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Abstract. Consider one-dimensional flow of a compressible, ideal, and polytropic gas

on a bounded interval in Lagrangian variables. We study the Cauchy problem when the
initial data consist of four constant states that yield two contact waves bounding an

interval of lower density, together with an admissible shock between them. To render the

solution tractable for direct calculations we also impose absorbing boundary conditions,
at fixed locations (in Lagrangian coordinates) to the left and to the right of the two

contacts. By estimating the wave strengths in shock-contact interactions we show that

the resulting flow is defined for all times. In particular, the pressure, density, particle
velocities and shock speeds are all uniformly bounded in time. We also record a scaling

invariance of the system and comment on its relevance to large data solutions of the

Euler system.

Keywords: Initial-boundary value problem; gas dynamics; global weak solutions.

1. Introduction

We consider the 1-D Euler system describing conservation of mass, momentum, and
energy in compressible, inviscid, and adiabatic gas flow:

τt − ux = 0 (1.1)

ut + px = 0 (1.2)

Et + (pu)x = 0 . (1.3)

Here x is a Lagrangian space variable, u is velocity, p is pressure, τ is specific volume,
E = e+u2/2 is specific total energy, and e is internal energy. The density ρ is given
by ρ = 1/τ .
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For initial data with sufficiently small total variation Glimm’s theorem [11] ap-
plies and guarantees existence of a global-in-time weak, entropy admissible solu-
tion. The solution can be constructed by various methods: Glimm’s original ran-
dom choice method [11], Liu’s deterministic version [14], the wave-front tracking
schemes of DiPerna [9], Bressan [5], and Risebro [21], or the more recent wave
tracing methods of Bianchini and Bressan [4], [2], [3].

The Euler system plays a distinguished role among hyperbolic systems and much
effort has been invested in extending Glimm’s existence result to larger classes of
data. For “generic” data the solutions exhibit complicated wave patterns a myriad
of interactions.

For the 2 × 2-system of isothermal gas dynamics, i.e. (1.1) and (1.2) with p =
p(τ) = a2/τ (disregarding (1.3)), Nishida [17] established global existence for any
bounded BVloc data. The key property in this particular case is the translation
invariance of wave curves. See [24] for a generalization to 2 × 2-systems with this
property. Nishida’s result initiated a series of related results for more general 2× 2-
systems, [1], [8], [18]. For example, for isentropic gas dynamics ((1.1) and (1.2)
with p = p(τ) = a2/τγ , γ > 1, and disregarding (1.3)), Nishida and Smoller [18]
established existence for possibly large data that satisfy

(γ − 1) · (Total variation of data) is sufficiently small. (1.4)

The same authors extended this type of results to the mixed initial-boundary value
problem for isentropic gas dynamics [19]. In particular they treated the case of
a “double-piston” and provided conditions on the data ((1.4) together with strict
separation of the pistons) that guarantee existence of global weak solutions.

Liu [15], [16] provided a significant extension of these results to the full Euler
system (1.1)-(1.3). For the Cauchy problem for an ideal polytropic gas with equation
of state

p = p(τ, S) = a2τ−γ exp [(γ − 1)S/R] ,

where S denotes entropy and γ ∈ (1, 5/3], existence of a global solution is shown in
[15] under the condition that

(γ − 1) ·
[
T.V.u(x, 0) + T.V.τ(x, 0) + T.V.S(x, 0)

]
is sufficiently small. (1.5)

Here T.V. denotes total variation. In [16] Liu extended this result to the initial-
boundary problem and he also showed that for the initial value problem, (1.5) may
be replaced by the condition

(γ − 1) ·
[
T.V.u(x, 0) + T.V.p(x, 0)

]
is sufficiently small. (1.6)

This last result was extended to any γ > 1 by Peng [20]. Temple [26] considered
more general 1-parameter families of gas dynamical equations of state eε(τ, S) with
the property that

e0(τ, S) = − ln τ + S/R .
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A generalization of Liu’s result for the Cauchy problem was established through a
careful analysis where also the role of ε is recorded.

