proper understanding of even the most basic cases, such
as converging shocks. It is not known if blowup of some of the physical variables (pressure, temperature,
particle velocity) may occur in this case. Even less is known about the ensuing flow where, presumably, a
reflected outward moving shock wave interacts with the converging flow. We will return to these issues below
in connection with single-shock solutions of the Euler system.

We also mention two other special types flows that arise naturally in applications. A closely related
system describes flow in ducts with varying cross-section. In a similar fashion this yields lower order source
terms that are given in terms of the variable cross-section. This case is somewhat more tractable as the
source terms are now non-singular. For various results on duct flows see [7,10,30,31] and references therein.

Another central source of multi-D solutions is given by multi-D Riemann problems. In particular, 2-D
Riemann problems, where the data are assumed to be constant on sectors in the (x1, x2)-plane, have been
extensively studied. We refer to Zheng [56] for a comprehensive account. When the data prescribe the same
constant thermodynamic state in all of space, together with a radially directed velocity field of constant
magnitude, then the resulting flow will be radially symmetric. In this way one can construct examples of
explicit solutions, at least for isentropic flows. E.g., an initially inward directed flow generates an immediately
reflected shock which leaves the fluid at rest behind it. Similarly, an initially outward directed flow generates
a rarefaction wave which may leave a growing circular vacuum region behind. See [56] for details as well as
further examples of flows with swirl.

Concerning general spherical symmetric solutions, to the best of our knowledge, the only result that
deals with solutions defined on all of space, i.e. where the origin is part of the flow domain, is the recent work
by LeFloch & Westdickenberg [29]. This work builds on the earlier work by Chen & Glimm [8] and employs
the method of compensated compactness. Global existence of finite energy weak solutions is demonstrated
through a detailed analysis. The authors explicitly points out that it is unknown whether such solutions
may blow up in L∞ or not.

For completeness let us also consider exterior problems where one considers radially directed flow of a
compressible fluid outside of a fixed ball, {r > 1} say, with zero velocity at the boundary, u

∣∣
r=1
≡ 0. For

the case of isothermal flow (pressure p proportional to density ρ) such flows were constructed by Makino
& Mizohata & Ukai [35, 36]. For isentropic flow (p ∝ ργ , γ ∈ (1, 5

3 ]) Makino & Takeno [37] constructed
local-in-time solutions, while Chen & Glimm [8,9] provided global (in time) weak solutions for arbitrary L∞

data. Similar results hold for 1-d nozzle flow, see e.g. [23]. As far as we know the exterior problem for the
full system remains open.

2.1. Particular types of solutions. Confronted with the considerable technical issues involved in
constructing compressible Euler flows with general symmetric initial data, it is natural to search for particular
types of such flows. There are several approaches to this in the literature, although the arguments have a
common structure. One starts out by making an ansatz about the form of the solutions. For example, in
addition to requiring radial symmetry of the solution in physical space, one may posit that the solution
only depends on certain types of similarity variables. These may be derived from a consideration of the
symmetry-group of the system; see [1, 6, 41] for classifications of symmetries of the Euler system. A simpler
system of equations are obtained for the dependent variables in the new variables. It should be stressed
that even when the reduced system can be solved, it still remains to decide whether or not the resulting
solutions describe physically attainable flow. E.g., it is a separate issue to decide what the possible initial
and boundary conditions for such flows are, and whether entropy admissible shocks can be built from them.

An important example concerns the so-called progressing wave solutions of the full Euler system [13].
It appears that these were first considered by Guderley [19] for an ideal, polytropic gas. Written in non-
conservative form in terms of density (ρ), radial particle speed (u), and pressure (p), the Euler system for
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an ideal polytropic gas takes the form

ρt + uρr + ρ
[
ur +

mu

r

]
= 0(2.1)

ut + uur +
pr
ρ

= 0(2.2) (
pρ−γ

)
t

+ u
(
pρ−γ

)
r

= 0 ,(2.3)

where p = (γ− 1)ρe, e being the specific internal energy (proportional to temperature). The cases m = 0, 1,
2 correspond to flows with planar, cylindrical, and spherical symmetry, respectively. Defining the similarity
variables

ξ :=
r

λt
, η :=

t

rλ
,(2.4)

we make the following ansatz about how the flow variables depend on ξ and η:

