
1. Those amazing Greeks! 
 
The time is around 290 BCE. The place is Greece, probably Athens, and Aristarchus of 
Samos, just turned twenty, is putting the final touches on his treatise*, “On the Sizes and 
Distances of the Sun and Moon”. Astronomy is already a venerable practice of well over 
two thousand years, having been initiated by the ancient Babylonians. But throughout 
that long period astronomy has been purely temporal and angular, restricted to assessing 
and comparing the times of celestial cycles and the directional angles to celestial bodies. 
Now, for the first time*, Aristarchus has devised a method for adding a third dimension 
to astronomy, at least for those bodies, the Sun and Moon, that present a visible disc to 
the observer. He will assess their distances and their sizes  – with the use of naked eye 
observations – and mathematical reasoning!  
 
Aristarchus lived over a century after the height of  Periclean Athens. A dozen years or so 
before his birth, Alexander the Great died in Babylon, Euclid completed his “Geometry” 
and Aristotle died in exhile in Euboea. During Aristarchus’ life the empire which 
Alexander left to “the strongest” of his generals continued to collapse while, ominously 
in the East, the power of Rome was rising and the first of their Punic wars against 
Carthage occurred. Archimedes, “the greatest mathematician of antiquity”, is a younger 
contemporary who will stop just shy of discovering the Calculus, and who, eighteen years 
after Aristarchus’ death in 230 BCE, will, himself, be slain by a clueless Roman soldier 
after the siege of Syracuse.  
 
Sometime in his maturity** Aristarchus will propose that the appearances which the 
heavens present to us could be more sensibly accounted for by assuming the Earth rotates 
on a polar axis and orbits the Sun rather than having the Sun and all the vast assemblage 
of stars revolve around a fixed Earth. The proposal didn’t fly in his time but Copernicus 
learned of it as a student some seventeen centuries later. But it’s one thing to conjecture 
an alternative great scheme of things, however prescient, and it’s quite another thing to 
figure out how to actually measure the linear dimensions of even a part of the seemingly 
inaccessible heavens! How did he do it?! 
 
It was all done with similar triangles. Long, thin, right triangles, to be exact.*** Similar 
triangles are triangles of the same shape (they have the same set of vertex angles). Right 
triangles have one vertex where the sides are perpendicular and the angle between them is 
90 degrees (900). To be long and thin one of the other vertex angles must be rather small, 
resulting in two of the sides of the triangle being much longer than the third side and  
nearly equal to each other in length (Fig.1). When this is the case, the ratios of the length 
 
*Earlier guesses of distances and sizes were made, but not, so far as we know, reasoned inferences. 
 
**Poetic license here. We don’t really know when, during his life, Aristarchus composed his treatise or 
performed the other acts attributed to him. But the treatise is generally presumed to be early and his 
heliocentric ideas, later. 
 
***Isosceles triangles would work as well. 
 



of the short side, Ls, to the lengths of the medium and long sides, Lm and Ll, satisfy the 
approximate equalities, 
  
                                           Ls / Lm  ~  Ls / Ll  ~  2π ϕ / 3600  .                                    (1) 
 
 small angle, ϕ                                                         

                                                   Ll                                                            
                                                                                             Ls 
                                                        Lm                             900 
 
Fig. 1: A long, thin, right triangle with side lengths, Ll , Lm and Ls . The smaller the 
angle, ϕ, the more accurate the indicated approximations for the ratios of side lengths. 
 
 
The approximate equalities follow from regarding the longer sides of the triangle as 
approximate radii of a circle intercepting a small arc of the circle approximated by the 
short side of the triangle.  
 
