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1. Introduction: Localization and Lorentz-invariant Quantum Theory  
The current status of localization and related concepts, especially localized 
statevectors and position operators, within Lorentz-invariant Quantum 
Theory (LIQT) is ambiguous and controversial.1 Ever since the early work of 
Newton & Wigner (1949), and the subsequent extensions of their work, 
particularly by Hegerfeldt (1974, 1985), it has seemed impossible to identify 
localized statevectors or position operators in LIQT that were not 
counterintuitive—strange—in one way or another; the most striking strange 
property being the superluminal propagation of the localized states. 
    The ambiguous and controversial status of these concepts arises from the 
varied reactions that workers have to the strange properties. Some regard 
them, particularly the superluminal propagation, as utterly unacceptable, and 
conclude that no precise concepts of localized statevectors and position 
operators exist in LIQT (Wigner 1973, p. 325-327; 1983, pp. 310-313; Malament 
1996). Others downplay the whole issue, on the grounds that current 
theoretical and experimental practice has no need of sharply formulated 
concepts of localization, localized states etc. (Birrell & Davies 1984, pp. 48-59; 
Haag 1992, p. 34). 
     Still others, including ourselves, believe that the superluminal propagation 
does not lead to causal contradictions, and is not in conflict with available 
empirical data: so that it should not be ruled out. We also believe that the 
other strange properties are merely unfamiliar novelties of LIQT which we 
must simply learn to accept. (Like the superluminal propagation, they do not 
lead to causal contradictions, nor conflict with available data.)  So in this 
paper, we aim to help remove the ambiguous and controversial status of 
localization concepts in LIQT.  
    Overall, our strategy will be to assess a number of localization concepts, 
and thereby clarify the often complex relationships among them. This overall 
strategy breaks down into two parts, corresponding to Sections 2 to 4 and 
Sections 5 to 12. 
    In Part 1, we will summarize some well-established material about 
localization. First, we will report Newton & Wigner's approach to 
localization, and the two strange properties which their solutions were found 
to possess: superluminal propagation and delocalisation under a passive 
Lorentz boost (Section 2). Here we will emphasise the similarities with the 
much simpler and non-controversial case of non-relativistic, i.e. Galilean-
invariant Quantum Theory (GIQT). Although no conceptual problems about 
localization occur in GIQT, considering this case will make it easy to 
anticipate, on the basis of familiarity with classical special relativity, where 
subtleties in LIQT will arise. 
    Then we turn back to work done before Newton & Wigner's: we 
summarize the various difficulties in defining for the Klein-Gordon and Dirac 
equations 'well-behaved' position eigenstates.  In Section 3, we treat the Klein-
Gordon case; and in Section 4, the Dirac case.  Once we are confronted with 
(exhausted by!) all these difficulties,  we are prompted to ask: Is there any 
standpoint from which the Newton-Wigner states, despite their strange 
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properties under time-evolution and passive Lorentz boost, make physical 
sense? 
    Part 2 (Sections 5 to 12) answers 'Yes' to this question. After a prospectus 
(Section 5) and discussion of the idea of an 'event' operator (Section 6), we 
turn to classical Lorentz-covariant position variables—and first describe three 
different parametrizations of them (Section 7).  These are equivalent for a 
point-particle; but for a localizable property of an extended system (such as 
the center of energy or of charge), only one parametrization, the hyperplane-
dependent parametrization, is convenient (Section 8).  Of the three, it is also 
the only one that can be consistently quantized;  where the quantization 
procedure is the usual requirement that the PoincarŽ transformation equation 
for the classical position variable should serve as the transformation equation 
for the expectation value of the quantum position operator (Section 9).  This 
in effect establishes the Yes answer to the above question; though admittedly, 
the strange properties of localized states under time-evolution and passive 
Lorentz boost are not wholly unsurprising from the standpoint that Part 2 
develops.  The closing three Sections discuss in order: examples (Section 10); 
the strange properties (Section 11); and some recent criticisms of our 
standpoint, by Malament and by Saunders (Section 12). 
    We close this introduction with five preliminary remarks. (1) We will use 
'LIQT' and 'GIQT' to refer to what may be called 'framework theories' of 
which specific quantum theories are examples.  By a 'specific quantum theory' 
we intuitively mean a complete quantum theory of a specific physical system.  
In mathematical terms, we expect such a theory to identify a complete set of 
basic dynamical variables sufficient to determine, in principle, the 
commutators of any two operators in the theory; and to specify the functional 
dependence of the generators of the spacetime symmetry group on the basic 
dynamical variables.  On the other hand,  LIQT and GIQT need only 
postulate: (i) the existence of a preferred unitary or projective-unitary 
representation of the spacetime symmetry group (PoincarŽ or Galilean 
group, respectively) on the state space; (ii) the identification of the generators 
of these group representations with physical properties of the system in the 
usual way: viz. the spatial translation generators with total momentum, the 
rotation generators with total angular momentum, the time translation 
generator with total energy, and similarly for the boost generators (cf. eq. 
(10.5)-(10.7) for their details).  Thus we do not presume a quantum field 
theory by LIQT, but we certainly allow for one; similarly, we allow for one in 
GIQT, provided the mass superselection rule is satisfied. (Of course, at 
various points in the paper we will consider specific quantum theories; and 
we will there specify the additional structure.)  This leads to our second 
preliminary remark. 
    (2) We want to dispel once and for all a widespread misconception about 
our topic, viz. that the whole issue pertains exclusively to single particle 
states, or at most, to systems with a fixed number of particles. This 
misconception is widespread particularly among those who dismiss the 
localization problem as unimportant. For their reason is usually that, since the 
physically important LIQT's are theories of interacting quantized fields (local 
fields, one might add) in which particle numbers are not only changing with 
time but are also usually indefinite, the question of the properties of proposed 
localized statevectors and position operators for individual particles is just 
not important. 
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    In reply, we stress that the localization problems we address here are in no 
way confined to individual particles or systems of a fixed number of particles. 
While Sections 3 and 4 will focus on such systems, our later discussion will 
include such topics as the location of the center of the energy distribution for 
a system of interacting quantized fields (Section 10). Furthermore we will find 
that all the strangenesses of localization of particles are visited undiminished 
on fields—and can also be understood and dealt with in the same ways. 
  The novelty of the field theoretic case is that local quantum field theory 
comes already equipped with spatio-temporal concepts that are, however, 
only indirectly and non-locally related to the localization concepts closely 
associated with localized state-vectors and position operators. The 
examination of the relationship between these two kinds of localization 
concepts is an important topic which we address briefly in Section 12: for 
discussion, cf. Fulling (1989, pp. 71-73) and Fleming (1996, pp. 19-26).  This 
brings us to our third preliminary remark. 
   (3) We emphasize that the idea of different localization concepts is not 
mysterious. For complex quantum systems (i.e. those with many degrees of 
freedom, i.e. many independent dynamical variables), it is not surprising that 
there are many associated concepts of localized states and position operators; 
(quite apart from the localized states and position operators for the various 
subsystems of the complex system). For example, in GIQT we have the center 
of mass and, if the system has non-vanishing total electric charge, the center 
of charge; and if, for example, the system consists of electrons and protons, 
the two centers will be different. Furthermore, the center of kinetic energy, 
and the centers of the nth powers of mass or charge or kinetic energy can be 
identified, albeit to perhaps little purpose for physics. 
    We mention these varieties here because we will later (Sections 10, 11) 
argue for the legitimacy and relevance, in LIQT, of several distinct concepts of 
localized statevector and position operator, even for single particle systems; 
(which undermines any tendency to think of such systems as point particles) 
(Kalnay & Torres 1973, Lorente & Roman 1974,). This leads to our fourth 
remark.  
   (4) Another approach to localization in LIQT, leading to a form of 
hyperplane dependence closely related to that described in our Part 2 
(especially Sections 9 et seq.), has been developed by workers studying the 
problems of quantizing classical systems on phase space; (cf. Ali 1998, 
Landsman 1999; where further references are given). This approach is more 
rigorous and systematic than ours; but ours, by being more physically 
intuitive and informal, is also more inclusive. In particular, by focussing on 
coordinates that can play a fundamental role in a phase space formulation, 
the phase space quantization procedure restricts itself, for massive systems at 
least, to yielding position operators with commuting components, essentially 
the Newton-Wigner operator for particles. Our broader, if looser, net will 
encompass collective coordinates of extended systems and will lead quite 
naturally to the field theoretic center of energy position operator, which has 
non-commuting components; (and from which the Newton-Wigner operator 
will be algebraically constructable, cf. equation (10.11)). 
   (5) We should briefly state the position we adopt here about the conditions 
under which physical quantities have values. In short, we will adopt the 
orthodox 'eigenvalue-eigenstate' link: a quantum system possesses a definite 
value for a quantity just in case its statevector is an eigenvector of the 
operator representing the quantity (and the eigenvalue is the value in 
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question). Thus for us the possession of a value for a quantity is in no way 
tied to the execution of a measurement.  On the other hand,  we accept that a 
notion of measurement is crucial, to enable us to give a probability 
interpretation of inner products of statevectors & eigenvectors. (As we will 
see in Section 2, the Newton-Wigner orthogonality requirement is motivated 
by the probability interpretation.) 
   We of course recognize that the eigenvalue-eigenstate link is very 
controversial. But we adopt it here, not because we endorse it—though we 
admit to favouring the related doctrine that state-reduction is a real physical 
process. Rather, we believe the controversy about it does not affect the issues 
we will discuss. 
   (6) Finally, since we will often have to compare the description of quantum 
states and quantities from the standpoints of different reference frames, we 
should stress that in quantum theory the statevectors do not represent the 
intrinsic physical situation (in the Heisenberg picture: the intrinsic history) of 
the system. Rather they represent the relationships of the physical situation or 
history to the reference frame for which they are employed. This is why a 
change of reference frame entails a change of statevector for the same 
physical history (a passive transformation).  
    Similarly the operators representing quantities in quantum theory do not 
represent directly the invariant quantity, but rather the relationship of (the 
range of possible values of) the quantity to the reference frame. 
Consequently, physical quantities are usually defined in a frame-dependent 
way (e.g. in the Heisenberg picture: the Cartesian components of momentum 
at a time t, pk(t)); though the operator representing the quantity may not 
change at all under a change of reference frame (in the example this will be so 
unless the time coordinate, t, is reassigned by the transformation). 
Accordingly, combining with (5): the eigenvectors of a quantity represent the 
relationship to the reference frame of physical situations or histories in which 
the (usually frame-dependent) quantity possesses the corresponding 
eigenvalue. 
 