ρ = rκΩ(η) , u = ξU(η) , c = ξC(η) (sound speed), p = rκξ2P (η) ,(2.5)

for unknown functions Ω, U , C, and P . Here λ and κ are constants whose values need to be assigned to
produce particular flows. As the local sound speed is given by c =

√
γp/ρ we must require that

Ω =
γP

C2

for consistency. Upon substitution into the field equations (2.1)-(2.3), the Euler system reduces to ODE
system for U , C, P :

Uη =
A(U,C)
η∆(U,C)

(2.6)

Cη =
B(U,C)C
η∆(U,C)

(2.7)

Pη =
E(U,C)P
η∆(U,C)

.(2.8)

The functions ∆, A, B, and E are given, rational functions of U and C that also involve the parameters γ,
κ, and λ (see Section 160 in [13] for details). We note that (2.6) and (2.7) provide a single ODE for C in
terms of U .

It turns out that several types of flows may be realized as solutions of the ODE system (2.6)-(2.8),
and that it also covers solutions in the limiting regime of strong shocks for which the upstream pressure in
front of the shock is set to zero. E.g., the blast wave solutions of Taylor and Primakoff fit this setup. See
[13,43,46,54] for further details; in particular [43] contains a comprehensive discussion as well as an updated
bibliography. We comment on the case of a single, focusing shock in Section 2.2.

An alternative approach to building classes of spherically symmetric solutions of the full compressible
Euler system is provided by the work of McVittie [39]. In this method one considers a “potential” ϕ(t, r)
which is used to express the physical flow variables ρ, u, p (notation as above) according to

ρ = −∆ϕ , u = −ϕrt
∆ϕ

, p = Π(t)− ϕtt + 2
∫
I

r
dr + I .

Here Π is an arbitrary function of time, and

I =
ϕ2
rt

∆ϕ
.

A direct substitution shows that any potential ϕ in this way yields a (possibly) formal solution to the mass
equation (2.1) as well as the momentum equation (2.2). (This applies to symmetric 3-D flow, i.e. m = 2).
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In order to provide a complete solution one also needs to verify conservation of energy, which for an ideal
polytropic fluid amounts to requiring that (2.3) holds, i.e. the entropy remains constant along fluid parcels:
d
dt (pρ

−γ) = 0. In the presence of shocks one should also require that the physical entropy of fluid particles
increases across shock waves.

In [39] McVittie considered “separated” potentials of the form ϕ(t, r) = f(t)w(η), where η is given by
(2.4) (keeping λ as a parameter in the solution). It is further required that the particle speed u be proportional
to the radial distance to the origin at every fixed moment in time. More recently this technique has been
revisited by Sachdev, Joseph & Haque [44] who also produce flows velocity profiles that are non-linear in r
at each instant in time.

A third method is due to Keller [22] who studied the equation of motion for fluid particles. Introducing
the Lagrangian mass-coordinate h, the particle trajectories (i.e., their radii) r = y(t, h) satisfy a non-linear
wave equation in t and h whose coefficients depend on the entropy profile of the flow, see [13, 22]. Again,
by making the ansatz that the solution is of a separated form y(t, h) = f(h)j(t) one obtains two decoupled,
second order, non-linear ODEs for h and j. Keller builds various types of flows from these special solutions.
In particular he provides expanding shock solutions as well expansions of a gas into vacuum. There is, in fact,
a close relationship between the solutions built by Keller and the ones built by McVittie. For a discussion
of this point see Section 5.2 in Sachdev’s monograph [43].

Apparently, no example of an exact, imploding shock solution has been constructed with these methods.

2.2. Solutions with a single shock. Both for theoretical reasons and for applications the case of
solutions to the compressible Euler system with a single (converging or diverging) shock is of particular
interest. Due to its relevance to detonations this problem was studied intensively during World War II. In
particular, techniques for approximate descriptions of such waves were derived by groups in Germany, the
UK, the USA, and in the USSR.

A presentation of the seminal results of von Neumann [52], Guderley [19] and Taylor [50] is contained
in the monograph by Courant & Friedrichs [13]. In particular they treat the problem of expanding shock
waves and build various exact and approximate solutions of such.

