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Class III: Relativity and time (mostly)
1. Invariant light speed
For our present purposes the most important result of the previous class is
expressed by equation (3.8) on page 10, which I repeat here;
vAC = vAB + vBC .

(1.1)

The velocity of A relative to C is the vector sum of the velocity of A relative
to B and the velocity of B relative to C, no matter what the moving entities
A, B and C are.
For the magnitude of these velocities, the speeds vAC, vAB and vBC, (1.1)
indicates that vAC will vary from |vAB − vBC|, when vAB and vBC point in
opposite directions, to vAB + vBC, when vAB and vBC point in the same
direction, i.e.,
|vAB − vBC| < vAC < vAB + vBC .

(1.2)

In the face of this result, which we obtained in Class II by lengthy reasoning
from the invariance of time intervals,
Δt’ = Δt ,

(1.3)

and which appeared thoroughly corroborated by well over two hundred
years of increasingly well tested experience and observation, Einstein
hypothesized that when A was a light beam or light pulse moving in a
vacuum, then, regardless of the motion of B and/or C,
vAC = vAB .

(1.4)

This is the hypothesis of the invariance of light speed in vacuum.
Why would Einstein advance such an outlandish proposal?! And, if his
proposal was correct, why hadn’t anyone noticed it earlier? And, while
we’re at it, what’s so special about the vacuum? We’ll take the second
question first.
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It’s comparatively easy to test (1.1) when all the velocities occurring in it are
of roughly the same order of magnitude, have roughly the same speeds. But
the speed of light is astoundingly faster than anything else known until the
late nineteenth century. And by the early twentieth century the only other
things known of comparable speed were other electromagnetic waves
outside the visible spectrum which, in vacuum, had the same speed as visible
EM waves, or light. Indeed, the speed of light is so fast that prior to the 17th
century, it wasn’t clear whether light moved at all. Perhaps, instead, when a
light source was turned on (ignited), the light was just everywhere at once!
The great French philosopher-scientist Rene’ Descarte thought that was
exactly what happened.
The discovery, one might say, that light actually moved or propagated and
the first estimate of the speed of light was made by the Danish astronomer,
Olaf Roemer, a contemporary of Isaac Newton. He, along with others, had
been studying the timing of eclipses of Jupiter’s satellites for the purpose of
using the data as navigational aids at sea for determining longitude. The
Earth orbits the Sun much more quickly than Jupiter does and Roemer found
that the regular disappearances and reappearances of a Jovian sattelite, when
the Earth was closest to Jupiter on the same side of the Sun, slowly occurred
later and later as the Earth moved around to the opposite side of the Sun.
There the cycles became regular again, and then slowly occurred earlier and
earlier as the Earth completed it’s orbit back to the same side of the Sun as
Jupiter. Roemer attributed this to the finite speed of light so that the reflected
light from the satellite took longer and longer to reach the receding Earth
and less and less time to reach the approaching Earth (Fig. 1.1).
His measurements were rough by our standards but in modern terms his
methods would yield an interval of 16 and 2/3 minutes for the light to cross
the 186 million mile diameter of the Earth’s orbit. This made the speed of
light to be,
c ~ (186, 000, 000 mi.) / (16.67 x 60 sec.) ~ 186, 000 mi/sec .
That’s fast !! So fast, in fact, that if we used our rules above, (1.1, 2), we
would find that if c is the speed relative to B (the ground, maybe) and C (a
rocket ?) is moving at 1 mi/sec (3600 mi/hr), then the speed of light relative
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Fig. 1.1: Changing light path lengths from Jovian satellite to Earth during
one full Earth orbit (roughly to scale).
to C would be 186,001 mi/sec when the light and C are moving in opposite
directions and 185,999 mi/sec when they’re moving in the same direction.
That’s a discrepancy of less than 0.001 %, not easily detected. There were
no such rockets in 1905; there were no airplanes or even cars zipping along
at 60 mph ((1/60) mi/sec). Rifle bullets and cannon rounds were the fastest
material objects of the day but measuring the speed of light relative to a rifle
bullet was not within the capabilities of the day. The young Einstein was
justified in thinking that by his day, if his hypothesis was correct, one might
not have noticed!
OK. But now the first question: why did he think it might BE correct? The
reason was a problem posed by the then recent theory of electromagnetic
(EM) phenomena. This theory, developed in the latter half of the 19th
century, primarily by James Clerk Maxwell, extended and unified our
understanding of electricity and magnetism. It also predicted that EM waves
existed and would propagate through the vacuum of space with the same
speed, c, Roemer had discovered for light. This surprising result eventually
led to the identification of light waves with EM waves of visible frequencies
(Fig. 1.2).
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But move at the speed, c, relative to what? The theory didn’t say. It seemed
to treat c as an absolute speed, not a relative speed. Towards the end of the