2. The Newton-Wigner Analysis: Going Orthogonal under the Euclidean 
Group. 
We now describe Newton & Wigner's (1949: hereafter NW) approach to the 
task of identifying localized statevectors.  As mentioned in Section 1, their 
leading idea is one that applies equally to GIQT and LIQT.  For they 
characterize these statevectors in terms of the way they change under spatial 
translations and rotations, i.e. under the Euclidean group. But the Euclidean 
group is a subgroup of both the Galilean group (the spacetime symmetry 
group of GIQT), and the PoincarŽ group (the spacetime symmetry group of 
LIQT). In other words, what NW require of localized statevectors makes no 
reference to dynamical evolution or the relationship between relatively 
moving frames of reference. 
    NW then showed that for what they called 'elementary systems' (see 
below), the localized statevectors are uniquely determined by their Euclidean 
group properties.  So, in a sense, one is dealing in both GIQT and LIQT with 
the same set of localized statevectors; and one simply has to investigate the 
different ways those statevectors change under the non-Euclidean elements of 
the Galilean and PoincarŽ groups. 
    NW's requirements on localized statevectors stem from the following point: 
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               If Ψ is a state localized in a volume V at a definite time; 
               and Ψ' is a state localized in a volume V' at the same  
               time; and V and V' are disjoint: then the statevectors 
               corresponding to these states in a given reference  
               frame F, |Ψ> and |Ψ'> respectively, must be orthogonal. 
 
For if the state Ψ deserves to be called 'localized', then measuring whether the 
system in the state Ψ is in the volume V' should be guaranteed to yield a 
negative result; i.e. the probability of a positive result should be zero. But 
similarly, if Ψ' deserves to be called 'localized' in V', then its statevector |Ψ'> 
should lie in the subspace corresponding to that positive result.  So it follows 
by the Born rule that |Ψ> and |Ψ'> must be orthogonal. 
    Now consider the result of applying a spatial translation, with 
displacement vector a , to the state Ψ (an active transformation). This 
produces a state localized in the similarly displaced volume Va at the same 
instant of time. But for bounded V, Va will be disjoint from V for sufficiently 
large a. Consequently |Ψ> and |Ψa > will be orthogonal for all sufficiently 
large a. Similarly if V is far enough away from frame F's  spatial origin of 
coordinates, then the application of a rotation R, about that origin, to Ψ, 
yielding a state localized in the similarly rotated volume VR, will, if R is large 
enough, make VR disjoint from V, and therefore |ΨR> orthogonal to |Ψ>. 
    Thus localized states correspond to statevectors that can be rendered 
orthogonal to themselves by application of the unitary operators representing 
elements of the Euclidean group. The smaller the volume V, the larger the set 
of unitary operators that yield a statevector orthogonal to the original—
thereby constraining the statevector. 
    In fact, NW did not consider partially localized states as we have just done.  
(The first rigorous treatment of such states was Wightman 1962.) They dealt 
directly with the mathematical limit of point-localized vectors, requiring that 
they are made orthogonal to themselves  by all spatial translations. They also 
required that any point-localized state subject to a rotation about that point 
remained localized at that point; and that translation of any state so localized 
rendered it orthogonal to all the localized states obtained by rotating about 
the given point. 
    It is intuitively clear that these requirements cannot alone determine what 
are the localized statevectors.  For the system could have various kinds of 
internal structure, which are not constrained by these requirements.  So in 
order to uniquely identify the localized statevectors, NW concerned 
themselves with what are called (following Wigner 1939) 'elementary 
systems'.  Intuitively, these are systems without internal excitations or 
deviations from a specified internal structure.  This means that all their states 
are to be obtainable by superposing the images, under elements of the 
spacetime symmetry group, of any state. Accordingly, they are technically 
defined as systems whose state spaces support an irreducible representation 
of the spacetime symmetry group. 
    Elementary systems, thus defined, include what we call 'elementary 
particles'.  But they also include systems we regard as highly structured, but 
restricted to subspaces of their normally available states. As NW point out 
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(1949, p. 400) the Hydrogen atom in its ground state is an elementary system; 
and, we might add, so is the Helium atom and the Lead nucleus in their 
ground states; and, were it not for decay back towards the ground state, the 
subspaces of states corresponding to a given excitation of a complex system. 
    NW showed that with their restriction to massive elementary systems, their 
orthogonality requirements were enough to uniquely identify the localized 
statevectors.  That is: for an elementary system with spin quantum number s, 
the NW point-localized states, for localization at a given point, are uniquely 
determined to span a 2s+1 dimensional subspace corresponding to the 
different possible 'spin states' for that localization. The states corresponding 
to localization within a volume V, that we discussed above, are then 
identified with linear superpositions of these NW position eigenvectors for 
points lying within V. 
     We should add that the NW analysis also yields a complete 
characterization of the relationship between the localized states (position 
eigenvectors), and the momentum eigenvectors: a characterization which is 
invariant under the transition from GIQT to LIQT. In this transition, it is 
rather the relationship between position and velocity eigenvectors that 
changes (since the velocity operator is defined in terms of the time rate of 
change of the position operator). Even here, however, the change is trivial for 
free elementary systems for which the momentum and velocity eigenvectors 
are identical. Only the functional relationship between the eigenvalues 
changes.  (We will further discuss relativistic velocity operators and 
eigenvectors in Sections 3 and 4.) 
    We emphasise that all of these statements refer to localization at a definite 
time. Thus, if the time is changed then, in the Heisenberg picture, the set of 
states localized in specified finite volumes or at points of space changes.  
    So far, everything seems fine: the whole analysis, with all its details, fits 
nicely into the standard framework of general quantum theory. But we now 
need to consider the results of applying, to these localized statevectors, the 
unitary operators corresponding to time translations and transformations to 
relatively moving reference frames. We must identify and interpret the 
transformed statevectors; and we must examine their inner products with the 
original statevectors.     
    In GIQT everything works out as one's intuition would lead one to expect. 
Thus if |x,µ;t> is a Heisenberg picture position eigenvector at the time t with 
position eigenvalue x, and µ takes on the 2s+1 values denoting mutually 
orthogonal vectors spanning the system's spin state space at each x and t, then 
the result of applying a time translation operator with translation parameter b 
is the position eigenvector |x,µ;t+b> for localization at the time t+b. The inner 
products for b ≠ 0, 
 
                                            <x,µ;t|x',µ';t+b>      
 
are almost never zero, no matter how large the separation |x-x'| between x 
and x'. This is commonly said to correspond to the possibility of motion with 
arbitrarily high velocity; and this is what one would expect by applying the 
Heisenberg uncertainty principle for position and momentum/velocity to the 
limiting case of position eigenvectors.  (For some discussion of the 
uncertainty principle in the relativistic domain, cf. Sections 6 and 9.) 
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    Furthermore, applying the operators corresponding to the transformation 
to a relatively moving reference frame yields, as one might expect, a position 
eigenvector in which the position eigenvalue changes with time. If the 
original reference frame has velocity v relative to the new reference frame, 
then the operation, applied to |x,µ;t> yields, up to a phase factor depending 
on x,v, m and t, the localized statevector |x+vt,µ;t>, in accordance with the 
Galilean boost 
 
                                               x' = x+vt. 
 
    But in LIQT there is trouble! We will spell out more details later (especially 
Section 11), but in short:— 
(i) The result of applying time translation operators to the LIQT position 
eigenvectors is too much like the result in GIQT. That is: |x,µ;t> still goes to 
|x,µ;t+b> and the inner product <x,µ;t|x',µ';t+b> still fails to vanish for 
arbitrarily large |x-x'|, including spacelike intervals between (x,t) and 
(x',t+b).  (Cf. Wightman & Schweber (1955, esp. p. 826), Fleming (1965b, p. 
963, footnote 5) and Hegerfeldt (1974).) 
(ii) The result of applying Lorentz boost operators is too much unlike the 
result in GIQT.  That is: the application of a Lorentz boost operator to |x,µ;t> 
does not yield any localized statevector at all; i.e. it yields a statevector that is 
not localized at any definite time, anywhere, not even within a finite volume, 
let alone at a point. 
    So we have (i) superluminal propagation from localized states and (ii) 
complete delocalization by an operation representing a passive 
transformation to a relatively moving reference frame. It is of course these 
results of NW's analysis that have made many workers uncomfortable. 
 