They also consider the more challenging case of converging shocks, and their reflection at the origin.
We briefly describe a possible physical situation for this type of solutions. One way to generate such a
shock wave is to set up a “Riemann problem” where initially a quiescent inner state (of zero velocity and
constant density and pressure) is separated from a (not necessarily quiescent) fluid by a spherical membrane
of radius r̄. At time zero the membrane is removed and an ensuing spherically symmetric flow develops.
The initial state immediately on the outside of the membrane may be chosen so that the Rankine-Hugoniot
jump relations are satisfied, and with a denser state at the outside. The initial state of the fluid for r > r̄ is
assumed to be such that (at least until collapse) it results in smooth flow everywhere on the outside of the
contracting shock. A fluid parcel in the quiescent fluid in the region interior to the shock remains at rest,
with its initial density and pressure, until the focusing shock passes across it. Under most circumstances we
expect the shock to accelerate and strengthen as it approaches the center: the closer a fluid parcel is to the
origin, the more violent change it will suffer as the shock passes.

To construct and analyze such a flow is a challenging flow problem, which in turn results in the still more
complicated issue of describing the interaction between the (presumably) reflected shock and the converging
wake of the incoming shock. To the best of our knowledge it remains an open problem to construct an exact
solution of this type for an an ideal, polytropic gas. In the case of isentropic flow the result in [29] provides
existence of the flow resulting from the “Riemann-data” described above, provided suitable decay is ensured
as r → ∞. However, its qualitative behavior is not clear and the question remains: can or must a focusing
gas-dynamical shock result in blowup of some of the flow variables?

Particular flows of this type may be treated in an approximate manner by exploiting the special type of
progressing wave solutions described above. Guderley [19] assumed that the flow in the wake of the imploding
shock can be described in terms of a solution to (2.6)-(2.8), and that the shock is strong enough to justify
a strong shock approximation (upstream pressure is neglected). This simplifies the Rankine-Hugoniot jump
conditions enough to yield a tractable system of equations. With κ = 0 and for a particular value of λ > 1
(see (2.5)) one can construct approximate solutions where a shock contracts and hits the origin with infinite
speed. The shock is immediately reflected off the origin, again with infinite speed, after which it decelerates.
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Along this type of solutions also the pressure tends to infinity in the immediate wake of the incoming shock,
while the density remains finite. A comprehensive study of this approach, including numerical results,
appears in [25].

Notwithstanding the lack of analytic results, converging shock waves and their approximations continue
to generate interest. Some more recent works can be found in [3,11,20,25,26,42,48,51,55]. For the extensive
USSR literature, mostly in Russian, we refer to [46,49]. Much of these works concerns various approximate
models (weak or strong shock regimes), and is often accompanied by numerical results.

We finally note that very little seems to be known about the stability of converging shocks; see [26] for
a discussion and partial results.

3. A scalar model for focusing shocks. Since the construction and analysis of focusing shocks for
the full compressible Euler system is a highly challenging analytical task, it seems reasonable as a first step
to consider simplified models. The goal is to capture and study in isolation some facet of the complicated
behavior of the full model.

In this section we consider a severe reduction in complexity by studying a scalar toy model. The purpose
is to generate a situation which is simple enough that we can readily produce exact solutions and study their
properties. As mentioned earlier our model captures the phenomena of amplitude blowup due to focusing
of non-linear waves. However, as a scalar model it does not capture the reflection of waves off the center
of motion. To formulate a relevant existence theory for the simplified scalar model requires some care. We
provide a first step in this direction by defining and discussing a relevant notion of radially symmetric weak
solutions.

To motivate the model let’s recall the spatial formulation of the Euler system for radially directed
compressible barotropic flow:

ρt + divx(ρu~er) = 0(3.1)
(ρu)t + divx(ρu2~er) + grad(p(ρ)) = 0 ,(3.2)

where the notation is as above and ~er is the radially outward pointing unit vector. Somewhat artificially
we may now set ρ ≡ u in the continuity equation (3.1), and disregard (3.2). Alternatively we may set the
density to be constant in the momentum equation (3.2), and disregard (3.1). Either reduction results in a
single scalar equation for u = u(t, r):

ut + divx(u2~er) = 0 .