Temple and Young [27] have established existence for the full Euler system (and
more generally for 3×3-systems with a Riemann invariant) up to an arbitrary time
for data with large total variation and sufficiently small sup-norm. In an interesting
recent work Edens [10] has considered linearly degenerate models for gas dynamics
(introduced earlier by Temple and Young) where the interaction coefficients have
the same signs as for compressible Euler. Special solutions are constructed where
waves interact at regularly spaced grid points. An analysis of the spectral prop-
erties of the map which updates the strengths of 1 and 3 waves at interactions
demonstrates decay of total variation. We mention finally a result of Rykov [23]
who considered general BV data. Provided one has an a priori bound on the L∞

norm of approximate solutions (generated by Glimm’s scheme, say), and provided
the approximations stay bounded away from vacuum, then the total variation of
the approximations remains uniformly bounded.

Given the general form of Glimm’s theorem it is natural to consider other sys-
tems of conservation laws and to investigate various large data regimes for these.
However, recent examples show that no result similar to Glimm’s theorem can
hold at this level of generality. In particular [12], [13], [28] give examples of special
(unphysical) systems of conservation laws whose solutions may suffer blowup of
amplitude and/or total variation. It is not known if similar pathological behavior
can occur for physical systems. Such systems are typically equipped with a convex
entropy and one could hope that this additional structure would prevent this type
of breakdown. The most interesting system in this respect is the Euler system.

The blowup examples in [12], [28] were based on particular interaction patterns
where repeated reflections create infinitely many waves in finite time. By judiciously
choosing the initial data one can generate solutions where wave strengths are am-
plified at each interaction, leading to finite time blowup.

In this paper we construct special solutions of the full Euler system with a
particular interaction pattern of the same type as in [12], [28]. We then investigate
if such solutions can produce growth, or even finite time blowup, of amplitudes
or variation. We consider the case of an ideal and polytropic gas where shocks
undergo repeated reflections as they interact with two approaching contact waves.
Our analysis shows that no blowup occurs for solutions of this type, at least when
the transmitted shock waves are absorbed and thus prevented from interfering with
the basic pattern of shocks and contacts, see Figure 1. Imposing absorbing boundary
conditions outside the central region amounts to disregarding interactions of shocks
in the same family and renders the analysis tractable.

We begin by setting up the specific interaction pattern and deriving some of
its properties in sections 2 and 3. Assuming an upper bound on the pressure we
show that the solution is globally defined and remains uniformly bounded. The main
part of the analysis concerns the uniform bound on the pressure (section 4). We also
describe briefly how to prescribe absorbing boundary conditions. The conclusion of
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our analysis is recorded in Proposition 4.3. Finally, in section 5 we comment briefly
on a particular scaling of the dependent variables in the Euler system which provides
a (weak) large data result for certain types of “scaled up” data.

2. Shock-contact interactions

For the background material in this section we refer to [7], [6], [22], [25]. For an
ideal polytropic gas the equation of state is

e =
τp

γ − 1
, γ > 1 , (2.1)

and the pressure is given by

p =
Kθ

τ
,

where θ denotes temperature andK/(γ−1) is the specific heat of the gas at constant
volume. For a given left state Ū = (τ̄ , ū, p̄) , the set of states that can be connected
to Ū on the right through an entropy admissible backward or forward shock are
given by

τ =
τ̄(p̄+ µ2p)
p+ µ2p̄

(2.2)

u = ū± (p− p̄)

√
(1− µ2)τ̄
p+ µ2p̄

{
+ : forward shock

⇀

S p̄ > p ,

− : backward shock
↼

S p̄ < p .
(2.3)

with corresponding speeds given by

σ± = ±
√
p− p̄

τ̄ − τ
. (2.4)

Here

µ2 =
γ − 1
γ + 1

.