3. Relativistic Wavefunctions: the Klein-Gordon Case 
Historically it was the obstacles to a straightforward interpretation of the 
Klein-Gordon (KG) and Dirac wave functions as position probability 
amplitudes that drove workers such as NW to attempt to secure a precise 
localization concept in LIQT. But unless one is expert in the interpretative 
problems of such wavefunctions, one is likely, on learning of the difficulties 
revealed at the end of Section 2, to wonder just why the KG and Dirac 
wavefunctions cannot be naively interpreted as position probability 
amplitudes after all. In this Section and the next, we will briefly review some 
of the reasons for this. 
   Our discussion is partly motivated by the fact that most textbooks do not 
discuss these matters.  More importantly, many textbooks' treatments of the 
KG and Dirac equations foster (no doubt, often unwittingly) the 
misconception we tried to dispel in remark (2) of Section 1: viz. that 
interpretative difficulties about localization relate only to single particle, or at 
least fixed particle-number, states.  For as we shall see, these difficulties are 
related to the existence of negative energy solutions of the wave equation, 
and their interpretative problems.  The main such problem is the so-called 
'stability problem'.  It turns out that the energy eigenvalues are unbounded 
from below, i.e. extend to -∞ , so that an arbitrarily large amount of energy 
can apparently be extracted from the system: one would just need an 
interaction to allow the system to fall down through the energy spectrum.  
This suggests that the equation, as a theory of a free particle, is unrealistic, not 
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only in the trivial sense that there always are interactions, but also in that it 
cannot be extended to interactions. 
    Accordingly, the books see the problems of negative energy as 'pointing the 
way' to quantum field theory, where the problems are resolved by 
reinterpreting the solutions in terms of positive energy, oppositely-charged 
antiparticles.  (This reinterpretation was first suggested by Pauli & Weisskopf 
(1934). The idea is to use only the original positive energy states, now 
regarded as positive frequency states, for the particles, and only the negative 
frequency states for the antiparticles; energy now being the product of 
Planck's constant and the absolute value of the frequency.) 
    So we want to emphasise that although the difficulties about localization 
are related to the negative energy problems, they nevertheless persist after we 
make the usual restriction to positive energies—whether for a single particle, 
or fixed particle-number, or for fields.  Indeed, our main point, in both this 
Section and the next, will be that once we make this restriction, we must 
confront the NW concept of position, and thereby the strange properties, (i) 
and (ii), at the end of Section 2.  
   The situation is similar as regards the other main interpretative problem 
besetting the KG equation: the non-positivity of the natural density (i.e. time-
component of the natural conserved 4-current density) defined by the KG 
wavefunction.  That is to say: we shall see below that in the KG case, the 
interpretative difficulties about localisation are related to this density's not 
being positive definite.  And many books say: (a) this non-positivity prompts 
the density being taken as a charge, not probability, density (once we 
multiply it by the electronic charge); and (b) this motivates both: a single 
charge, but not single particle, interpretation of the KG equation; and also the 
Dirac equation—whose natural density is positive definite, and so could be 
taken as a probability density. 
  As it happens, we have our doubts about (a) and (b) : e.g. (a) does not apply 
to the case where the KG formalism is used to describe neutral spinless 
particles.  But our main point is that, even if (a) and (b) are fair enough, they 
foster the misconception that the difficulties about localization somehow 
disappear for the Dirac equation, or at least once we make the transition to 
field theory. Again we emphasise: they don't! 
   Here are some examples of treatments (in otherwise excellent books!) which 
foster these misconceptions.  First, for the KG case: the non-positivity of the 
density is said to prompt a charge interpretation; and this non-positivity, and 
the stability problem about negative energy solutions, are said to prompt 
field theory, by: Itzykson & Zuber (1985, p. 48), Messiah (1961, p. 888), Ryder 
(1985, p. 31), Schiff (1968, p. 468).  Second, for the Dirac case: the stability 
problem, and the difficulties besetting Dirac's  ingenious proposed solution to 
it (a 'sea', filling all the negative energy states), are said to prompt field 
theory, by: Itzykson & Zuber (1985, p. 84-85), Messiah (1961, p. 953-956), 
Ryder (1985, p. 47-48), Schiff (1968, p. 488). 
   Of course, there are exceptions.  We especially note the books of Schweber 
and Greiner.  Schweber's masterly (1961) discusses localization for both the 
KG case (pp. 60-62) and the Dirac case (pp. 94-95).  More precisely, he 
describes the NW position operator for these two cases (and its eigenvectors 
for the KG case); and for the Dirac case relates it to the Foldy-Wouthuysen 
representation. He also maintains, reasonably enough, that although the 
stability problem shows that the theory of a single free particle is very 
limited, it does not amount to an internal defect of the theory: for such a 
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particle by definition does not undergo interactions (pp. 56, 96, 99).  We will 
return to this viewpoint below (after eq. (3.13)). 
  Greiner devotes a volume (1997) of his monumental series in physics, to 
relativistic quantum mechanics (i.e. without field quantization).  Like 
Schweber, he describes the position operator for both the KG case (pp. 73-4) 
and the Dirac case (pp. 279, 282), and eigenvectors for the former (pp. 75, 78-
83); but he gives much more detail, in particular describing the KG-analogue 
of the Foldy-Wouthuysen representation, viz. the Feshbach-Villars 
representation. 
    Accordingly, in our brief review of some of the difficulties about 
localization, in this Section and the next, we have selected material that is 
both elementary, and supplements (partially!) Schweber's & Greiner's 
material.  This means that in this Section we will search in a naive way for 
position eigenfunctions for the KG case; but we shall not take the space to 
'succeed', i.e. to exhibit the NW operator, nor to introduce the Feshbach-
Villars representation.  (The next Section will have to have similar Draconian 
limitations.)   
    So much by way of introduction. We turn to the KG equation for the free 
evolution of a single spinless quantum particle of rest mass m: 
 
                                 ( �  + κ2 ) φ(x) = 0,                                                            (3.1) 
 
where κ : = mc/.  The solution, φ(x), is taken to be a single complex function 
transforming under PoincarŽ transformations as a local scalar field; 
 
                                    φ'(x') = φ(x).                                                                     (3.2) 
 
Any physical interpretation of φ in terms of possible positions of the particle 
must respect the secure interpretation of the Fourier transform of φ as the 
amplitude for the momentum probability density. The general solution of 
(3.1) has the Fourier representation, 
 
 φ(x) = φ(x,xo) = (2π)-3/2 ∫ (d3p/2po)[ φ~+(p) exp[(i/)(px - poxo)] 
 
                                                      + φ~-(p) exp[(i/)(px + poxo)] ]             (3.3) 
(Typesetters' note:  ~ is to be over the φ, in both cases; similarly below) 
where po = |√(m2c2 + p2)|. The momentum space volume element is chosen 
to be d3p/2po,  since that is the Lorentz-invariant measure on the mass shell 
(associated with rest mass m), consisting of all 4-vectors p = (po, p) such that 
p2 = (po)2 - p2 = m2;  and this choice allows the Fourier coefficients, φ~±(p), 
to be momentum space Lorentz scalar functions. These functions are called 
the positive energy (frequency) and negative energy (frequency) momentum 
amplitudes respectively.  The first exponential function of x and xo is just the 
complex plane wave proposed by de Broglie for a state with precise 
momentum and (positive!) energy; and the second exponential is its negative 
energy analogue. Accordingly, the conditional probability densities for the 
possession of momentum p given positive or negative energy are; 
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                  P±(p) = ( |φ~±(p)|2/2po )/∫ (d3p'/2p'o)|φ~±(p')|2                   (3.4) 
 
respectively. 
    This suggests that it is appropriate to define the following positive-definite 
inner product: 
 
         <φ2|φ1>  : =  ∫ (d3p/2po)[φ~2+(p)*φ~1+(p) + φ~2-(p)*φ~1-(p)]         (3.5) 
 
This inner product, however, cannot be expressed as a spatial integral with an 
integrand local in φ2(x,xo) and φ1(x,xo). The only Lorentz-invariant and time-
independent inner product on the KG solution space that is so expressible is: 
 
          (φ2|φ1)  : =  i ∫ d3x φ2(x,xo)*(∂/∂xo)! φ1(x,xo),                    (3.6a);  

(Typesetters' note: !  is to be over the derivative (∂/∂xo); similarly below) 
and it has these desirable properties precisely because the integrand is the 
time-component of a locally conserved 4-vector current 
 
               j21, µ(x)  : =  i φ2(x,xo)*( ∂/∂xµ)! φ1(x,xo),                                  (3.6b) 
 
just as we would expect of a position probability density. 
   Unfortunately,  this inner product is not positive definite.  This follows from 
the fact that, since the KG equation is second-order in time, φ and (∂/∂xo)φ 
can be fixed independently at a given time.  Another way to see this is to 
express the inner product in terms of momentum space amplitudes; 
 
         (φ2|φ1)  : = ∫ (d3p/2po)[φ~2+(p)*φ~1+(p) - φ~2-(p)*φ~1-(p)].             (3.6c) 
 
Consequently, the spatial integrand in (3.6a), for the case of φ2 = φ1, cannot be 
interpreted as a position probability density. 
    So neither inner product is wholly satisfactory. Comparing them we note 
that for wave functions lying wholly within an energy sign eigenspace (i.e. 
one of the two subspaces with energy of a definite algebraic sign), the two 
inner products are closely related. In the positive energy subspace they are 
identical, while in the negative energy subspace they are the negatives of one 
another. When expressed in terms of the positive and negative energy parts 
of φ(x): 
 