While Aristarchus did not explicitly use these approximate equalities, of which he would 
have been aware, we can employ them to substantially shorten his arguments while 
retaining all of his essential points and duplicating his results. Denoting the radii of the 
Earth, Moon and Sun by RE, RM and RS, respectively, and the distances of the Moon and 
Sun by dM and dS, respectively, Aristarchus will assess the ratios, RM / dM, RS / dS, dM / dS 
and RE / dM. All of these ratios vary with time according to lunar and/or solar cycles but 
Aristarchus ignores or is unaware of such variations. The modern average values for them 
are, 
 
RM / dM  =  1/221,    RS / dS  =  1/216,    dM / dS  =  1/391,    RE / dM  =  1/60.3 .             (2) 
 
First our man claims that the shadow cast by the Moon’s disc during a total eclipse of the 
Sun nearly exactly blocks the Sun’s disc. This means the Moon’s disc is not too small, 
which would leave a rim of sunlight around the Moon at totality (the Corona that we do 
see at totality extends beyond the disc of the Sun) and it is not too large, which would 
leave a noticeable time interval for totality while the Sun traverses the Moon’s disc*. But 
this means that, for each of the Sun and Moon, the triangles consisting of a tangent line to 
the observer’s eye, a radius to the tangent line from the center and the line from the center 
to the observer’s eye are similar triangles having the same small angle at the observer’s 
eye (Fig. 2). 
 
From the exact proportionality of corresponding sides of similar triangles and (1) he then 
has, 
                                         RS / dS  =  RM / dM  ~  2π ϕ / 3600.                                           (3) 
 
*These conditions are not always the case. A minimally distant Moon can yield totality lasting over 6 
minutes (e.g., the solar eclipse of 7/21/09) and a maximally distant Moon can yield an annular eclipse. 



Next Aristarchus measures this last ratio, or, rather, its’ double, the ratio of the diameter 
to the distance! He does this by estimating the angular width of the Moon’s disc to the 
observer’s eye. The approximate equality in (3) tells us the ratios of side lengths he will 
get. But here, to the great puzzlement of history, he seriously blunders. He puts the 
angular width of the Moon (twice the angle at the ‘eye’ of the triangle in Fig. 2) at about 
20, 4 times too large! It’s much nearer 1/20. Substituting 20 for 2ϕ in (3) yields, 
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Fig. 2: Arrangement of Sun, Moon and observers eye at totality of solar eclipse. Not to 
scale.  
 
 
                                   1/30  <  2RS / dS  =  2RM / dM  <  1/29 ,                                       (4a) 
 
where the inequalities are approximate and we have used  3  <  π  <  22/7.* This result is 
much too large! 
 
You might think, “Hey, give the guy a break! It’s just 290 BCE and 20 is already small.” 
But, in fact, he could have easily estimated the more accurate smaller value and we don’t 
understand this error of the young Aristarchus. Fortunately, Archimedes tells us that 
Aristarchus did, eventually, “discover” the smaller, more accurate value. But no ‘revised’ 
versions of his treatise have come down to us. Upon substituting the smaller value, 1/20, 
for 2ϕ in (2), we obtain, 
 
                                  1/120  <  2RS / dS  =  2RM / dM  <  1/114 ,                                    (4b) 
 
a little too small, but in the right ballpark. 
 
How might Aristarchus have estimated the crucial angle? Well, a crude but rough and 
ready method is to hold an upright thumb at the end of an extended arm against the image 
of the full Moon disc in the evening or night sky. The arm and thumb knuckle provide the  
 
*While Aristarchus probably knew π  was slightly greater than 3, he did not yet have Archimedes 
approximation of  22/7. 
 



long and short sides of a comparison long, thin triangle. Arm lengths and thumb knuckle 
widths vary, but, roughly speaking, the ratio of the latter to the former hovers around 
1/27. Using the relationships of (1) and Fig. 1 and our rough approximation of π we find 
the angular width of the extended, upright thumb to be slightly larger than 20; close to our 
man’s estimate. But if you compare your thumb knuckle width to the Moon’s disc in the 
manner indicated, it’s obvious that the Moon’s disc is considerably smaller!  
 