We use the terminology “backward” and “forward” for shocks that travel with neg-
ative and positive speeds, respectively, in the Lagrangian coordinate frame. These
are the shock waves corresponding to the first and third wave families, and they
are also referred to as 3- and 1-shocks. In addition the Euler system allows con-
tact discontinuities across which the pressure and velocity are continuous, while the
density jumps:

u = ū, p = p̄ , τ̄ ≷ τ

> : down-contact
>

J ,

< : up-contact
<

J .
(2.5)

A calculation shows (see [6] pp. 110-114) that the interaction of a backward shock
with an up-contact results in a transmitted backward shock, an up-contact, and a
reflected forward shock:

<

J
↼

S 7→
↼

S
<

J
⇀

S . (2.6)
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Fig. 1. Interaction pattern with repeated reflections.

Similarly,
⇀

S
>

J 7→
↼

S
>

J
⇀

S . (2.7)

These interactions will be used to set up an interaction pattern where reflected
shocks traverse an inner region between two contacts where the density is lower
than in the outside regions; see Figure 1. As a consequence of Lax’ entropy inequal-
ities the transmitted shocks in the outer regions will approach each other. In an
interaction between two shocks of the same family the type (shock/rarefaction) of
the reflected wave depends on the value of γ, and may also depend on their rela-
tive strengths. In either case the wave reflected from these same-family interactions
would interact either with the “next” transmitted shock and/or with a contact. The
resulting pattern quickly becomes complicated and does not seem amenable to a
direct analysis. In order to render the time evolution computationally tractable we
avoid this issue altogether by inserting absorbing boundaries in the outer regions
(along the dotted lines in Figure 1). While it is clear from (2.6) and (2.7) that the
resulting pattern (now with boundary conditions imposed) will only involve forward
and backward shocks together with the two contacts, it is not immediately clear
that it can be continued indefinitely in time. Specifically we need to show that there
are only a finite number of interactions in finite time. To this end we show that the
speeds of all reflected shocks in the solution are uniformly bounded in time. A sim-
ilar bound on the speeds of the transmitted shocks shows that we can impose the
boundary conditions at fixed locations (in Lagrangian coordinates), as indicated in
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Fig. 2. Interaction pattern with states resulting from interactions.

Figure 1.
In the next section we derive some general properties on the densities, pressures

and velocities in the outer and inner regions. We then show that, provided the pres-
sures in the three regions remain uniformly bounded, then shocks speeds, particle
velocities, densities, as well as specific volumes, all remain uniformly bounded. In
the final step we show that pressure is indeed uniformly bounded.

3. Properties of the interaction pattern

3.1. General properties.

In what follows we use superscripts L and R to denote states in the outer left and
right regions, respectively. For the inner region we use superscripts M and N ; the
various constant states resulting from interactions are indexed as in Figure 2.

Since shocks are compressive (i.e. a particle experiences an increase in pressure
and density as it crosses a shock, [7]) we obtain the following series of inequalities:

τL
1 > τL

2 > · · · , (3.1)

τR
1 > τR

2 > · · · , (3.2)

τN
1 > τM

1 > τN
2 > τM

2 > · · · . (3.3)

Each sequence is decreasing and bounded below, and thus convergent. Furthermore,
the density in each region is bounded away from vacuum. Compressibility also gives
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that

pR
1 < pL

1 < pR
2 < pL

2 < · · · . (3.4)

As velocity and pressure do not change across contacts we have

uL
i = uM

i , pL
i = pM

i , uR
i = uN

i , pR
i = pN

i .

By (3.4) and (2.3) we have

uL
i+1 − uL

i = −(pL
i+1 − pL

i )

√
(1− µ2)τL

i

pL
i+1 + µ2pL

i

< 0 ,

such that

uL
1 > uL

2 > · · · .

Similarly one finds for the outer right region and for the inner region that

uR
1 < uR

2 < · · · , and uR
i < uL

i ∀i, and in fact uR
i < uL

j ∀i, j . (3.5)

It follows that {uL
i } is a decreasing and bounded sequence, while {uR

i } is an in-
creasing and bounded sequence. Thus they both converge.