     φ±(x,xo) : = (2π)-3/2 ∫ (d3p/2po) φ~±(p) exp[(i/)(px    poxo)]             (3.7) 
 
the positive definite inner product has the form 
 
  <φ2|φ1> : =  i ∫ d3x [φ2+(x,xo)*(∂/∂xo)! φ1+(x,xo)  - 
 



11 

                            φ2-(x,xo)*( ∂/∂xo)! φ1-(x,xo)]      ;                                        (3.8) 
 
but, again, the integrands,  ± φ2±(x,xo)*( ∂/∂xo)! φ1±(x,xo), are not 
themselves positive semidefinite forms.  And this means that even if we 
confined ourselves to an energy sign eigenspace we could not regard such 
integrands as position probability densities. 
    In view of these difficulties one may be inclined to systematically look for 
the eigenfunctions of "the" position operator. Since the KG equation is 
second-order in time, a unique solution is determined by φ and (∂/∂xo)φ over 
all space at some time. So to define a linear operator on the KG solution 
space, one must specify its action on both φ and (∂/∂xo)φ at some definite 
time. So suppose we define "the" position operator X by: 
 
                    [ Xφ](x,xo) = x φ(x,xo)                                                            (3.9a) 
 
                    [ X(∂/∂xo)φ](x,xo) = x (∂/∂xo)φ(x,xo)                                (3.9b) 
 
The eigenfunctions, ξy,yo(x,xo)  must then satisfy 
 
              (x-y) ξy,yo(x,yo) = 0                                                               (3.10a) 
 
              (x-y)[( ∂/∂xo) ξy,yo(x,xo)|xo=yo ] = 0                                              (3.10b) 
 
and can be chosen to be 
 
       (1/α)[( ∂/∂xo) ξy,yo

(α)(x,xo)|xo=yo ] =  ξy,yo
(α)(x,yo) = δ3(x-y)          (3.11) 

 
where the complex number α is a degeneracy parameter. The inner products 
of these eigenfunctions, using the spatially local inner product (3.6a) is 
 
           (ξy',yo

(α') | ξy,yo
(α)) = i (α-α'*) δ3(y'-y)                                               (3.12) 

 
and we notice that if α is real the eigenfunction has zero norm. From (3.3), the 
Fourier coefficients of ξy,yo

(α) are: 
 
                 
   ξy,yo±

(α)(p) = (2π)-3/2 (po ± iα)exp[(i/)(± poyo - py)]                         (3.13) 
 
and consequently none of these 'position' eigenfunctions lie in either the 
positive or negative energy subspace. 
    One might say that this is not in itself objectionable—that although the 
stability problem leads physics to restrict itself to positive energies, we should 
interpret the theory of a free system (particle or particles or fields) without 
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regard to interactions. (As we said early in this Section, Schweber (1961) 
seems to take this view.)  And there is an obvious interpretation of why  
position eigenfunctions might involve energies of both signs, based on the 
uncertainty principle for position and momentum. Namely, the arbitrarily 
precise spatial confinement entails arbitrarily broad dispersion in momentum 
(and thereby in energy since energy is a function of momentum) and so a 
dispersion greater than the  gap between -mc and +mc.  Indeed, this 
interpretation seems to have been proposed in the very early days of 
relativistic quantum theory  by Landau and Peierls (1931, pp. 473-474). 
   So suppose we accept such position eigenstates. We will show that still 
there is a difficulty; and that two ploys to counter it run into further trouble.  
The difficulty arises from the need to give a probability interpretation of these 
eigenstates, which requires a positive definite inner product. But while X is 
self-adjoint and the ξy,yo

(α) are mutually orthogonal in the spatially local 
inner product ( | ) of (3.6), neither of these features hold in the positive 
definite inner product < | > of (3.5), where 
 
 
<ξy',yo

(α') | ξy,yo
(α)> =   (2π)-3 ∫d3p [(po/2)+(2α'*α/2p0)]  

                                                                               exp[(i/)p(y' - y)].               (3.14) 
 
    As a ploy to counter this difficulty, we might try defining localized states 
by the requirement 
 
                                 (ξy,yo|φ) : =  φ(y,y0)                                                         (3.15) 
 
instead of (3.10). With this definition we find, by comparing (3.3) and (3.6c), 
that 
 
         ξ~y,yo±(p)  =  ±  (2πh)-3/2 exp[(i/)(±p0y0-py)]                                 (3.16) 
 
There is now no room for degeneracy; but, unfortunately, 
 
           (ξy',yo

 | ξy,yo) = 0                  for all y and y'.                                      (3.17) 
 
and all the localized states have zero norm. Thus they are not complete. 
     Again, suppose we try 
 
                          <ξy,yo|φ> : = φ(y,y0)                                                              (3.18) 
 
Then, comparing (3.3) and (3.5), we find 
 
                     ξ~y,yo±(p) =   (2π)-3/2 exp[(i/)(±p0y0-py)]                                   (3.19) 
 
but now 
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    <ξy',yo
 | ξy,yo> = (2π)-3 ∫(d3p/p0) exp[(i/)p(y' - y)],                            (3.20) 

 
and the localized states are not orthogonal! 
    So much by way of exemplifying the difficulties of finding a position 
operator for the KG case.  Happily, as reported at the start of this Section, 
there is such an operator, with a complete set of positive energy eigenstates; 
viz. the NW operator.  Indeed this operator is simply the projection of our 
naive position operator, X of (3.9), onto the positive energy subspace.  Thus 
one can define a Hermitian 'energy sign operator', Π, as having  eigenvalues 
±1 on the positive and negative energy subspaces; the projection operators 
onto these subspaces are then given by, 
 
  Π± : = (1/2)(1 ± Π) ;           (3.21) 
 
and the NW operator is Π + X  Π + .  (For details of this, cf. e.g. Greiner (1997).  
His equations (1.68), (1.163), (1.170) and (2.58) show how to write the KG 
equation in the form of a Schršdinger equation with Hamiltonian H, so that 
we can exhibit Π explicitly as Π : = H / √(H2). 
   Furthermore, the KG wavefunctions for an eigenstate of the NW operator 
have a simple Fourier integral representation: the 2po in the denominator of 
(3.3) is replaced by √(2po).  That is, for localization at the point y, we have 
(Schweber (1961), p. 62; Greiner, ibid. eq. (1.179) p. 75): 
 
ψy(x) = ψy(x,xo) = (2π)-3/2 ∫(d3p/√(2po)) exp[(i/)(p(x - y) - poxo)].     (3.22) 
 
    But as stressed at the end of Section 2, these eigenstates propagate 
superluminally and are delocalised under a passive Lorentz boost! Though 
we cannot enter into details, we can briefly state the underlying reason for the 
superluminal propagation: for the reason relates to the equation of motion in 
the positive energy subspace (regardless of the identification of position 
operators and localized states).  This equation of evolution is not the KG 
equation; but instead, the first-order equation 
 
               i(∂/∂x0)φ(x,x0) = √[κ2 - 2 (∂/∂x)2] φ(x,x0).       (3.23) 
 
     We need to note three points.  First, this is a formal version of the 
statement that we are in the positive energy subspace since the right hand 
side involves the operator for positive energy, √[κ2 - 2 (∂/∂x)2].  Second, this 
equation supercedes the KG equation, because there is a one-to-one 
correspondence between positive energy solutions of the Klein-Gordon 
equation and specifications of (smooth) φ on a spacelike hyperplane and 
(3.23) implies the KG equation by iteration.  Third, and most important:  the 
positive energy operator is intensely non-local, converting any function of 
compact support upon which it acts, into a function of unbounded support. 
So a positive energy wave function φ of momentarily compact support 
determines, via (3.23), a time-derivative ∂φ/∂x0 of unbounded support; and 
thus the wavefunction propagates instantaneously throughout all space.  
(This third point may seem to conflict with the fact that these wavefunctions 
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are a subset of the set of all KG wavefunctions, which are said to propagate 
strictly subluminally.  But it does not: for the restriction to subluminal 
propagation refers to wavefunctions for which both φ and its time-derivative 
∂φ/∂x0 have momentary compact support. And because of the non-locality of 
(3.23), there are no such wavefunctions in the positive (or indeed, the 
negative) energy subspace.) 
 
4. The Dirac Wavefunction 
For the Dirac wave function, our main point is exactly parallel to our point for 
the KG case: namely, once we restrict to the physically reasonable positive 
energy subspace, the localized states are the NW states with their (i) 
superluminal propagation and (ii) delocalization under a passive Lorentz-
boost.  Indeed, the parallels are extensive: just as for KG, naive Dirac position 
eigenfunctions are superpositions of positive and negative energy states, and 
the NW operator is simply the projection of the naive position operator onto 
the positive energy subspace. 
   There are of course some differences from the KG case.  As we shall see, 
there is a spatially local Lorentz-invariant inner product which is positive-
definite and so sustains a probability interpretation; (securing this was part of 
Dirac's motivation in seeking his equation).  But we will end the Section on 
yet another KG-Dirac parallel: we will review the Dirac wavefunction's 
difficulties about velocity and acceleration; in particular, the accelerating 
position operator for a free particle, the famous Zitterbewegung.  For these 
difficulties also are resolved once we project to the positive energy 
subspace—again emphasising our main point, that one must confront the 
NW states.   (The KG-Dirac parallel is that velocity 'behaves well' in the KG 
case also, only once we project to positive energy; again, few books discuss it, 
but cf. Greiner (1997, p. 70-73).) 
    The Dirac equation for the free evolution of a single spin-1/2 quantum 
particle of rest mass m, is: 
 
                                   ( iγµ∂µ - κ )ψ(x) = 0             (4.1) 
 
where κ = mc/. The  γµ are four 4x4 matrices satisfying the anti-
commutation relations 
 