Fig. 1.2: The spectrum of EM waves, from thousand kilometer wavelength
long radio waves to nano-micron wavelength gamma rays. They all move in
vacuum with speed, c.
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nineteenth century the prevailing attitudes of the scientific community held
that there must be some substance, some stuff that was vibrating back and
forth when these EM waves would pass by. This was called the
luminiferous aether, or aether for short, and the view took hold that c was
the speed of EM waves relative to the quiescent bulk of that aether. The
question then became; what is the velocity of the Earth and other material
bodies through the aether?
Clearly, the aether had to be pretty much everywhere since we receive light
from distant stars in all directions and light passes through air and water and
glass and the recently discovered non-visible EM waves could even pass
through opaque matter. Did stars move through the aether or sit still in it?
Did the Sun move through it? If the Sun didn’t, then the Earth, orbiting the
Sun, surely must. When material bodies moved through the aether, did they
drag some aether along with them or push it out of the way or pass through it
without disturbing it? All these questions and more had to be answered and
people started making measurements and experiments to answer them.
The results were confusing. Sometimes they saw no evidence of motion
through the aether at all. Sometimes they saw evidence of motion but not
evidence consistent with their understanding of the general nature of motion
– the kind of topics we discussed in our last class. The question of the nature
of the aether and the motion of material bodies through it became a central
and somewhat embarrassing problem of physical science as the 19th century
came to a close.
Besides these problems of observation and measurement the conceptual
issues surrounding the aether placed Maxwell’s theory in a unique situation
compared to all the other, previously established, laws of nature since
Newton. For those others all held equally from the perspective of any un
accelerated, or inertial reference frame. Only Maxwell’s theory seemed to
hold in one reference frame alone, the frame at rest relative to the aether.
As a teenager, Einstein, already studying Maxwell’s theory, asked himself
what would one observe if one could move fast enough to keep up with an
EM wave. Using the reasoning of our previous class he concluded that one
would observe spatially varying electric and magnetic fields that weren’t
changing with time (Fig. 1.3) – a situation that Maxwell’s theory did not
allow! So either being at rest relative to an EM wave was impossible or
Maxwell’s theory didn’t apply to such an observer’s frame of reference. The
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prevailing view – the aether view, was the latter alternative – Maxwell’s
theory applies only to the aether reference frame.
Some years later, Einstein, viewing the conflicting evidence concerning the
aether, began to explore the former alternative along with the notion that
Maxwell’s theory, just like all the physical theories before it, held equally in
any inertial frame. As we shall see, he found that alternative to be internally

Electric field ||
to the y axis and
magnetic field ||
to the z axis,
both varying
along the x axis.

Fig. 1.3: Maxwell says this field configuration must move with
speed,c, along x. Einstein asks, “What if I catch up with it?”