Generalizing this Burgers-type equation we let f : R→ R be a smooth function, and consider the equation

ut + divx
[
f(u)~er

]
= 0 .(3.3)

We will only consider radially symmetric solutions of (3.3), i.e. we assume (with a slight abuse of notation)
that u(t, x) = u(t, |x|) for all t ≥ 0, x ∈ Rn. Rewritten in polar form the equation becomes

(rmu)t +
(
rmf(u)

)
r

= 0 r = |x| ,(3.4)

or

ut + f(u)r +
mf(u)
r

= 0 for r > 0, with m := n− 1.(3.5)

In what follows we restrict attention to the multi-D case n ≥ 2, whence m ≥ 1.
Before continuing with the analysis of (3.3) let us contrast this model with the case of a “standard”

scalar conservation law of the form

ut + divxg(u) = 0 , with initial data u(0, x) = u0(x),(3.6)

where g : R→ Rn. As is well-known, under mild smoothness conditions on the flux g, the classical Vol′pert-
Kruz̆kov theory [14,24,53] applies and guarantees the existence of a unique entropy solution to (3.6) for any
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data u0 ∈ L∞(Rnx). In particular, the solutions obey a maximum principle which precludes blowup of the
amplitude. In fact, as far as modeling of radially symmetric solutions is concerned, the standard case (3.6)
is irrelevant:

Proposition 3.1. Assume that the scalar conservation law (3.6) preserves radial symmetry, i.e.,
whenever the initial data u0(x) depend on x only through its modulus r = |x|, then the same holds for u(t, x)
at all times t ≥ 0. Then the flux g is necessarily trivial in the sense that g(u) is constant on each connected
component of its domain of definition.

Proof. Consider smooth, radially symmetric initial data u0 with values in the domain of definition of
g. Assume that r 7→ u0(r) is one-to-one. Then, until a gradient catastrophe occurs, the solution u(t, x) is
smooth and

u(t, x) = u0

(
x− tg′(u(t, x))

)
.

Thus, if the solution operator preserves radial symmetry, it follows that for fixed t, r > 0 the map

x 7→
∣∣x− tg′(u(t, r))

∣∣
is constant along {|x| = r}, where we have written u(t, r) for u(t, x) when |x| = r. Writing ū for u(t, r), we
have that ∣∣x− tg′(u(t, r))

∣∣2 = r2 + t2|g′(ū)|2 − 2tx · g′(ū) .

It follows that x 7→ x · g′(ū) is constant along {|x| = r}, whence g′(ū) = 0. As we can prescribe smooth
and radially symmetric data taking any value in the domain of definition of g, it follows that this conclusion
applies to all values ū in the domain of definition of g.

We note that models closely related to the (3.3) have been considered in the literature. In particular
the polar forms (3.4), (3.5) have been studied by several authors. The equation

ut + (c0 + c1u)ur +
βc0u

r
= 0 r > 0 and c0, c1, β constants,(3.7)

and the more general version

ut + f(u)r +
φ(u)
r

= 0 r > 0, f convex/concave,(3.8)

were studied by Whitham [54] and Schonbeck [45], respectively. While Whitham introduced (3.7) as a test-
case for the so-called non-linearization technique, Schonbeck considered the initial-boundary value problem
in the first quadrant with Dirichlet boundary conditions. The particular case with f(u) = u2

2 , φ(u) = u was
treated in [15]. LeFloch & Nedelec [28] and LeFloch [27] used a generalization of Lax’ formula to study the
initial-boundary value problem for weighted equations of the form[

W (r)u
]
t

+
[
W (r)f(u)

]
r

= 0 r > 0, f convex.(3.9)

The weight function W (r) is assumed positive and may be any power function W (r) = rα, α ∈ R. Equation
(3.9) thus covers (3.4) for convex f .

Remark 3.1. When considering the Cauchy problem for the polar forms (3.4), (3.5) one also needs to
prescribe appropriate boundary conditions at r = 0 to obtain a solution, say ũ(t, r), for r ≥ 0. We stress the
fact that defining u(t, x) := ũ(t, |x|) does not necessarily yield a conservative solution of the original, multi-D
equation (3.3) in all of Rn, see Example 1. We elaborate on this issue below in connection with the weak
formulation of (3.3).

Next, returning to the multi-D model (3.3), we shall apply the method of characteristics to construct a
few explicit examples of solutions. In particular we consider cases where the singular geometric source term
yields finite-time blowup of the solution itself through focusing at the origin. We shall also observe how the
lack of reflection at the origin, a consequence of the fact that we consider only scalar equations, motivates a
non-standard weak formulation for (3.3). Finally we consider how the resulting solution concept relates to
the other works mentioned above.

6



3.1. Explicit solutions. For this we consider the polar form (3.5) and let u(t, r) be a smooth solution.
The associated characteristic curve R(t) is given by{

Ṙ(t) = f ′(u(t, R(t)))
R(0) = R0 > 0 .