For more precision one might time the rising of the full Moon over the horizon. Or, to 
avoid optical distortions near the horizon, one could time the passage of the full moon 
disc across a fixed marker once the disc is high in the sky. Assuming steady rotation of 
the Earth (the modern perspective) or steady daily revolving of the Moon around the 
Earth (the ancient perspective), the ratio of the measured time to 24 hours will equal the 
ratio of the angular diameter of the Moon’s disc, 2ϕ in Fig. 2, to 3600.  
 
The rise time of the full Moon is about 2 min or 1/30 hr. The ratio to 24 hr is  1/720  
corresponding to  2ϕ  =  1/20. 
                          
OK. We have a value for the shared ratio of diameter to distance for the Sun and Moon. 
What’s next? Next, Aristarchus measures the ratio of the distances to the Moon and Sun, 
dM / dS. A long, thin right triangle again, but a different one this time. And the estimate 
this time is difficult! (Fig. 3) 
 
We wait for the appearance, in the daytime sky, of an exact half Moon phase. As 
Aristarchus points out, this means that the light rays striking the Moon from the Sun are 
perpendicular to the reflected rays from the Moon to our eye. Thus the angle at the Moon 
between the directions to the Sun and our eye is 900. The angle, θ, at our eye between the 
directions to the Sun and Moon is close to 900, and the angle at the Sun, of our Sun-
Earth-Moon triangle, between the directions to the Moon and our eye is small, 900 – θ.   
  
   
                  Exact half 
                     Moon                                                                                                        Sun 
                                   
                   900                                                   ϕ = 900 – θ                                                                                                                 
                                                                           
              dM 
                                                                     
                                                           dS 

              θ 
       Eye    
 
Fig. 3: Directions and distances from Sun, Moon and observers’ eye at half Moon phase.  
 
 
As before, that small angle at the Sun will enable us to use (1) in the form 



 
                                   dM / dS  ~   2π (900 – θ) / 3600  .                                                  (5) 
 
So Aristarchus tries to measure θ. He finds 870 as an upper limit. Again we are puzzled. 
870 yields 900 – θ = 30 or, using  3  <  π  <  22/7 again, we obtain, 
 
                                              1/20  <  dM / dS  <  1/19.                                                (6a) 
 
Aristarchus puts the ratio at between 1/18 and 1/20 and says the Sun is not more than 20 
times as far away as the Moon. The figure 1/18 corresponds to θ ~ 86040’ suggesting the 
ability to determine θ to around (2/3)0. But we know the value of θ to be 89051’, more 
than 20 larger than 870. It would have been more understandable for Aristarchus to say 
870 was the lower limit on θ rather than the upper. To be sure the angle is difficult to 
measure, being so close to 900, but the consequences of small variations are enormous, 
and Aristarchus must have been aware of that. Plugging in the ‘modern’ value of 89051’ 
we find 900 – θ = 9’ = (3/20)0, yielding,  
 
                                              1/400  <  dM / dS  <  1/382 ,                                           (6b) 
 
again in the right ballpark. 
 
So where are we? Aristarchus has estimated the Sun and Moon distances to each be about 
29 times their respective diameters and the Sun’s distance to be about 19 times that of the 
Moon. He will later acquire better data enabling him to correct the first estimate to the 
value 116. The ratio, dS / dM, which we know should be about 391, is never convincingly 
improved upon in antiquity.  
 
But Aristarchus still has more to offer! In his most ingenious application of the geometry 
of long, thin similar triangles he measures the ratio of the Moon’s distance to the radius 
of the Earth. This time he uses a lunar eclipse and the long thin right triangles formed by 
the Sun’s rays casting a conical Earth’s shadow through which the eclipsed Moon passes 
(Fig. 4). 
 
Aristarchus times the passage of the Moon into the Earth’s shadow and claims that once 
totality is achieved, one then has to wait the same time again before the Moon begins to 
emerge from the shadow. This would mean that the diameter of the Earth’s shadow at the 
distance of the Moon was twice the diameter of the Moon. Later Greek astronomers will 
modify this assessment and so we consider the general case in which the diameter of the 
Earth’s shadow at the Moon’s distance is λ times the Moon’s diameter. 
 