consistent, if only one were willing to relax long and deeply held
presumptions about the nature of time and space. In this way he came to
advance the hypothesis of the impossibility of catching up with a light wave,
the impossibility of being at rest relative to an EM wave, i.e., the invariance
of the speed of light in vacuum. This, along with the equivalence of all
inertial frames, rendered the aether concept useless and, accordingly,
Einstein abandoned it. For Einstein the EM waves were not material
vibrations at all, but a new kind of physical reality, (disembodied)
propagating vibrations of electric and magnetic fields which became forces
when they encountered charged objects.
Since he showed us the way, it will be comparatively easy to follow the
argument. For him it must have required enormous intellectual effort and
heroic courage!
Finally, the third question: what’s so special about the vacuum?
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As far as anyone could tell in Einstein’s day, or can tell today, all EM waves
move with the same speed in a perfect vacuum. This is a bit of an idealized
statement, however, since we never encounter perfect vacuums. But the
closer we get, the closer all EM waves come to moving with the same speed,
which we symbolize as c. What’s more, the different speeds with which
various EM waves move through imperfect vacuums or various kinds of
matter are always less than c. In air, for example, red, yellow, green, blue
and violet light all move at speeds only slightly slower than c. But on
passing into glass the speeds are not only slower still but increasingly slower
as one goes from red to violet through the spectrum. That’s why a glass
prism separates white light into the spectral colors. The details of why and
how matter slows down EM waves compared to a perfect vacuum is a
complicated business we can not get into. But Einstein’s problem concern’s
EM waves in perfect vacuum, and only there do we have a single speed for
all EM waves and it’s the highest speed of anything known. That’s the speed
Einstein postulates to be invariant.
Now, what price must be payed for the combination of this hypothesis and
the principle of relativity?
2. The relativity of simultaneity and time dilation
a. relativity of simultaneity
An immediate consequence of the hypothesis is the collapse of the
invariance of the simultaneity of spatially separated events, i.e., of two
events, separated in space by some distance and occurring simultaneously in
some inertial reference frame, they will not occur simultaneously in some
other relatively moving reference frames! Let us see how such a seemingly
crazy result is obtained.
We consider a long box or tube, we will call it a light box, with a light
source, S, exactly at the center of the box and with reflecting mirrors at each
end of the box (Fig. 2.1). Two light pulses are emitted simultaneously from
the central source towards the two reflecting mirrors. From the perspective
of the reference frame in which the light box is at rest the light pulses, each
traveling half the length of the box at the speed, c, will be reflected from the
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Fig. 2.1: Simultaneous emissions from central source, S, in stationary light
box yields simultaneous reflections from opposite ends of the box.
mirrors simultaneously. The emissions are coincident simultaneous events:
they both happen at the same place as well as at the same time. The
reflections are separated simultaneous events: they happen at places a
distance, L, apart.
Now, without doing anything to the light box or its contents or processes, we
adopt the perspective of a reference frame moving to the left with some
constant speed (Fig. 2.2). From that new perspective, the emissions are still
simultaneous and coincident, but the reflections are not simultaneous! The

Light box at moment of simultaneous
emissions.
< L’/2

Light box at moment of reflection
of leftward moving pulse from
approaching mirror.
> L’/2

Light box at moment of reflection
of rightward moving pulse from
receding mirror.

Fig. 2.2: Simultaneous emissions from central source in moving light box
yields non-simultaneous reflections due to invariant light speed.
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leftward moving light pulse is now moving towards an approaching mirror
and will travel a distance less than half the length of the box by the time it
reaches the mirror. The rightward moving pulse is moving towards a
receding mirror and will travel a distance greater than half the length of the
box by the time it reaches the mirror. Since, by our hypothesis, both light
pulses have the same invariant speed in the new perspective, or frame of
reference, just as they did in the old, the leftward moving pulse will reach its
mirror, before the rightward moving pulse does!
The simultaneity or not of spatially separated events is dependent upon the
reference frame perspective from which the matter is assessed. The principle
of relativity, then, forbids us from asking which perspective is correct. Any
non-accelerated reference frame is equally suited for assessing the laws of
nature and the locations or temporal successions of physical events. The
relativity of simultaneity must be accepted as real!
As we will eventually see, this conclusion was compatible with the tested
aspects of pre-relativistic physics because simultaneous events separated by
a distance, L, in one inertial frame would only occur earlier or later than one
another by not more than the time interval, (v/c)(L/c), in a reference frame
moving at a speed of v << c, relative to the first frame. For an L of 1000 mi.
and a v of 186mi/sec, enormously fast but still one thousandth the speed of
light, the violation of simultaneity would only be not more than
(1/186,000)sec.!
Still, this conclusion is such an assault on our intuition that it makes us
overwhelmingly inclined to just reject the hypothesis of the invariance of the
vacuum speed of light. But we are with Einstein now, who is determined to
work out the consequences of the hypothesis which he believes evidence
forces upon us.
Since spatially separated simultaneity is reference frame dependent in the
context of Einstein’s hypotheses, it is important that we pay more attention
to the meaning of the concept than is customary. In particular, just how, in
principle at least, does one ascertain whether spatially separated events are
simultaneous relative to a given inertial frame. We might say that if ‘correct’
clocks, at rest in the reference frame concerned, are available at the location
of the events, we just need to read the coincident clocks when the events
occur. If they give the same reading, the events are simultaneous relative to
the reference frame concerned. Even if such clocks are not present, perhaps
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we can ascertain what they would read if they were. But what is it that
makes such clocks ‘correct’? Two things. They must each measure the
passage of time ‘correctly’ in the immediate vicinity of their location and
they must be synchronized with one another.
Throughout pre-relativistic physics it was taken for granted that one could
build clocks, at least in principle, that ‘correctly’ measured the passage of
time in their immediate vicinity when not accelerated. That presumption
continues to be taken for granted in Einstein’s STR. We will eventually see
an example of such a clock. For any inertial clock the measurement of local
time is not further analyzed. Synchronization of separated clocks, however,
is another matter.
Let C1 and C2 be two inertial clocks at rest with respect to one another.
Suppose a light pulse is emitted from C1 when C1 reads t1,e. Suppose the
light pulse travels in vacuum towards C2, arriving when C2 reads t2, and is
immediately reflected back towards C1, arriving when C1 reads t1,r. Since the
distance between C1 and C2 doesn’t change with the time they measure and
the vacuum speed of light is the same for the initial and reflected pulse, the
clocks will be synchronized iff the registered time intervals for the two
pulses are the same, i.e.,
t1,r − t2 = t2 − t1,e ,