(3.10)

Letting U(t) = U(t;R0) := u(t, R(t)) we thus have{
Ṙ = f ′(U)
U̇ = −m f(U)

R

,(3.11)

whence rmf(u) is constant along characteristics. The Rankine-Hugoniot relation for a solution of (3.5) with
a discontinuity located along r = X(t) is

Ẋ(t) [u] = [f(u)] ,(3.12)

where [·] denotes the jump across r = X(t). We observe that (3.5) admits self-similar solutions of the form
u(t, r) = ϕ( tr ).

Remark 3.2 (Stationary solutions). For the standard conservation law (3.6) the constants provide
stationary solutions. Instead, the stationary solutions ū(r) of (3.5) are given by

rmf(ū(r)) = const. .(3.13)

Recalling that we only consider the multi-D case m ≥ 1, the only constant solutions to (3.5) are the roots of
f . Also, as mentioned in Section 2, the compressible Euler system (barotropic or full case) has the feature
that non-trivial stationary solutions are only defined strictly away from the origin. Whether this occurs for
the scalar model (3.3) depends on the flux f . Indeed, in some cases (e.g. f(u) = u2) all stationary solutions
are defined for all r > 0; in other cases (e.g. f(u) = sinu) no non-constant stationary solution can be
continued down to r = 0+; finally, in other cases (e.g. f(u) = u2 − 1) some stationary solutions are defined
for all r > 0, while others are not.

We continue by exhibiting particular solutions built in a standard fashion by solving the characteristic
equations (3.11) and using the Rankine-Hugoniot relation (3.12).

Example 1 (Focusing shock with amplitude blowup). Let f(u) = u2

2 (Burgers) and n = 3:

ut +
(u2

2

)
r

+
u2

r
= 0 .(3.14)

In this case the stationary solutions are ū(r) = C
r and we can use these to give an easy example of an

imploding shock along which the solution blows up. For this we choose initial data of the form

u0(r) =
{

0 r < X0

−Cr r > X0

}
, where X0, C > 0 .(3.15)

The two parts of the initial data are themselves parts of two stationary solutions. Without going into details
about entropy admissible solutions, we observe that the only reasonable solution to (3.14)-(3.15) consists of
a single shock moving towards the origin. Letting r = X(t), with X(0) = X0, denote its location at time t,
the Rankine-Hugoniot condition yields the shock path

X(t) =
√
X2

0 − Ct .

Hence, the shock accelerates inward, progressively “reveals” more and more of the stationary solution −C/r
in its wake, and hits the origin with infinite speed at time t∗ = X2

0
C .

Next, consider instead the following initial data:

u0(r) =
{
−Cr 0 < r ≤ Y 2

0

0 r > Y0 .
(3.16)
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These data produce a rarefaction wave which rarefies toward the origin. For times t ∈ (0, Y
2
0

2Ct ) the solution
is obtained by solving along characteristics and is given by

u(t, r) =


−Cr 0 < r ≤

√
Y 2

0 − 2Ct
− (Y 2

0 −r
2)

2tr

√
Y 2

0 − 2Ct ≤ r ≤ Y0

0 r > Y0 .

(3.17)

We note that the rarefaction reaches the origin in finite time and that the total “mass”

4π
∫ ∞

0

u(t, r)r2 dr

is finite and decreases to zero as time increases.

Two remarks are in order at this point. First, it is not immediately clear how to continue the first solution
in Example 1 beyond the time of collapse. Secondly, it is clear from the second part of the example that
solutions obtained by simply solving the polar form of the equation may not provide conservative solutions
to the original equation (3.3). We shall return to these issues in connection with the weak formulation of
(3.3) in Section 3.2.

We also note that, due to the non-existence of stationary solutions defined in all of {r > 0} for the Euler
system (see comments in Section 2), there is no corresponding simple way of constructing focusing shocks
for the Euler system in a similar manner.

We next consider an analogue of the so-called strong shock approximation for converging gas dynamical
shocks. As mentioned in Section 2.2 this approximation amounts to neglecting the upstream pressure (i.e.,
near the origin) for sufficiently violent shocks. Since the solutions of the Euler system are hard to estimate
it is unclear exactly how good an approximation this is. The following example indicates that a strong shock
approximation in the case of the simple scalar model (3.3) yields (exactly) the correct profile at time of
collapse. On the other hand it predicts a time of collapse that differs from the true one by O(max.initial
perturbation).