Next we analyze the temperature, θ = K−1pτ , at a fixed position behaves as
time increases. While the temperature suffers a jump across contacts we will see
that it is monotonically increasing with time in each of the three regions. Consider a
shock in any of the three regions and let pi, τi, θi and pi+1, τi+1, θi+1 be the pressure,
specific volume, and temperature of a fluid particle before and after passing through
the shock, respectively. The relation between pressures and specific volumes is given
by (2.2). The relationship is symmetric in p and p̄ and thus takes the same form for
forward and for backward shocks. Since the pressure experienced by a fluid particle
increases as it crosses the shock, we have pi+1 > pi and equation (2.2) yields

θi+1 = K−1pi+1τi+1 = K−1pi+1
τi(pi + µ2pi+1)
(pi+1 + µ2pi)

> K−1pi+1
τi(pi + µ2pi)

(pi+1 + µ2pi+1)
= K−1piτi = θi . (3.6)

3.2. Properties assuming pressure is bounded.

For the following calculations we assume that pressure is uniformly bounded above.
This is then established in section 4, independently of the results in this subsection.

If the pressure is bounded above then (3.4) shows that the pressure in each
region converges to a common value p̄:

p̄ := lim
i→∞

pL
i = lim

i→∞
pR

i . (3.7)

We proceed to use this to bound the other flow variables in the three regions.
For concreteness consider the outer left region. From (3.6), and using that τL

i is a
convergent sequence by (3.1), we find that

0 < pL
1 τ

L
1 < lim

i→∞

(
pL

i τ
L
i

)
= p̄ ·

(
lim

i→∞
τL
i

)
, (3.8)
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which shows that τL
i converges to a finite positive value. A similar analysis applies

in the other regions. Therefore there is a τ̄ > 0 such that

τL
i , τ

R
i , τ

N
i , τ

M
i > τ̄ ∀i . (3.9)

Next consider the speed of shock waves in any of the three regions. Let pi, τi
and pi+1, τi+1 be the pressure and specific volume of a fluid particle before and
after passing through a shock, respectively. By (2.2) and (2.4) the shock speed σi

is given by

|σi| =
√
pi+1 − pi

τi − τi+1
=

√
pi+1 + µ2pi

τi(1− µ2)
.

Since pi , pi+1 < p̄ and τi > τ̄ we have

|σi| <

√
p̄+ µ2p̄

τ̄(1− µ2)
=

√
p̄γ

τ̄
∀i . (3.10)

This shows that all shock speeds are uniformly bounded. Therefore, on any finite
time interval there is only a finite number of shock-contact interactions. It follows
that the interaction pattern exists for all times, and that p, τ and u converge to
finite values in all regions. Notice that the specific volume is uniformly bounded
away from 0 as well as away from +∞ (no vacuum occurs). As shock speeds are
bounded it also follows that the absorbing boundaries in the outer regions may be
prescribed at fixed locations (in Lagrangian coordinates).

4. Boundedness of pressure

4.1. Parametrization of shock curves.

To investigate how the pressure increases in the solution we parametrize shocks by
pressure ratios p+/p−, where p+, p− denote pressure on the right and on the left,
respectively. Similarly, contacts are parametrized by the ratio of specific volumes.
For a forward shock we denote the pressure ratio by f , and for a backward shock we
denote the pressure ratio by b. Since fluid particles experience an increase in pressure
when crossing a shock we have b > 1 and f < 1. For contacts we denote the specific
volume ratio by c. This provides the following parametrization of shock-curves and
contact-curves in (τ, u, p)-space centered at (τ̄ , ū, p̄) (cf. [25], [6]):

↼

S (b; τ̄ , ū, p̄) =

 φ(b)τ̄
ū− ψ(b)

√
τ̄ p̄

bp̄

 , b > 1 , (4.1)

≶
J(c; τ̄ , ū, p̄) =

 cτ̄

ū

p̄

 , 1 ≶ c , (4.2)
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⇀

S (f ; τ̄ , ū, p̄) =

 φ(f)τ̄
ū+ ψ(f)