(2.1a)

t2 = 1/2 (t1,r + t1,e).

(2.1b)

or

In pre-relativistic physics this definition would work in one inertial frame
only (the aether frame). In Einstein’s physics it applies in any inertial frame!
This provides one approach to why separated simultaneity is frame
dependent.
b. time dilation
Now we turn to the comparison between time measurements by relatively
moving clocks. Let C1 and C2 be two separated, synchronized clocks at rest
in the inertial frame, F. Let C’ be a clock moving with constant velocity, v,
in F such that v < c and (1) C’ is coincident with C1 when C1 reads t1 and C’
reads t’1 and (2) C’ is coincident with C2 when C2 reads t2 and C’ reads t’2
(Fig. 2.3). We want to compare the time intervals,
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Δt := t2 − t1

Δt’ := t’2 − t’1 .

and

(2.2)

L
C1

t1

C2

t’1

C’

v

t2
t’2

Fig. 2.3: The F’ clock, C’, moving from the F clock, C1, to the F clock, C2,
with constant relative velocity, v, during the F time interval, t2 − t1,
and the F’ time interval, t’2 − t’1 .
At some time, t1,e, in F, after t1 and before t2, let a light pulse be emitted from
C1 towards C2, arriving just as C’ arrives at C2 (Fig. 2.4). The light pulse is
then immediately reflected back towards C1, arriving at the C1 time of t1.r.
TF

C1

t1,r
light
pulses

C2

t2

t’2

C’
t2 = 1/2 (t1,r + t1,e)
L = v (t2 − t1)
= c (t2 − t1,e)
= c (t1,r − t2)

t1,e

t1

0

t’1

L

(2.3)

XF

Fig. 2.4: Space and time diagram, from the F perspective, for the events
transpiring while the F’ clock, C’, moves, with speed v, from the F
clock, C1, at (t1, t’1), to pass the F clock, C2, at (t2, t’2).
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Except for Fig. 1.2, all the previous figures were schematic pictures of
objects or processes. But Fig. 2.4 is a space and time diagram representing
the details of the process pictured in Fig. 2.3 as well as the additional light
pulse emission, reflection and reception sequence mentioned above. The
vertical axis represents the passage of time as measured by F clocks with
time increasing up the axis. The horizontal axis represents the distance in F
from the clock, C1. The various lines represent the histories of different
clocks and light pulses. The history of C1 is the heavy vertical line at XF = 0.
The history of C2 is the dashed heavy vertical line at XF = L. The history of
the moving F’ clock, C’, is the slanting heavy line that goes from XF = 0 at
TF = t1 to XF = L at TF = t2, when it passes C2. When C’ is at XF = 0 it
registers t’1 and when it’s at XF = L it registers t’2. Similar comments apply
to the lines representing the histories of the light pulses that move from C1 to
C’ and then back from C’ to C1. Equations (2.3) express the relationships
between time intervals and distance covered for all the things pictured that
move through the distance L.
By using (2.3), the synchronization condition (2.1b) and the principle of
relativity to argue for the equality between (t’2 − t’1) / (t1e − t1) and
(t1r − t1) / (t’2 − t’1) we can deduce the relationship between the time intervals
(2.2). The details are presented in the Appendix. The result is,
Δt’ = [1 − (v/c)2]1/2 Δt .