Example 2 (Strong shock approximation). We consider the same Burgers equation as in Example 1
but now with initial data of the form

u0(r) =


r
2α r < X0

−Cr r > X0

 , where α, X0, C > 0 .(3.18)

Again we take it for granted that the relevant solution in this case is given by a single shock, the position of
which is to be determined from the jump relation. The inner part of the data is chosen such that

u(t, x) :=
r

2(t+ α)
,(3.19)

is a rarefaction solution in the inner region r < X(t). The inner and outer states at the shock are therefore
X(t)

2(t+α) and − C
X(t) , respectively. Again the Rankine-Hugoniot relation may be integrated explicitly and this

yields the shock location

X(t) =
[X2

0 + 2αC√
α

√
t+ α− 2C(t+ α)

] 1
2
,

from which it follows that the shock will initially expand or contract according to whether X2
0 ≷ 2αC.

However, in either case the shock eventually ends up accelerating inward and hits the origin with infinite
speed at time

t̃∗ = t∗ +
X4

0

4αC2
.
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Here t∗ = X2
0
C is the time of collapse determined in Example 1, i.e. when the inner state is the constant 0.

We interpret the solution in this latter case as the strong shock approximation to the “exact” solution of
(3.14) with data (3.18). Thus, while the time of collapse in the exact solution with data (3.18) differs from
t∗ by O(1)X0

α , the final profiles are the same in both cases. We note that X0
2α is the maximal amplitude of the

initial perturbation from the inner 0-state.

Before turning to the issue of a suitable weak solution concept we briefly review a solution procedure
that applies to a restricted class of Burgers-type equations. Namely, consider (3.5) with flux f(u) = up

p

where p (to start with) is any positive number:

ut + up−1ur +
mup

pr
= 0 for t > 0 and r > 0.(3.20)

In this case the stationary solutions are

ū(r) =
C

rm/p
, C = const.,(3.21)

and it is natural to scale the dependent variable according to

v(t, r) := rr
m/p

u(t, r) .(3.22)

The equation for v is

rm(1−1/p)vt + vp−1vr = 0 ,(3.23)

which may be brought into conservative form by introducing the new spatial variable

s(r) :=
p

np−m
rn−m/p , and setting v(t, r) =: w(t, s(r)) .(3.24)

(For simplicity we assume that p 6= m
n .) This finally yields the equation

wt +
(wp
p

)
s

= 0 ,(3.25)

to be solved for t > 0 and s > 0. This reformulation was considered by LeFloch & Nedelec [28] and LeFloch
[27] for the case p = 2 and m ∈ R arbitrary. It also appears as a special case of a more general procedure
given by Joseph & Sachdev in [21]. Now, stationary solutions of (3.25) correspond to stationary solutions
of (3.20): w(t, s) ≡ C (constant) corresponds to the stationary solutions recorded in (3.21). Indeed, since
L∞(ds) is a “good” space for equation (3.25), it appears that an appropriate function space for (3.20) consists
of those functions that remain bounded when weighted with the inverse of the stationary blowup solutions.

This approach may be further elaborated when p is an even and positive integer. In this particular case
it turns out that the correspondence u(t, r) ↔ w(t, s), together with odd extension about the origin in Rs,
allow us to generate a natural solution candidate to (3.20) for any data in L∞(rm/pdr). More precisely,
after extending w to all of Rs by odd reflection about s = 0, we obtain a Cauchy problem for a standard
1-D conservation law with data in L∞(ds). The Kruz̆kov solution w(t, s) may then be restricted to R+

s and
transformed back to a solution of (3.20) on R+

r . We refer to [12] for the details and consider a concrete
example:

Example 3 (Infinite amplitude shock and rarefaction for Burgers equation). Recall the case (3.14)
of Burgers flux in 3-D. We consider the two Cauchy problems with data u0,1(r) = − 1

r and u0,2(r) := + 1
r ,

respectively. The solution process outlined above of rescaling and odd reflection yields, after transforming
back to (t, r)-coordinates, the following solution candidates:

u1(t, r) = −1
r
, ∀t, r > 0 ,(3.26)
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and

u2(t, r) =


r
2t 0 < r <

√
2t ,

1
r r >

√
2t .