                                        { γµ, γν } = 2ηµν  : = 2 diag(1,-1-,-1,-1)                       (4.2) 
 
and accordingly, the solution, ψ(x), is a 4-component complex function. 
    Historically, Dirac was led to this 4-component formalism by searching for 
a locally covariant evolution equation which would support a positive 
definite inner product that was Lorentz-invariant and conserved in time.  
   The inner product 
                        ( ψ2

 , ψ1 ) : =   ∫ d3x ψ2
†(x) ψ1(x)           (4.3)  

 
where ψ† is the Hermitian adjoint of ψ (so it is a 1-row, 4-column matrix), 
satisfies all the desiderata. That is: for ψ2 = ψ1, the integrand is positive 
definite at every value of x and the integral is constant in time, as a 
consequence of (4.1); so the integrand can be regarded as proportional to a 
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position probability density. Furthermore the integrand is the time-
component of a locally conserved 4-current, 
 
                                  jµ

21(x) : =  c ψ2
†(x) γ0γµ ψ1(x)        (4.4)  

 
the space components of which, for ψ2 = ψ1, can be regarded as the position 
probability current density. 
    The Fourier representation of ψ(x), with which we can identify the 
probability amplitudes for momentum and energy, is given by 
 

 ψ(x) = (2π)-3/2 ∫(d3p/2po)[ ψ~+(p) exp[(i/)(px - poxo)] 
 
                                                      + ψ~-(p) exp[(i/)(px + poxo)] ]             (4.5) 
(Typesetters' note:  ~ is to be over the ψ, in both cases; similarly below) 
where the four components of ψ~±(p) satisfy 
 
                            (poγo - pγ  - mc )ψ~+(p) = 0          (4.6a) 
 
and 
 
                            (- poγo - pγ  - mc )ψ~-(p) = 0         (4.6b). 
 
As in the KG case, ψ~+(p) and ψ~-(p)  are known as the momentum 
representation positive energy and negative energy state functions. 
respectively. 
    Now, how about position? At first, the naive approach seems to work well. 
The position probability density is given by 
 
                             P(x,xo) : = ψ†(x,xo)ψ(x,xo)/(ψ,ψ)                                 (4.7) 
 
and the position operator by 
 
                                 [Xψ](x,yo) : =  x ψ(x,yo)                                     (4.8) 
 
which makes X trivially self-adjoint in the inner product.  The position 
eigenspinors ξy,yo(x,xo) then satisfy 
 
                                        (x - y)ξy,yo(x,xo) = 0                        (4.9) 
 
which requires 
 
                                    ξy,yo(x,xo) = δ3(x - y)ξ           (4.10) 
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where  ξ  is a constant 4-component spinor.  Any 4-component spinor will do; 
but it can be shown that we cannot choose ξ so as to make  ξy,yo(x,xo) an 
eigenspinor of the sign of the energy.  (For example , this can be shown by 
writing the Fourier expansion (4.5) of the state (4.10) in terms of eigenspinors 
of helicity (defined as the component of spin in the direction of the 
momentum): but we skip details.)  So none of these localized states (4.10) lie 
in either the positive or negative energy subspaces. 
    What should we make of this?  First, we state two concessions.  The first  is 
familiar: as we conceded in Section 3, one might hold that negative energy 
states in the quantum theory of a free system are acceptable; and one can 
appeal to the position-momentum uncertainty principle, to interpret why we 
need such states as components of localized states.  Those points also apply 
here, in the Dirac case.  The second concession is specific to the Dirac case: 
viz., Dirac's suggestion that we avoid the instability problem, by postulating 
that all but a few of the negative energy states are filled (so that the exclusion 
principle prevents a wholesale cascade into the negative energy 'sea') yields 
an argument why an arbitrarily tightly confined wave packet could not be 
prepared.  For since the sea is filled, the negative energy states needed for 
such a wave packet are not available to the particle one is trying to prepare. 
    But our main conclusion is exactly as in the KG case.  Namely: We should 
of course follow physics' usual restriction to the positive energy subspace; 
and when we do so, the position operator is the NW operator, whose 
eigenstates have strange properties!  And as in the KG case: (i) the NW 
operator is the projection of X of (4.8) onto the positive energy subspaces: it is 
Π + X  Π + (where Π + is given explicitly by (4.23) below); (ii) the Dirac 
wavefunctions for an eigenstate of the NW operator have a simple Fourier 
integral representation, very similar to (3.22).  But we shall not spell out the 
details; (cf. Schweber (1961, pp. 94-95), Greiner (1997, pp. 279, 282).   
    It will be more useful to end this Section by reviewing the Dirac 
wavefunction's difficulties about velocity and acceleration; in particular, the 
accelerating position operator for a free particle, the famous Zitterbewegung.  
For the fact that these difficulties disappear once we restrict to positive 
energy—motivating the restriction!—is not widely enough appreciated; 
(despite e.g. Schweber (1961, pp.93-94) and Greiner (1997, pp.117-120).   (Nor 
is the fact noted at the start of this Section: that in the KG case also, velocity 
'behaves well' only once we project to positive energy.)  One reason for this 
may be Dirac's own arguments (in his classic textbook) why we should accept 
these difficulties—arguments which we will accordingly reject! 
   So we turn to velocity and acceleration. The expectation value of position at 
time xo is:  
 
       < x; xo >ψ : =  (ψ(xo), Xψ(xo))    = ∫ d3x ψ†(x,xo)xψ(x,xo)                (4.11). 
 
Thus 
 
         (d/dxo)< x;xo >ψ  =  ∫ d3x x(∂/∂xo)(ψ†(x,xo)ψ(x,xo))       (4.12) 
 
and (4.1) yields, with γ   the 3-vector of the γ-matrices, γ1, γ2 and γ3: 
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       (∂/∂xo)(ψ+(x,xo)ψ(x,xo))  =  - (∂/∂x)(ψ†(x,xo) γoγ  ψ(x,xo))      (4.13); 
 
making this substitution and integrating by parts to take ∂/∂x off (ψ†γoγ  ψ) 
and put it on x yields: 
 
                            (d/dxo)< x;xo >ψ = < γoγ ;xo >ψ                    (4.14). 
 
So recalling that xo = ct, the 'velocity operator' is  cγoγ : which is the speed of 
light times the 3-vector of Dirac matrices α ; and since 
 
         (αi)2 = ( γο γi )2 = γο γi γo γi = - γi (γo)2 γi = - (γi)2 = 1       (4.15) 
 
it follows that the eigenvalues of any component of this 'velocity operator' are 
±c. 
   So the possible results of measuring any Cartesian component of this 
'velocity' are ±c! This is apparently compatible only with infinite energy and 
momentum; but the momentum components have as their spectrum the 
entire real line. Furthermore, the components of this velocity do not 
commute; 
 
                            [ αi, αj ] = 2δij - 2αj αi                                                (4.16) 
 
    In successive editions of his classic textbook, Dirac lays out an argument to 
make sense of these light speed eigenvalues: we take the fourth edition (1958, 
¤69, p. 262).  He says that velocity measurements require comparisons of 
positions; that for the resulting average velocity to approximate to the 
instantaneous velocity, we need to consider arbitrarily close times; and that 
such comparisons require extremely precise position measurements. These, 
via the position-momentum uncertainty relation, render the momentum and 
hence the energy so uncertain as to be dominated by the high ends of their 
spectra, thus pushing the resulting velocity values to that of light. 
    We submit that this argument is both contrived and erroneous. For first: the 
argument is phrased as if it applied equally to the non-relativistic case. But 
non-relativistically, velocity and position operators do not commute; and, 
despite velocity's being the derivative of position, one cannot make precise 
measurements of a given quantity by comparing precise measurements of 
another incompatible quantity.  For the first  measurement of this second 
quantity would destroy essential properties of the initial state pertaining to 
the given quantity; so that comparisons with a second measurement of this 
second quantity would be irrelevant to measuring the given quantity in the 
initial state. (Whenever something like Dirac's suggestion is actually 
employed, as in time of flight measurements of velocity, the individual 
position measurements are microscopically very imprecise, and thus allow 
their comparison to be informative about the velocity distribution of the 
initial state.) 
     Second: in the relativistic case, the velocity operator cα  commutes with 
position, and is not a function of momentum. While the first feature would 
seem to allow Dirac's suggested measurement procedure, the second feature 
undermines the appeal to the position-momentum uncertainty relation. 
Arbitrary uncertainty in the momentum does not influence this velocity at all!  
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    There are further difficulties with this velocity operator. The expectation 
value of the velocity has a time dependence indicated by 
 
            <α; xo>ψ = ∫ d3x ψ (x,0) e(i/)Ht α  e-(i/)Ht ψ(x,0)        (4.17) 
where 
 
                              ψ(x,ct) = e-(i/)Ht ψ(x,0)          (4.18) 
 
and the Dirac free hamiltonian is 
 
                        H = cα.p + βmc = -i cα .(∂/∂x) + βmc2.                     (4.19) 
 
From the anticommutation relations satisfied by the components of α   and β 
one can show (e.g. Dirac, 1958, p. 263; Greiner 1997, p. 118) that: 
 
      e(i/)Ht α  e-(i/)Ht  = (cp/H) + (α  - (cp/H))e-2(i/)Ht          (4.20)          
 
which singles out the intuitively expected velocity operator, pc/H, as the 
time-average velocity operator: that is, 
 