(2.4)

The moving clock, C’, registers the passage of time more slowly than the
stationary clocks, C1 and C2. More precisely, as assessed from the
perspective of an inertial frame, F, clocks moving relative to F register the
passage of time more slowly than clocks at rest in F, and this result holds for
any inertial frame, F! From the perspective of F’ the F clocks, C1 and C2
register the passage of time more slowly than C’ and the synchronized F’
clocks. This result is called time dilation.
The quantity, [1 − (v/c)2]1/2, the square root of one minus v/c squared, occurs
ubiquitously in STR and we should get something of a feel for how its value
depends on the value of v/c. First lets plot a graph of it. It turns out that
that’s easy to do because the graph has the shape of a quarter of a circle. The
reason is that if we plot v/c along a horizontal axis, like an x-axis, and
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[1 − (v/c)2]1/2 (this quantity is often called γ−1, as we shall see) along a
vertical axis, like a y-axis, then since, (v/c)2 + (γ−1)2 = 1, we get the same
kind of curve as we would from the equation x2 + y2 = 1, the equation for a
circular arc of radius 1(Fig. 2.5).
1

(v/c)2 + (γ−1)2 = 1

0.8
γ

−1

(0.6)2 + (0.8)2 = 1

0.6

(0.8)2 + (0.6)2 = 1
(10−3)2 + 0.999999 = 1

0
0

0.6

0.8

1

v/c
Fig. 2.5: Graph of the dependence of γ−1 = [1 − (v/c)2]1/2 on v/c.
The effect is extremely small for ordinary relative speeds. For instance, if
(v/c) = 10−3 = 0.001, which is still the whopping speed of,
v = 186 mi/sec = 669,600 mph !!,

(2.5a)

we find γ−1 = [1 − (v/c)2]1/2 = 0.999999 , i.e.,
Δt’ ~ 0.999999 Δt .

(2.5b)

Not much dilation! However, for (v/c) = 0.6 we get,
Δt’ = 0.8 Δt ,

(2.6)

Δt’ = 0.6 Δt ,

(2.7)

and for (v/c) = 0.8, we get,
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and for (v/c) = 0.9999, we get,
Δt’ ~ 0.014 Δt ,

(2.8)