√
τ̄ p̄

f p̄

 , f < 1 , (4.3)

where, for α ≥ 0,

φ(α) =
1 + µ2α

α+ µ2
, ψ(α) =

κ(α− 1)√
α+ µ2

, κ =
√

1− µ2 . (4.4)

We note that the function ψ(α) is smooth, strictly increasing, concave down (see
Figure 3), and satisfies the relation√

αφ(α)ψ
( 1
α

)
= −ψ(α) . (4.5)

4.2. Single interactions

Consider the Riemann problem that occurs when a forward shock interacts with a
down-contact. Let the outgoing forward and backward shocks have pressure ratios
F and B, respectively, and let C denote the ratio of specific volumes across the
outgoing contact. See Figure 4. From (2.6) and (2.7) we thus have F < 1, B > 1,
and C ≷ 1 if and only if c ≷ 1. Traversing the various waves before and after
interaction, and using (4.1)-(4.3), yield the following relationships between incoming
and outgoing ratios:

cφ(f) = Cφ(B)φ(F ) (4.6)

ψ(f) = ψ(F )
√
CBφ(B)− ψ(B) (4.7)

f = BF . (4.8)
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Fig. 4. Interaction of a forward shock with a down contact

Eliminating F and C, and using (4.5), one obtains the following equation for the
pressure ratio across the reflected (backward, outgoing) wave:

ψ(B) +
√
cfφ(f)ψ

(
B
f

)
+ ψ(f) = 0 . (4.9)

Define F(α; f, c) to be the expression on the left-hand side of (4.9):

F(α; f, c) := ψ(α) +
√
cfφ(f)ψ

(
α
f

)
+ ψ(f) . (4.10)

Since ψ is an increasing function it follows that α 7→ F(α; f, c) is an increasing
function for fixed values of f and c. As F(0; f, c) < 0 it follows that (4.9) has a
unique root B. That is,

the outgoing pressure ratio B is the unique root of α 7→ F(α; f, c) .

(This calculation provides one part of the analysis behind the statements in (2.6)
and (2.7). See [6] for further details). We proceed to estimate B in terms of the
incoming waves. Consider

F
(

1
f ; f, c

)
= ψ

(
1
f

)
+

√
cfφ(f)ψ

(
1
f2

)
+ ψ(f) . (4.11)

Since f < 1 we have ψ
(

1
f2

)
> 0, while (4.4) and (4.5) shows that

ψ
(

1
f

)
+ ψ(f) = ψ

(
1
f

)[
1−

√
fφ(f)

]
> 0 , (4.12)

giving

F
(

1
f ; f, c

)
> 0 . (4.13)
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Since F(·; f, c) is an increasing function with a unique zero B we conclude that

B < 1
f . (4.14)

Next consider the ratio

c

C
=
φ(B)φ(F )
φ(f)

.

Evaluating the φ’s and using that B = f
F we find that c < C if and only if

(F + µ2f)(1 + µ2F )(f + µ2) < (f + µ2F )(1 + µ2f)(F + µ2) . (4.15)

Expanding the products and using that F < f < 1 (since B > 1), one finds that
the inequality (4.15) is satisfied, and hence

c < C < 1 . (4.16)

Next consider a backward shock interacting with an up-contact. This is exactly
the mirror image of the previous case. Denote the incoming backward shock strength
by b′, incoming contact by c′, and the outgoing strengths by B′, C ′, F ′. Then, with
f = 1/b′, c = 1/c′, B = 1/F ′, C = 1/C ′, and F = 1/B′, we have the same result as
above. This shows that

F ′ is the unique root of α 7→ F
(

1
α ; 1

b′ ,
1
c′

)
and that

1
F ′ < b′ , c′ > C ′ > 1 . (4.17)

4.3. Absorbing boundaries

A similar analysis of shocks interacting with contact discontinuities between gases
with different adiabatic exponents γ shows the following. Consider a forward shock
with pressure ratio f < 1 interacting with a contact discontinuity with specific
volume ratio c 6= 1. Let the adiabatic exponents on the left and right of the contact
be γ0, γ1, respectively. By resolving the Riemann problem at the interaction as
above one finds that no wave is reflected if and only if