      <α; xo>ψ = <pc/H; 0>ψ + ∫ d3x ψ (x,0) ( α  - (pc/H)) ψ(x,2xo)        (4.21) 
 
and the second term oscillates with zero long time average  (though the 
average over a time interval, T, drops to zero only as T-1), the frequency 
spectrum satisfying |ω| > 2mc2/h.  (Again Dirac (ibid.) defends this result as 
not in conflict with experimental data on velocities of free electrons. He says 
that actual measurements are not sensitive to these high frequency 
oscillations but only to the time-average constant value. To our mind, this is 
contrived: certainly, the insensitivity cannot be a matter of principle, for that 
would undermine his previous argument accounting for the eigenvalues of 
the velocity.)   
    But once we restrict to the subspaces of definite energy, velocity  behaves 
very sensibly!  To see this, we introduce, in the momentum representation, 
the sign-operator Π,  
 
 Π : = H /√(H2) = [cα .p + βmc2] / [c √(p2 + m2c2)]          (4.22) 
 
which has eigenvalues ±1 on the positive and negative energy subspaces, 
respectively. Then the  energy-sign projection operators are 
 
                             Π ± : = (1/2)(1 ± Π ) = [ Ep ± (cα .p + βmc2 )] / 2Ep        (4.23) 
 
where  Ep = |√( m2c4 + p2c2 )|. The projection of cα into the energy-sign 
eigenspaces is 
 
                      v + : =  Π + cα  Π + = ± Π + (cp/Ep)c =  ± (c2p/Ep) Π +       (4.24) 



19 

 
The eigenstates of v + are momentum eigenstates and the eigenvalues are the 

classically expected,  + (c2p/Ep), ranging in magnitude from 0 to c.  So, once 
more, it is the subspaces of definite energy-sign that make physical sense. 
   But, to return to our main theme: with this restriction we have lost the naive 
position eigenstates—the only localized states are now the NW states, with 
their strange properties under time-evolution and Lorentz boosts.  So we 
must ask the question: Is there any standpoint from which the NW localized 
states (and their associated position operators) make physical sense? Indeed, 
this question applies, not only to the Klein-Gordon and Dirac cases, but also 
to the arbitrary elementary systems studied by NW, and to the generalization 
of their concepts to non-elementary systems as well. 
    As announced in Section 1, we believe the answer to this question is: Yes.  
And the rest of this paper develops such a standpoint. 
 
5. The Quantization of Lorentz Covariant Position Variables: a Prospectus 
This standpoint has already been presented by one of us (GNF) in various 
papers, some technical (e.g. 1965a, 1965b, 1966; Fleming & Bennett 1989) and 
some philosophical (e.g. 1989, 1996). The core idea is that localization is 
always with respect to a spacelike hyperplane.  There are two main novelties 
in our presentation in the rest of this paper.  First, we 
emphasize classical Lorentz covariant position variables, and how these also 
have 'strange' properties, until we recall that localization involves a 
choice of spacelike hyperplane.  Second, we emphasize the relationship 
between the position operators for (a) quantum field theoretic (QFT) systems, 
and for (b) the single particle subspaces of the QFT system's Fock space. 
   More precisely, our main aim will be to show how to consistently quantize 
classical Lorentz covariant position variables, both those for point particles 
and those for localizable properties of extended systems. We will proceed by 
trying to find self-adjoint operators that satisfy the maximum number of 
intuitively compelling properties suggested by classical Lorentz covariant 
position variables. We prefer this approach to NW's approach in terms of 
eigenvectors, because the position operators we obtain are not as strange in 
their properties as are their eigenvectors, the localized states. Of course, once 
the operators are obtained the properties of their eigenvectors, however 
strange, are fully determined and must be accepted—provided that the 
position operators have been constructed with sufficient generality. 
    First, it will be instructive to set aside a na•ve notion of an 'event' locating 
position operator (Section 6).  Then we present three distinct ways of 
parameterizing the evolution of the Minkowski spacetime coordinates of a 
classical point particle (Section 7). These parameterizations are equivalent, in 
the sense that one can transform back and forth between them without loss of 
information. One of the parameterizations, however, which we call the 
hyperplane dependent parameterization (HDP), is highly redundant and 
must, consequently, satisfy a constraint equation, which we call the invariant 
world line condition (IWLC).  Next, in Section 8, we extend our treatment 
from the position of a point particle to that of a localizable property of a 
spacelike extended system.  We find that: (i) of the three parameterizations 
we considered, only the HDP remains convenient for this extension; and (ii) 
the IWLC must be relaxed. 
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   Then, in Section 9, we turn to quantum theory.  Our procedure for 
quantizing the classical position variables is a 'correspondence principle': the 
PoincarŽ transformation equation for the classical position variable is taken 
as the transformation equation for the expectation value in a quantum state of 
the quantum position variable.  We show that only the HDP survives 
quantization without serious limitations; and even it survives only in the 
extended form in which the quantum analogue of the IWLC is relaxed.  In 
Section 10, we give physically relevant examples; and point out the 
relationship between QFT position operators and single particle position 
operators. 
   We will also see (Section 11) that this quantization resolves the apparent 
violation of Lorentz covariance encountered by NW, i.e. (ii) at the end of 
Section 2.  For we shall find that to specify the localized states, we need (apart 
from degeneracy due to additional degrees of freedom such as spin) three 
parameters in addition to those for the Minkowski coordinates of the 
localization—viz., parameters describing the hyperplane. Thus quantum 
localization takes place in a seven-dimensional manifold, rather than in four-
dimensional Minkowski spacestime.  From this perspective, we see that the 
widespread interpretation of (ii) as showing a 'frame-dependence', or even 
'subjectivity', of the notion of localization, is wrong. Rather, the 3-parameter 
non-uniqueness of the localized states manifests a wholly objective feature of 
localization for any localizable property of a Lorentz covariant quantum 
system.  On the other hand, we must admit that this perspective does not 
remove all the strange properties of the localized eigenvectors.  
    Finally, in Section 12 we address recent criticisms of our approach, by 
Malament (1996) and Saunders (1994). 
 
6. Difficulties of an ‘Event’ Locating Position Operator 
First, it will be instructive to see the difficulties confronting the idea of an 
'event' locating position operator.  For it enables us to introduce two topics 
which will be important later: (i) our quantization procedure; and (ii) if an 
operator does not commute with a Casimir invariant of the PoincarŽ group, 
then it cannot be defined on an irreducible representation of the group.    
    The concept of a spacetime point ‘event’ plays a central role in  classical 
relativity theory. One might, therefore, expect that in LIQT a 4-vector event 
locating position operator, X µ , is useful. Different operators would be 
required for different types of events; e.g., the decay of a particular kind of 
unstable particle, and the collision of a particular set of particles, would be 
two types of events. The expectation value of X µ , would tell us when and 
where, on average, an event of a given type occurs. The eigenvectors of  X µ  
would represent (unnormalizable) states in which an event definitely occurs 
at precise values of the Minkowski coordinates. 
    On the other hand, some difficulties with the notion are to be expected.  
First, within a given history represented by a statevector (cf. remark (6) of 
Section 1), several events of the given type may occur; and in such a case, 
which of the several events does X µ  refer to? Second, since when the event 
occurs is as much a matter of observation as where it occurs, the time 
component, X 0 , must be a kind of time operator; and we therefore expect at 
least some of the obscurity that the concept of a time operator gives rise to, 
even in GIQT (cf. Aharonov & Bohm 1961, 1964). 
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    The second difficulty is more easily displayed; so we will focus on it. Let F 
and F’ be two Minkowski coordinate systems (MCSs) related by the PoincarŽ 
transformation (Λ,a).  In the spirit of the correspondence principle, we take 
the PoincarŽ transformation equation for the classical 4-vector to be the 
transformation equation for the expectation value of X µ.  So the expectation 
values of X µ, in F and F’ are related by 
 
                                        < X µ 

 >’ = Λµ
ν < X ν > + aµ.                                                                                             (6.1) 

 
Now let |Ψ) and |Ψ’) represent the intrinsic history of the system in F and F’ 
respectively, so that they are related by a unitary representation of the (Λ,a) 
PoincarŽ transformation, i.e. 
 
                                       |Ψ’) = U(Λ,a) |Ψ).                                      (6.2) 
 
Then we have, 
 
                      (Ψ’| X µ |Ψ’) = Λµ

ν (Ψ| X ν|Ψ) + aµ (Ψ|Ψ).                           (6.3) 
 
Now if (6.2) is used to replace |Ψ’) in the left side of (6.3), the resulting 
equation holds for arbitrary |Ψ); and then the linearity of Xµ and U(Λ,a) 
justifies the removal of the statevectors, resulting in the operator 
transformation equation, 
 
                           U (Λ,a) X µ U(Λ,a) = Λµ

ν  X ν + aµ.                             (6.4) 
 
For transformation parameters very close to the identity transformation, i.e. 
Λµ

ν = gµ
ν + δωµ

ν and  aµ = δaµ, with δ indicating a very small quantity, we have 
 
  U(g+δω,δa)  = { I + (i/) Pµ δaµ  - (i/2)Mµν δωµν  

       + higher-order terms }.         (6.5) 
 
where the operators Pν and Mνλ, the generators of U(Λ,a), represent the total 
4-momentum and the covariant generalization of the total angular 
momentum of the system, respectively.  Substituting (6.5) in (6.4) and then 
retaining only terms up to first order in small quantities, we obtain the 
commutation relations, 
 
                                      (i/) [ X µ , Pν ] = gµν,                                          (6.6a) 
 
and 
 
                        - (i/) [ X µ , Mνλ ] = ( gµν X λ  - gµλ X ν ).                      (6.6b) 
 
     But now we can state our difficulty.  It follows from (6.6a) that none of the 
components of X commute with the operator  P2  :=  Pµ Pµ  =:  M2c2 that 
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represents the square of the total rest-frame mass multiplied by the square of 
the speed of light. Instead we have 
 