very dramatic time dilation!
Lest you think that this just has to do with zippy clocks but not with real life,
bear in mind that if you were at rest in any inertial frame, F, and were
healthy, then your heart rate would be measured by the F clocks to be about
70 beats per minute. But if F is moving relative to F’ at 0.8c then the F’
clocks would read your heart rate at about 42 beats per minute, as would the
doctors at rest in F’. And you would read their heart rates as being similarly
slowed compared to yours! This time dilation affects all processes!
Lest you think the effect is too small to be important in daily life, bear in
mind that the essential clocks in the Global Positioning System (GPS) of
satellites used for terrestrial location and navigation have to be so accurate
that these time dilation effects for moving clocks, as well as other
gravitational effects predicted by Einstein’s GTR of 1916, must be taken
into account. Without relativistic corrections, GPS wouldn’t work.
It is also the case that the composition of Cosmic Rays that we are exposed
to here on the surface of the Earth is somewhat different than astronauts are
exposed to in orbit, in part due to time dilation. Above our atmosphere the
primary constituents of Cosmic Rays are protons and neutrinos. Our
atmosphere keeps most of the protons from reaching us (Almost nothing
stops neutrinos. Most go right through the entire Earth.) because they
interact strongly with protons and neutrons in atmospheric atoms and
molecules, losing much energy and creating π - mesons in the process. Few
π-mesons reach the surface because they also interact strongly with protons
and neutrons and they spontaneously disintegrate into µ-mesons and antineutrinos. The µ-mesons, however, do not interact much with protons and
neutrons but just continue moving until they spontaneously disintegrate into
electrons or positrons and neutrino-anti-neutrino pairs. Now if their internal
clock for disintegration ran at the same rate while they were moving as it
does when they’re at rest, they’d never reach the Earth’s surface before
disintegrating. But, in fact, they’re moving so fast that time dilation slows
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down their disintegration process so much that they make up a sizeable
fraction of the Cosmic Rays that reach the Earth’s surface!
3. The twin paradox
Finally we come to the famous twin paradox! It’s not really a paradox at all.
It just seems like one at first because of our unfamiliarity with relativity.
We have seen that from the standpoint of either of two inertial observers
moving relative to one another, each assesses the clocks and processes,
generally, that move with the other to be slowed down compared to their
own. In particular, each of two identical twins will assess the other to age
more slowly than they do. But how can this be since if they come together
again after traveling apart, surely they can’t both have aged fewer years than
the other! This is the (apparent) paradox.
The resolution is that if, after traveling apart for awhile, the observers come
together again to compare aging, they can not have both remained in inertial
motion throughout. At least one of them must have engaged in accelerated
motion in order that they come together after moving apart. It turns out that,
roughly speaking, relativity predicts that the observer who remains most
nearly inertial throughout will age the most of the two. The more accelerated
observer will return to the meeting having aged less.
This is not a very precise statement and the details for an arbitrary case are a
bit beyond us in this course. Nevertheless we can see the matter clearly in a
simple example chosen for the purpose of easy calculations and
diagrammatic representation.
We imagine twins A and B who, initially together, move apart in inertial
motion with a relative speed of , v = 0.6 c , just after a shared birthday. A
remains completely inertial throughout, never accelerating, and we adopt a
reference frame in which he is at rest for most of our description (Fig. 3.1).
Again time evolves up the diagram and spatial separation between the twins
is represented horizontally.
After separating from A for what he judges to be 4 years, B decelerates and
comes to rest relative to A, albeit 0.6 c x 4 yrs = 2.4 light years away,
according to B. A, however, judges B’s trip to have taken 5 yrs and places
him 0.6 c x 5 yrs = 3.0 light years away. This discrepancy is due to A and
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B judging separated simultaneity differently. For A, his fifth birthday after
parting is simultaneous with B’s fourth birthday, as indicated by the
horizontal dashed line, and predicted by (2.4), i.e.,
15 13
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10

9
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2
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2
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1
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Fig. 3.1: Twin B recedes from twin A at 0.6 c for 4 B-yrs and then remains
at rest relative to A for 5 B-yrs and then moves at 0.6 c towards A for 4 Byrs. For A these three stages of B’s activity each lasted 5 yrs. They each
send birthday greetings to the other via light signals. The left hand diagram
shows A’s birthday signals and the right hand diagram shows B’s (B gets
lazy on the homeward journey). When they finally meet again A is 15 yrs
older and B is only 13 yrs older. REALLY!!
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4 yr = (0.8) 5 yr = [1 − (0.6)2]1/2 5 yr .

(3.1a)

At the same ‘time’ (puns intended) B judges his 4th birthday after departure
to be simultaneous with A having aged 3.2 yr more, as indicated by the
sloping dashed line on the right diagram and, again, predicted by (2.4), i.e.,
3.2 yr = (0.8) 4 yr = [1 − (0.6)2]1/2 4 yr .

(3.1b)

We notice from the diagrams that when A and B are receding their annual
birthday signals are received once every 2 yrs by the other twin. That’s just
the relativistic version of the Doppler effect which lowers the pitch
(frequency) of receding sirens and airplane engines. The factor of 2 is given
by the quantity, [c + v / c − v]1/2, (see Appendix) i.e.,
[c + (0.6 c) / c − (0.6 c)]1/2 = [1.6 / 0.4]1/2 = [4]1/2 = 2 .