γ1 = cγ0 + (c− 1)
1− f

1 + f
. (4.18)

We only consider gases whose adiabatic exponents are strictly larger than 1, and
we observe that γ1 given by (4.18) satisfies γ1 > 1 if and only if

c >
2

γ0(1 + f) + (1− f)
=: c∗ ,

where c∗ < 1. Therefore, for given values of γ0 and f , in order to have no backward
outgoing wave from the interaction, we may first choose any ratio c ∈ (c∗, 1) ∪
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(1,∞), and then choose γ1 according to (4.18). Having done so, we find that the
ratio C of specific volumes across the outgoing contact is given by

C =
cγ0(1 + f)− (2− c)(1− f)

γ0(1 + f)− (1− f)
.

Notice, C ≷ 1 if and only if c ≷ 1.
We now use these observations to construct an absorbing right boundary for our

solution. As earlier we let γ denote the adiabatic exponent in the region between
the left and right boundaries, and we define the pressure ratios across the forward
shocks in the outer right region by

Fi :=
pR

i

pR
i+1

.

The strength of the contacts at the right boundary will be chosen as a common
constant c1 > 1. Before the first forward shock interacts with the boundary we
choose the adiabatic exponent γ1 to the right of the boundary to be

γ1 := c1γ + (c1 − 1)
1− F1

1 + F1
.

The specific volume to the right of the boundary is given by

τ1 = c1τ
R
1 .

By construction this will absorb the incoming forward shock: no backward wave is
reflected. After the interaction we change the adiabatic exponent on the right of
the boundary to the new value

γ2 := c1γ + (c1 − 1)
1− F2

1 + F2
.

The specific volume to the right of the boundary is now given by

τ2 = c1τ
R
2 .

This ensures that the next incoming shock is absorbed without reflection, and we
may continue the process. We note that all γi are bounded between γ and c1(γ+1).
Now, as will be shown in sub-section 4.4 (independently of the present argument),
the pressure in all three regions is uniformly bounded from above. We thus have the
lower bound (3.9) on the values of τR

i . This, together with the fixed choice of c1,
and the upper bound (3.2), shows that the value of the specific volume to the right
of the boundary will remain uniformly bounded away from zero and from above. A
similar analysis applies along the left boundary.

4.4. Interaction pattern

We proceed to use the estimates derived above to bound the pressure that results
from multiple reflections in the inner region. We define the pressure ratios for the
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inner region and specific volume ratios across contacts by

fk :=
pR

k

pL
k

, bk :=
pR

k+1

pL
k

, cLk :=
τM
k

τL
k

, cRk :=
τR
k

τN
k

,

see Figure 2. Assume that we have resolved the k− 1 first interactions on the right
as well as the k− 1 interactions on the left, thus knowing the ratios fk, cRk , and cLk .
As detailed above, resolving the next two interactions then gives:

• first, the ratios bk and cRk+1, from the kth interaction on the right,
• and then the ratios fk+1 and cLk+1, from the kth interaction on the left,

where we recall that

bk is the unique root of α 7→ F(α; fk, c
R
k ) , (4.19)

and that

fk+1 is the unique root of α 7→ F
(

1
α ; 1

bk
, 1

cL
k

)
. (4.20)

From the estimates in (4.14) and (4.17) we get monotone sequences

1
f1
> b1 >

1
f2
> b2 · · · > 1 , (4.21)

cR1 < cR2 < · · · < 1 , (4.22)

cL1 > cL2 > · · · > 1 . (4.23)

The key estimate we use to bound the pressure is contained in the following lemma.