                                 [ X µ , M2 c 2 ] = - 2 i   Pµ,                                   (6.7a) 
 
or 
                                  
                                  [ X µ , M c  ] = -  i  ( Pµ / Mc ).                        (6.7b) 
 
(To justify this division by operators, we assume there are no zero mass 
states, so that M has an inverse; and then use the fact that M commutes with 
Pµ .)  This immediately yields the uncertainty relations, 
 
                              ΔXµ  ΔMc >  (/2)|< Pµ / Mc >|.                                       (6.8) 
 
But for single stable particles, ΔMc = 0, and so the uncertainty for the event 
coordinates of such a system must exceed all finite bounds—with the 
exception of the spatial coordinates in a zero 3-momentum eigenstate.  The 
general point here—which will recur in Section 9—is that P2 is a Casimir 
invariant of the PoincarŽ group, and so is a multiple of the identity on any 
irreducible representation of the group; so that an operator not commuting 
with it cannot be defined on such a representation.  
    One might reply that this difficulty is no surprise: what (internal) event, 
one might ask, could occur in a system consisting of just one stable particle? 
External events are easy enough to identify; such as, when the peak of the 
wave packet passes a given plane. But such external events involve the prior 
specification of some spatial coordinates: the location of the plane. 
    But if this reply were right, we would expect Xµ to be unproblematic for an 
unstable particle.  But again, there are difficulties, as follows.  For such a 
particle, the pre-eminent event is its decay.  So we might hope X 0  will pin 
down the time of its occurrence. But setting µ = 0 in (6.8) yields  
 
                      ΔX0 

T
 ΔMc >  (/2)|< P0 / Mc >| >  (/2);                                 (6.9) 

 
so unless ΔMc is larger than the conventional Lorentzian assessment of the 
spread in the rest mass spectrum of an unstable particle, the uncertainty in 
the time of decay will be at least as large as the decay lifetime of the particle. 
Furthermore, it follows from (6.9) that, for any system whatsoever, 
eigenvectors of X 0  are incompatible with any finite value of rest mass 
dispersion. Consequently such eigenvectors must have infinite expectation 
values of the square of the energy. 
   Similarly, the application of (6.9) to the time of collision of a two-particle 
scattering system seems to yield an uncertainty in the time at least as large as 
the time required for the individual particle wave packets to sweep over one 
another. Finally, from (6.7a,b) a non-vanishing commutator is also obtained 
between X µ  and the squared magnitude of the internal angular momentum 
(spin) of the system, yielding uncertain event coordinates when the spin 



23 

magnitude is definite. We do not spell out the details here since they are 
somewhat more cumbersome. 
    To sum up: for both stable and unstable particles, an 'event' locating 
operator faces difficulties.  (However, for an alternative approach, claiming to 
be grounded in quantum events, see Arshansky et al. (1983).)    Accordingly, 
we will from now on consider localizable properties of persistent systems: i.e. 
systems many properties of which are present at all times (in all MCSs), and, 
if localizable, somewhere. For such a property it is not meaningful to enquire 
when it occurs; but only where it occurs at an arbitrarily given time—or, as 
we shall see, at an arbitrarily given appropriate generalization (in order to 
satisfy Lorentz covariance) of time.  As announced in Section 5, the next two 
Sections consider the classical case. 
                
7. Equivalent Parameterizations of the Evolution of Classical Position 
Variables 
In this Section, we present three distinct ways of parameterizing the evolution 
of the Minkowski space-time coordinates of a classical point particle. 
     In the first parameterization, the evolution parameter is taken, in each 
MCS, to be the time component, x0, of the 4-vector position variable, xµ . The 
space components, xm , (m=1,2,3) are then regarded as functions of x0, Xm (x0). 
We call this frame time parameterization (FTP).  Of our three 
parameterizations, this will be the one most closely related to the Galilean 
case. 
    Under a PoincarŽ transformation from one MCS to another, 
 
                                             x’ µ  = Λµ

ν x ν + a µ ,                             
(7.1)                                         
 
an FTP particle position variable transforms according to 
 
                               X’m (x’0) = Λm

n Xn (x0) + Λm
0 x0 + am,                          (7.2) 

 
where x’0 is, in turn, given by, 
 
                               x’0 = Λ0

n Xn (x0) + Λ0
0 x0 + a0.                                  (7.3) 

 
     When (in Section 9) we try to quantize this parameterization scheme, it 
will be useful to have the form the transformation equation (7.2) takes for 
infinitesimal transformations, Λµ

ν = gµ
ν + δωµ

ν and  aµ = δaµ. In particular, if a 
first order-Taylor expansion is used to eliminate the appearance of x’0 in the 
left hand side of (7.2), we obtain (Currie, Jordan and Sudarshan 1963, eq. 
(3.15) to (3.17); cf. also Kerner (1965)): 
 
         X’m (x0) = Xm (x0) + δωm

n Xn (x0) - δω0
n ( gmnx0 + Xn (x0)[dXm (x0)/dx0]) 

 
                           + δam - [dXm (x0)/dx0] δa0 .                                         (7.4) 
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     This parameterization is not manifestly covariant, which one might 
consider to be a disadvantage. But with an eye to quantization, the frame-
dependence of the parameterization seems desirable since reference to 
something external to the particle, viz. a coordinate system, seems to be just 
what is needed to allow x0 to be specified independently so as to set up the 
circumstances under which Xm (x0) could be measured. 
    However, the relation, (7.3), which makes the transformed evolution 
parameter, x’0, dependent upon the measured spatial coordinates, Xn (x0), 
undermines the independently specified character which x’0 also should have 
in the quantum theory. This potential problem appears to be ameliorated in 
the infinitesimal version, (7.4), of the transformation, since a common 
x0 appears throughout. But the appearance, in the right hand side of (7.4), of 
the non-linear expression,  
 
                                           Xn (x0)[dXm (x0)/dx0], 
 
is an expression of the same difficulty, as we shall see when quantization is 
attempted in Section 9. 
     The second parameterization we consider is the simplest manifestly 
covariant parameterization for point particles in special relativity, and is 
widely discussed in textbooks. We follow convention in calling it the proper 
time parameterization (PTP). In this case a parameter, s, is introduced, 
invariant under PoincarŽ transformations, that varies along the particle's 
worldline in accord with the time that would be kept by a clock always at rest 
with respect to the particle. The particle's spacetime position is then 
expressed as  Xµ (s), where, 
 
                                      [d Xµ (s)/ds][d Xµ (s)/ds] = 1,                              (7.5) 
 
                                             d X0 (s)/ds  >  0,                                                 (7.6) 
 
and under a PoincarŽ transformation we simply have, 
 
                                        x’µ (s) = Λµ

ν xν(s) + aµ .                                                 (7.7) 
 
    Unlike x0 , the frame-time parameter, s makes no reference to any external 
MCS.  We can already glimpse how this will cause trouble in the quantum 
theory.  First, it will prevent the use of s as an independently specified 
evolution parameter in the quantum theory. For how is one to choose the 
value of s for a quantum particle that was then to be measured for space-time 
location?  Second, the fact that s is intrinsic threatens, through 
complementarity with some other intrinsic quantity such as rest energy,  to 
make it impossible for that other quantity to have precise values. We shall 
see, in Section 9, that this does indeed happen as a consequence of the 
quantum version of the transformation equation (7.7). (The standard time-
energy uncertainty relation does not have this kind of consequence precisely 
because of the extrinsic character of the frame time, x0; (Aharonov & Bohm, 
1961, 1964)).  
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    Nevertheless, at the classical level, there is no question about the 
equivalence of these two previous parameterizations. The formal expression 
of this equivalence is given by 
 
                                     Xm (x0) = Xm (X0(s)) = Xm (s),                                (7.8) 
 
                                                x0 = X0 (s),                                                 (7.9) 
and 
                       
      ( 1 + [d Xm (x0)/dx0][d Xm (x0)/dx0] )[d X0 (s)/ds]2 = 1.                        (7.10) 
 
    The third parameterization we consider is constructed to contain the best 
features of the previous two.  On the one hand, the evolution parameters (in 
this case there will be more than one) have, like the x0 of FTP, an external 
reference to a coordinate system, and therefore, can naturally retain their 
independently specified character when the transition to quantum theory is 
made.  On the other hand, the parameterization is, like PTP, manifestly 
covariant, thus trivially ensuring no preferred status to any one MCS. 
    In this parameterization (Fleming 1965a), one first independently specifies 
a metrically flat space-like hyperplane, and then asks for the Minkowski 
coordinates of the intersection of the particle worldline with that hyperplane. 
The set of all spacelike hyperplanes, Σ, can be parameterized by the ordered 
pair, (η,τ), consisting of the future-pointing timelike unit vector, ηµ, normal to 
the hyperplane, and the timelike parameter, τ, defined so that all spacetime 
points lying in the hyperplane have Minkowski coordinates, x, satisfying 
 
                                              xµηµ = τ .                                                                 (7.11) 
 
Under a passive PoincarŽ transformation of MCS’s, F to F’, given by (7.1), the 
parameters for any single hyperplane transform according to 
 
                                             η’µ  = Λµ

ν η ν ,                                                           (7.12) 
and 
                                         τ’ = τ + aµ

 Λµ
ν η ν .                                                       (7.13)                                      

                                                     
    The particle position variable is now written as Xµ(η,τ) and satisfies the 
transformation equation 
 
                                      X’µ(η’,τ’) = Λµ

ν Xν(η,τ) + aµ.                                          (7.14) 
 