(3.2)

For 5 yrs our twins sit at rest, now in agreement concerning the distance
between them, 3.0 light years, and the passage of time. Then B heads for A
and (lazily) sends birthday signals only every two years while receiving
them from A every 6 months. This is because they are now approaching
each other and the Doppler effect increases the frequency of reception,
decreasing the time between signals by a factor of,
[c − (0.6 c) / c + (0.6 c)]1/2 = 1/2 .

(3.3)

The most bizarre feature of all of this is that during B’s rapid transition
between receding from A to being at rest relative to A (all during B’s fourth
birthday celebration) he changes his assessment of simultaneity at A from
3.2 yr to 5 yr and his assessment of distance from A from 2.4 light years to
3.0 light years. A reverse of this sequence occurs again when B rapidly
accelerates (during his ninth birthday celebration) from rest to his 0.6 c
journey back to A.
Notwithstanding these oddities, when the twins get together again A will
have aged 15 yrs and B, only 13 yrs. REALLY !!
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Appendix: Calculational details for time dilation
From the above discussion of synchronization the relation, (2.1b) must hold
in Fig. 2.4. But by using (2.1b) and (2.3) we find,
(v/2)[(t1r − t1) + (t1e − t1)] = v [(1/2) (t1r + t1e) − t1] = v (t2 − t1)
= c (t2 − t1e) = c [(1/2)(t1r + t1e) − t1e] = (c/2)(t1r − t1e)
= (c/2)[(t1r − t1) − (t1e − t1)],

(A.1a)

The equality between the first expression and the last leads to
(c + v) (t1e − t1) = (c − v) (t1r − t1),

(A.1b)

or
[c + v / c − v] = (t1r − t1) / (t1e − t1) .

(A.1c)

On the other hand from the equivalence of the rest frame, F, of C1 and F’ of
C’ we must have,
F’ time interval from coincidence to light pulse reception_
F time interval from coincidence to light pulse emission
= Constant (i.e., dependent only on v and c) =
_____F time interval from coincidence to light pulse reception______
F’ time interval from coincidence to light pulse emission (reflection) ,
Or (see Fig. 2.4)
(t’2 − t’1) / (t1e − t1) = K = (t1r − t1) / (t’2 − t’1) .

(A.2)

To see this note that in F, C1 is at rest and C’ is receding from coincidence
with relative speed, v, while in F’ the roles of C’ and C1 are reversed. In
each frame the moving clock may register the passage of time at a different
rate than the stationary clock but, by virtue of the synchronization among all
F clocks and synchronization among all F’ clocks, the ratio of those rates
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can not, itself, change with either F or F’ time. Furthermore, the equivalence
of F and F’ requires the ratio of the rates of the moving clocks to the
stationary clocks to be the same in each frame.
Now one way to assess this ratio is to compare the moving clock time
interval from coincidence of the clocks to the reception of a light pulse at the
moving clock to the stationary clock time interval from coincidence of the
clocks to the emission of that same light pulse from the stationary clock.
That comparison is provided by the constant, K.
Of course what we’re really after is the ratio, (t’2 − t’1) / (t2 − t1). But notice
that the reciprocal satisfies, from (2.1b),
(t2 − t1) / (t’2 − t’1) = [(t1r − t1) + (t1e − t1)] / 2(t’2 − t’1)
= (1/2)[(t1r − t1 / t’2 − t’1) + (t1e − t1 / t’2 − t’1)]
= (1/2)[K + K−1] .

(A.3)

So if we find K we will have our ratio.
But by multiplying together the left and right hand expressions for K in
(A.2) we get,
K2 = [(t’2 − t’1) / (t1e − t1)][(t1r − t1) / (t’2 − t’1)]
= (t1r − t1) / (t1e − t1) = [c + v / c − v],

(A.4a)

where we used (A.1c) in the last step.
Hence,
K = [c + v / c − v]1/2.
(t2 − t1) / (t’2 − t’1)
= 1/2{ [c + v / c − v]1/2 + [c − v / c + v]1/2 }

(A.4b)
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= 1/2{ 2c / [c2 − v2]1/2 }
= [1 − (v/c)2]−1/2 ,
or

the time dilation result.

Δt’ = [1 − (v/c)2]1/2 Δt ,

(A.5a)

(A.5b)