Lemma 4.1. Given the ratio cR1 of specific volumes across the initial contact on
the right. Then there exists ξ = ξ(cR1 ) with 0 < ξ < 1 and such that

bk < (1− ξ) + ξ
fk

for all k ≥ 1. (4.24)

Proof. Since α 7→ F(α; f, c) is increasing for fixed f and c, and by (4.19), we have
that (4.24) holds if and only if

0 < F
(
(1− ξ) + ξ

fk
; fk, c

R
k

)
. (4.25)

By concavity of α 7→ F(α; f, c), and assuming that ξ ∈ (0, 1), (4.25) follows provided

0 < (1− ξ)F(1; fk, c
R
k ) + ξF

(
1
fk

; fk, c
R
k

)
(4.26)

Next, using that cRk > cR1 and that both z 7→ F(1; fk, z) and z 7→ F
(

1
fk

; fk, z
)

are
increasing (since fk < 1, see (4.10)), we have that (4.26) holds provided

0 < (1− ξ)F(1; f, c) + ξF
(

1
f ; f, c

)
, (4.27)

where we have set c = cR1 and f = fk for convenience. We proceed to show that
there exists ξ = ξ(c) ∈ (0, 1) such that (4.27) holds for all f < 1. Indeed, using the
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explicit expressions for the functions F and ψ, together with the relationship (4.5),
we have that (4.27) holds if and only if

0 < (1− ξ)(
√
c− 1)|ψ(f)|+ ξ

{
ψ

(
1
f

)
+
√
c
ψ

(
1/f2

)
ψ

(
1/f

) |ψ(f)| − |ψ(f)|
}
. (4.28)

Since ψ is increasing and f < 1, (4.28) holds provided we have

0 < (1− ξ)(
√
c− 1)|ψ(f)|+ ξ

{
ψ

(
1
f

)
+ (

√
c− 1)|ψ(f)|

}
, (4.29)

or, equivalently,

1−
√
c

ξ
<

ψ( 1
f )

|ψ(f)|
=

√
f + µ2

f + f2µ2
. (4.30)

Since f < 1, (4.30) holds if 1 −
√
c < ξ. This shows that ξ = ξ(c) := 1 −

√
c/2

satisfies the conclusion of the lemma.

For interactions on the left we have a similar result:

Lemma 4.2. Given the ratio cL1 of specific volumes across the initial contact on
the left. Then there exists ξ = ξ(cL1 ) with 0 < ξ < 1 and such that

1
fk+1

< (1− ξ) + ξbk for all k ≥ 1. (4.31)

Proof. As in the proof of the Lemma 4.1 we use (4.20) to see that (4.31) is equiv-
alent to having

0 < F
(
(1− ξ) + ξbk; 1

bk
, 1

cL
k

)
. (4.32)

Setting f ′k = 1
bk

and cRk
′ = 1

cL
k

we have that (4.32) takes exactly the same form as
(4.25), and the same argument as above yields the results.

We proceed to use these lemmas to bound the pressure. Consider the kth interaction
on the right where a forward shock with pressure ratio fk meets a down-contact
and set

xk := 1
fk
− 1 > 0 .

By (4.21) the xk form a decreasing sequence of positive numbers, and by Lemma
4.1 there exists a fixed 0 < ξR < 1 such that

bk < 1 + xkξ
R , for all k ≥ 1. (4.33)

Next consider the kth interaction on the the left where a backward shock with
pressure ratio bk meets an up-contact and set

x̂k := bk − 1 > 0 .
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By (4.21) the x̂k form a decreasing sequence of positive numbers, and by Lemma
4.2 there exists a fixed 0 < ξL < 1 such that

1
fk+1

< 1 + x̂kξ
L , for all k ≥ 1. (4.34)

Set ξ := max(ξR, ξL) < 1, which according to Lemma 4.1 and Lemma 4.2 only
depends on the ratios of specific volumes across the two initial contacts. Using the
above definitions and inequalities we thus have:

1 + x1 = 1
f1

1 + x̂1 = b1
(4.33)
< 1 + x1ξ (4.35)

1 + x2 = 1
f2

(4.34)
< 1 + x̂1ξ

(4.35)
< 1 + x1ξ

2 (4.36)

1 + x̂2 = b2
(4.33)
< 1 + x2ξ

(4.36)
< 1 + x1ξ

3

...