From the proportionality of corresponding sides of the similar triangles in Fig. 4 we then 
have, 
                                  RS / (dS + L)  =  RE / L  =  λRM / (L – dM) .                                    (7) 
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Fig. 4: Arrangement of Sun, Earth and Moon during lunar eclipse. L is the length of the 
Earth’s shadow. Not to scale! 
 
 
Eliminating L, we obtain*, 
 
                                     (RS – RE) / dS  =  (RE – λRM) / dM .                                           (8a) 
 
Remembering that for Aristarchus,  RS / dS  =  RM / dM , we can rewrite this as, 
 
                 (1 + λ)RM / dM  =  RE (1/dS + 1/dM)  =  (RE / dM)((dM / dS) + 1) .                 (8b) 
 
If we substitute in this Aristarchus’ ‘early’ values of  1/29 for 2RM / dM and 1/19 for        
dM / dS, and 2 for λ, we get,  3/58  =  (20/19)(RE / dM) , or, 
 
                                              RE / dM  =  57/1160 ~ 1/20 ,                                            (9a) 
 
and the Moon is only 20 times farther from the center of the Earth than we are! If we alter 
Aristarchus’ estimate of  2RM / dM to his ‘later’ value of  1/116, we get, 
 
                                                     RE / dM  ~  1/80,                                                        (9b) 
 
and the Moon is a bit too far away.  
 
The later Greek astronomer, Ptolemy, judged the lunar eclipse time longer than 
Aristarchus and put  λ ~ 2.5 . This results in, 
 
                                                   RE / dM  ~  1/17  or  1/68,                                           (10) 
 
depending on the ‘early’ or ‘later’ value for RM / dM , respectively. I leave it to the reader 
to combine (9) and (10) with (4) and (6) to obtain ratios of all the quantities to the Earth’s 
radius. While the estimates for the Moon’s distance and size are off by only modest 
factors, the failure to correct the value of the angle in Fig. 3, leaves the Sun much too 
close and small by an order of magnitude! 
 
*This step involves a bit more algebra than elsewhere in this article. 



But quite apart from the question of accuracy, Aristarchus has only obtained estimates of 
ratios of astronomical dimensions. Those ratios determine the value of all the quantities if 
we are given the value of any one of them. In Aristarchus’ time there were many 
guesstimates of the diameter of the Earth, but none were particularly reliable. But 
probably in Aristarchus’ later years and, possibly, after his death, the polymath and 
Librarian of Alexandria, Eratosthenes of Cyrene (~273 – 192 BCE), conceives of a 
simple, reliable and accurate procedure for estimating the circumference, and, therefore, 
the diameter of the Earth (Fig. 5). 
 
Eratosthenes notes that on the Summer Solstice the Sun casts no shadow at high noon in 
Syene, about 5000 stades (~ 500 mi)* South of Alexandria, while a measurement of the 
high noon shadow of a vertical post in Alexandria indicates the Sun’s rays make an angle 
with the vertical equal to 1/50 of 3600, i.e., 7012’. Taking the Sun’s rays at Syene and 
Alexandria to be parallel, this means that the arc of the Earth’s circumference between 
these cities is 1/50 of the Earth’s entire circumference. Hence the Earth’s circumference  
 
 
 
 
                                                                                                       7012’ = (1/50) 3600 
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Fig. 5: Eratosthenes’ assessment of the circumference of the Earth using the measured 
angle of the high noon Summer Solstice solar rays with the vertical at Alexandria when 
the high noon Sun at Syene, 500 mi South, is directly overhead. 
 
*We don’t really know what the relationship of the ancient Greek stade to the English mile is. The favored 
assessments hover between 1/10 and 1/9. 
 
 



is 250,000 stades (~ 25,000 mi), a remarkably accurate assessment!* 
 
Thus did Aristarchus and Eratosthenes launch the geo-metrical astronomy of the ‘nearby’ 
heavens! 
 
*Subsequently Eratosthenes modified his estimate to 252,000 stades. 
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