(3.27)

These are the obvious candidates for the “good” entropy solutions in the two cases. Letting u0,1 and u0,2 both
be zero 0 at the origin, we may consider these as defining an infinitely strong down-jump and an infinitely
strong up-jump, respectively, at r = 0. Since the Burgers flux is convex one should expect a shock to form
immediately in the former case, while a rarefaction wave should open up in the latter case. Indeed, (3.26)
provides a stationary “shock” connecting 0 to −∞ at r = 0, and (3.27) consists of a rarefaction that invades
a stationary solution.

3.2. Weak formulation of scalar radial model. In this section we discuss the weak formulation for
(3.3) and a possible approach to an existence theory.

The purpose of introducing the scalar toy-model (3.3) is to have a simple, yet non-linear, model for
focusing and blowup of radially symmetric waves. As demonstrated by the examples above, (3.3) does
capture this type of behavior. Now, given the completely satisfactory theory for standard scalar conservation
laws (3.6), it is natural to pursue a similar theory for (3.3). An immediate issue is how to continue solutions
beyond blowup.

In this connection let’s consider a special 2-D Riemann problem for isentropic gas dynamics [56]. The
initial data consist of a constant density field and together with a velocity field of constant magnitude and
directed radially towards the origin. In [56] a solution is constructed which consists of an immediately
reflected, expanding shock wave which leaves the gas in its wake at rest and at constant density (in both
space and time). Outside the expanding shock the solution is non-constant and determined by integrating
an ODE from r =∞.

It is natural to inquire whether a similar scenario may occur for the scalar case model (3.3). However,
for a scalar model there is only one characteristic speed, or “mode of propagation”, and this seems to prevent
any natural mechanism by which waves can be reflected at the origin. The following example provides an
illustration of this.

Example 4 (Scalar reflection). Consider again the 3-D Burgers model (3.14) with data u0(r) = −Cr ,
C > 0. Motivated by the Euler solution described above we attempt to construct a reflected wave that consists
of an (at least initially) outgoing shock, followed by a rarefaction wave. It seems reasonable to let the
rarefaction wave be given by the following self-similar solution

u(t, r) =
r

2t
.(3.28)

We then insert a shock at the location r = X(t), connecting the inner rarefaction (3.28) to the outer
(stationary) solution −Cr . It turns out that the Rankine-Hugoniot relation yields a singular ODE for the
shock location. This ODE has a one parameter family of solutions:

X(t) = Xa(t) =
√
a
√
t− 2Ct , a > 0 .

These provide one solution to the initial value problem for each choice of a > 0. Each of these solutions
consist of an shock that emerges from the origin, with infinite speed, at time zero, and then slows down. At
time ta = (a/4C)2 the shock stops and begins to accelerate back towards the origin. As it reaches the origin
again, we have returned to the original situation at time zero.

The last example shows that there may be no unique way to extend solutions to the scalar model (3.3) if
we allow reflection of waves. We also note that, while there is no maximum principle available for (3.3) (due
to the geometric source term), solutions with reflected waves also violate the weaker comparison principle,
according to which ordered data u0(r) ≤ v0(r) should generate ordered solutions u(t, r) ≤ v(t, r). We thus
abandon the idea of incorporating reflection into the scalar toy model.
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Instead one may consider the weak formulation of the polar form, viz. (3.4) or (3.5), in the quarter-plane
{r > 0, t > 0}. This approach then requires relevant boundary data along r = 0. This in turn raises two
issues: the equation itself is singular at this point, and it is not immediately clear what type of boundary
data one should prescribe in order to obtain a “good” solution of the original, multi-D equation (3.3). For the
general theory of boundary conditions for standard scalar conservation laws (3.6) we refer to [4,18,38,40,47].

The prescription of boundary data at r = has been considered in several works, but apparently not with
the goal of constructing conservative solutions to equations of the form (3.3). Instead, these works consider
the polar form (3.4) “in its own right”, i.e., as an equation to be solved for r ∈ R+.

Schonbek [45] obtained a solution of equation (3.8) (when uφ(u) ≥ 0 for |u| large enough) by the
method of vanishing viscosity and regularization of the singular source term. The approximate solutions
satisfy homogeneous Dirichlet condition at r = 0, while the boundary behavior of the limiting solution is
not specified.