1 + xn = 1
fn

(4.34)
< 1 + x̂n−1ξ < 1 + x1ξ

2n−2 (4.37)

1 + x̂n = bn
(4.33)
< 1 + xnξ

(4.37)
< 1 + x1ξ

2n−1 etc.

It follows that

pR
n+1 = pR

1
1
f1
b1 · · · 1

fn
bn

= pR
1 (1 + x1)(1 + x̂1) · · · (1 + xn)(1 + x̂n)

< pR
1 (1 + x1)(1 + x1ξ) · · · (1 + x1ξ

2n−2)(1 + x1ξ
2n−1)

= pR
1

2n−1∏
m=0

(1 + x1ξ
m) .

Since ξ ∈ (0, 1) ,
∏∞

m=0(1 + x1ξ
m) converges. This shows that the pressure in the

solutions constructed above remains uniformly bounded in time. We summarize our
findings in:

Proposition 4.3. Given the Euler system (1.1), (1.2), (1.3) describing one-
dimensional, compressible flow of an ideal polytropic gas (2.1). Consider any Cauchy
problem where the data produce two contact waves, together with an admissible shock
between them, and where the density is lower in the region between the contacts than
in the outer regions; see Figure 1.

Then, by imposing absorbing boundary conditions at fixed locations (in La-
grangian coordinates and depending on the data) to the left and to the right of the
two contacts, the resulting flow is defined for all times and consists of only shocks
and contacts. Furthermore, the pressure, density, particle velocities and shock speeds
are all uniformly bounded in time, the bounds depending on the initial data and the
given parameters γ,K.
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5. Scaling invariance of the 1-D Euler system

In the analysis above we found it useful to parametrize wave curves by ratios of
pressures and specific volumes. One reason to consider this choice for measuring
wave strengths is the fact that the Euler system is formally invariant under the
scaling

(τ, u, p, E) 7→ (ζτ, ζu, ζp, ζ2E) ζ > 0 ,

which preserves such ratios. While the four variables above are not independent,
this scaling is consistent for ideal polytropic gases. More generally, the Euler system
is invariant under the scaling (τ, u, p) 7→ (ζτ, ζu, ζp) provided the internal energy
function e(τ, p) satisfies

e(ζτ, ζp) = ζ2e(τ, p) . (5.1)

This clearly holds for ideal polytropic gases (2.1). A direct calculation shows that
if (5.1) holds, then the characteristic speeds λ0, λ±, as well as shock speeds, are
invariant as well.

It follows that if U(x, t) =
(
τ(x, t), u(x, t), p(x, t)

)
is any (weak or classi-

cal) solution of the Euler system (1.1), (1.2), (1.3) with initial data U0(x) =(
τ0(x), u0(x), p0(x)

)
, then V (x, t) := ζU(x, t) (ζ > 0) is again a solution with

data V0(x) = ζU0(x). Furthermore, the wave patterns and interactions are identi-
cal in the two solutions, and it is clear that V (x, t) is an entropy admissible weak
solution if and only if the same holds for U(x, t). As a consequence we see that once
we have a solution to the Euler system (with an equation of state satisfying (5.1)),
then we can obtain other solutions with arbitrarily large (or small) amplitudes, and
variations, by applying the scaling above.

As a final observation we note that it is natural to try and argue the other way
as well. That is: given large BV data for the Euler system, we can scale these down
(ζ small) to obtain BV data with small variation; then apply Glimm’s theorem to
obtain a global-in-time weak solution; and finally scale up again (by 1/ζ). However,
this argument is flawed since the amount of variation in the data allowed by Glimm’s
theorem depend on where the data are located in (τ, u, p)-space. In particular, as
the set where the data lie shrinks towards the origin in (τ, u, p)-space under the
down-scaling, so does the amount of variation allowed by Glimm’s theorem. Thus
there is no guarantee that Glimm’s theorem applies to the scaled-down data.
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