For the equation (3.9) LeFloch [27] and LeFloch & Nedelec [28] used convexity of the flux f to obtain
a generalization of Lax’ formula that applies to initial-boundary value problems. Building on the situation
in 1-D [27] (see also [2]) one obtains a unique, entropy solution to the weighted Burgers equation

[
rmu

]
t

+[
rm

2 u
2
]
r

= 0. The boundary data assigned to u are obtained by insisting that the re-scaled solution w in
(3.25) (for p = 2) takes on bounded boundary data: the trace of r

m
2 u(t, r) is bounded as r ↓ 0. The method

is extended further in LeFloch & Nedelec [28] where the more general case (3.9) is treated. In the latter case
it is required that the scaled flux, viz. W (r)f(u(t, r)), has finite trace as r ↓ 0.

Our main motivation for studying (3.3) derives from its use as a simple model for the more complicated
case of systems. Of course, we are particularly interested in radially symmetric solutions to the Euler system.
Now, for the latter the natural problem to study is the pure Cauchy problem without a priori specification
of the behavior of the solution as one approaches the origin. A minimal requirement should be that the mass
is conserved in time. While it seems natural to insist that the velocity field vanishes at r = 0, we want to
keep open the possibility that there are solutions whose amplitudes may tend to infinity as r ↓ 0 (at least at
isolated times).

We are therefore interested in formulating a weak form of the scalar toy model (3.3) for which we can
prove existence of conservative solutions. As already mentioned, this requires a more careful construction
than simply extending the (weak) solutions of the polar form (3.4) to al of Rn by radial symmetry.

A reasonable weak formulation for (3.3) is obtained by multiplying (3.3) by a compactly supported
Lipschitz function φ : R+

0 × Rn → R, and integrating (formally) by parts to obtain∫ ∞
0

∫
Rn
φtu+ f(u) gradx φ · ~er dxdt+

∫
Rn
φ0u0 dx =

∫ ∞
0

∫
Rn

divx
[
φf(u)~er

]
dxdt ,(3.29)

where a 0-subscript denotes evaluation at t = 0. We write∫ ∞
0

∫
Rn

divx
[
φf(u)~er

]
dxdt = lim

ε↓0

∫ ∞
0

∫
Bcε

divx
[
φf(u)~er

]
dxdt = −ωn

∫ ∞
0

φ(t, 0) · lim
ε↓0

{
εmf(u(t, ε, t))

}
dt ,

where Bε is the ball of radius ε about the origin, and we have applied (formally) the Divergence Theorem.
Example 1 shows that the last “flux-trace integral” may be non-zero: for the stationary solutions C

r to the
3-D Burgers equation (3.14) we have∫ ∞

0

φ(t, 0) · lim
ε↓0

{
ε2f(u(t, ε, t))

}
dt =

C2

2

∫ ∞
0

φ(t, 0) dt .

This type of unbounded solutions are bona fide solutions that we would like to cover with our concept of
weak solutions. This motivates the following definition.

Definition 3.1 (Weak formulation of (3.3)). By a radially symmetric weak solution of equation (3.3)
with radially symmetric initial data u0(x) we mean a function u = u(t, x) which depends on x only through
|x| and satisfies:

(i) the map t 7→ u(t, ·) is a continuous map from R+
0 into L1

loc(Rn),
(ii) u ∈ L1

loc(R
+
0 × Rn),
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(iii) f(u) ∈ L1
loc(R

+
0 × Rn),

(iv) the limit

M(t) := lim
ε↓0

εmf(u(t, ε)) exists for a.a. times t ≥ 0 and belongs to L1(R+),

(v) the following identity holds for all Lipschitz continuous test functions φ : [0,∞) × Rn → R with
compact support:∫

Rn
u0φ0 dx+

∫ ∞
0

∫
Rn
uφt + f(u)~er · gradx φdxdt = −ωn

∫ ∞
0

φ(t, 0)M(t) dt .(3.30)

We thus consider a weak solution to (3.3) as consisting of a standard weak solution in Rn \ {0}, together
with a non-standard singular part in the form of a Dirac delta located at the origin. The solution for r > 0
is presumably obtainable from the polar form (3.5) of the equation, while the time-varying Dirac mass M(t)
at the origin r = 0 should account for the cumulative amount of u which enters (and “sticks” to) the origin.
In order to obtain a conservative solution we must evidently require that the quantity

M(t) + ωn

∫ ∞
0

u(t, r)rm dr remains constant in time.

The further issues of prescribing an appropriate selection criterion and to prove the existence of weak solutions
according to Definition 3.1 will be addressed in a future work.

Acknowledgements. The author is indebted to Nick Costanzino and Mark Williams for discussions about
the scalar model presented above.
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