We call this formulation hyperplane-dependent parameterization (HDP). 
    It is clearly redundant! This redundancy is expressed precisely by a 
constraint equation. First the position variable must, from (7.11), satisfy the 
identity, 
 
                                              Xµ(η,τ)ηµ = τ ,                                                        (7.15) 
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which tells us that the values of Xµ(η,τ) do, indeed, lie on the (η,τ) 
hyperplane. 
    But there is an infinity of other hyperplanes that also contain the space-time 
point with the coordinates Xµ(η,τ). And for point particles, if (η,τ) take on the 
values for any one of those other hyperplanes, Xµ(η,τ) must retain the same 
values as for the original hyperplane.  Examining this requirement for 
infinitesimal changes of the hyperplane parameters (η,τ) leads to the 
constraint equation  
(Fleming & Bennett (1989), eq. (4.1), p. 239), 
 
                     [∂ Xµ(η,τ)/∂ ην] + (Xν(η,τ) - ηντ)[ ∂ X µ(η,τ)/∂ τ] = 0.                (7.16) 
 
We call this non-linear partial differential equation relating the η and τ 
derivatives of Xµ the invariant world line condition (IWLC). The name stems 
from the fact that if (7.16) is violated, then the worldlines traced out by Xµ are 
distinct on distinct foliations of spacetime defined by sets of parallel 
hyperplanes. If (7.16) is satisfied, only one worldline is traced out, the same 
for every foliating subset of parallel hyperplanes. 
    But we will see in the next section that for HDP position variables for 
localizable properties of spatially extended systems, the IWLC can be, and 
usually must be, relaxed. This will be important when we turn to the 
quantum theory of HDP position variables. 
    The equivalence in the classical case, of HDP parameterization with the 
previous two, can now be established. For the equivalence with FTP, we 
simply note that for any (η,τ ) there is an x0 and for any x0 and η there is a  τ  
such that 
 
                                     Xm (x0) = Xm (η,τ ),                                                        (7.17) 
 
where, from (7.15), the relationship between x0 and η and τ  is given by  
  
 x0  =  X0 (η,τ ) = [ τ + ηXm (η,τ ) ]/η0 = [ τ + ηXm (x0) ]/η0.                           (7.18)              
 
In particular, for the case of η = η(0) := (1,0,0,0), (i.e. η = 0), we see that in each 
MCS the FTP position variable is conceptually identical with that particular 
HDP position variable for which the hyperplane is instantaneous in that MCS 
and is placed at the specified frame-time. 
    The equivalence between HDP and PTP is similar. For any future-pointing 
timelike unit vector, η, and any proper time, s, on the worldline, there will be 
a value of the inhomogeneous parameter, τ = τ (η,s), such that 
 
                                    Xµ(η,τ (η,s)) = Xµ(s).                                                       (7.19) 
 
Similarly, for any set of hyperplane parameters, (η,τ), there will be a value of 
the proper time on the world line, s = s (η,τ), such that 
 
                                     Xµ(η,τ) = Xµ(s(η,τ)).                                                       (7.20)  
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These relations immediately establish the equivalence of the HDP and the 
PTP. 
 
8. Classical Violation of the Invariant World Line Condition 
We now consider the classical position variables for localizable properties of 
spatially extended systems and show that they violate  IWLC. 
   We begin by noting that only with the HDP parameterization can one easily 
formulate IWLC and investigate its violation. For FTP, the basic 
transformation equations, (7.2,3), entail IWLC; and so they would have to be 
relaxed, in order to investigate IWLC's violation. The reason is that in FTP the 
transformation equations relate a position at an instant in one MCS to a 
position at an instant in another MCS. From the HDP standpoint, this 
assumes an identity between positions on different hyperplanes belonging to 
distinct foliations of spacetime. But whether there is such identity—i.e. 
whether the traced-out worldline is independent of the foliation—is just the 
issue to be examined!  On the other hand, for PTP it is virtually impossible to 
formulate IWLC at all. This is a direct consequence of the intrinsic character 
of the proper time parameter (i.e. its lack of reference to anything external). 
So, for the rest of this Section we confine ourselves to the HDP. 
    We begin by considering a continuously distributed system characterized, 
for our purposes, by a local 4-vector current density, jµ(x); which need not be 
conserved. We define for each hyperplane, (η,τ), a generalized charge, Q(η,τ), 
given by the integral over the hyperplane of the component of the current 
density normal to the hyperplane, 
 
                            Q(η,τ)  :=  ∫ d4x δ(ηx − τ)  jµ

 (x)ηµ .                                          (8.1) 
 
This generalized charge is a hyperplane-dependent Lorentz scalar.  That is: if 
a single hyperplane is represented by the parameters (η, τ) in the inertial 
frame F and by (η', τ') in the inertial frame F' , then  
 
                       Q'(η', τ') = Q(η, τ);                        (8.1a) 
 
expressing that the generalized charge on that hyperplane has the same value 
in each frame. 
   On any hyperplane for which this charge is non-zero, we can also define a 
4-vector position variable, Xµ (η,τ), which we will call the center of charge.  It 
satisfies, by construction, the defining features, (7.14,15) for HDP position 
variables.  The defining equation is, 
 
                      Xµ(η,τ) Q(η,τ)  :=  ∫ d4x δ(ηx − τ) x µ j λ (x)ηλ .                                (8.2) 
 
It turns out, that if the current density vanishes sufficiently fast at spacelike 
infinity, then, by liberal use of integration by parts, the calculation of the η 
and τ derivatives of the right-hand sides of (4.1,2) can be expressed simply. 
Assuming the rapid spacelike vanishing, we can show that, with                 
∂j(x) := (∂ jµ (x)/∂xµ), 
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Q(η,τ){[(∂/∂ην) + (Xν(η,τ) - ηντ)(∂ /∂ τ)]X µ(η,τ)} =  
 
 - ∫ d4x δ(ηx − τ)(x 

ν - Xν(η,τ)) j µ
 (x) 

 
   - ∫ d4x δ(ηx − τ)(x µ - Xµ(η,τ))(x 

ν - Xν(η,τ))(∂ j(x)).                     (8.3) 
 
But the quantity in the curly brackets on the left side of (8.3) is just the 
quantity that must vanish if IWLC is to be satisfied! 
   We see that IWLC is not likely to be satisfied if the 4-current density has any 
asymmetry in its distribution about the center of charge, or if the 4-current is 
not locally conserved. This would include all but very special circumstances. 
Furthermore, this violation of the IWLC is not mysterious. It reflects the 
redistribution of charge density during the evolution between mutually tilted 
hyperplanes. Thus non-trivial hyperplane dependence of the worldline traced 
out by the center of charge for a local 4-current is a natural and well-nigh 
universal occurrence. 
    We call our next example the center of energy. Again we consider a 
continuously distributed system, but this time characterised by its symmetric 
second rank stress-energy-momentum tensor density, θµν(x); which again 
need not be conserved, since the system need not be energetically closed. In 
such a case the system will have a hyperplane-dependent 4-momentum, 
 
                              Pµ(η,τ) := ∫ d4x δ(ηx − τ) θ µ ν(x)ην ,                                   (8.4a) 
 
and covariant hyperplane-dependent angular momentum-boost tensor, 
 
                  Mµν(η,τ) :=  ∫ d4x δ(ηx − τ){ xµ θ νρ(x)ηρ - xν θ µρ(x)ηρ }.      (8.4b)   
 
These quantities would be hyperplane-independent if θµν(x) were locally 
conserved everywhere and sufficiently rapidly vanishing at spacelike infinity. 
     We now need to draw a distinction between the ordinary energy of the 
system, P0(η,τ), on the (η,τ) hyperplane, and the hyperplane energy, or, 
simply, energy, defined by  
 
                                        H(η,τ) := Pµ(η,τ)ηµ .                                   (8.5) 
 
This energy, the timelike component of the 4-momentum normal to the 
hyperplane, is identical with the ordinary energy in the MCS for which the 
hyperplane is instantaneous; and has the virtue of being a hyperplane-
dependent scalar, i.e. 
 
                                       H’(η’,τ’) = H(η,τ),                                       (8.6) 
  
as was the charge, Q(η,τ) (cf. (8.1a)). Due to this scalar property we can define 
a center of energy (CE) position 4-vector by 
 
                      X µ(η,τ) H(η,τ) :=  ∫ d4x δ(ηx − τ) xµ θ λρ(x)ηληρ .                (8.7)                                        
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This X µ(η,τ) satisfies (7.14,15). But if we had employed the ordinary energy in 
an analogous way to define X µ(η,τ)  by, 
 
                        X µ(η,τ) P0(η,τ) :=  ∫ d4x δ(ηx − τ) xµ θ 0ρ(x)ηρ,                            (8.8) 
 
then that  X µ(η,τ) would not satisfy (7.14,15). It would not be a hyperplane-
dependent 4-vector under PoincarŽ transformation. Nevertheless, for η = 
 η(0) = (1,0,0,0), (8.7) and (8.8) yield the same values for X µ(η,τ) . We will need 
this comparison presently. 
    Let us now examine IWLC for the CE position variable X µ(η,τ) of (8.7). In 
the general case of an energetically open system the calculation analogous to 
that which led to (8.3) in the case of the center of charge, yields 
 
H(η,τ) {[(∂/∂ ην) + (Xν(η,τ) - ηντ)(∂ /∂ τ)] X µ(η,τ)} = εµναβΣα(η,τ) ηβ +  
 
            ∫ d4x δ(ηx − τ)(xµ - Xµ(η,τ))(xν - Xν(η,τ))(∂θ(x)η),                            (8.9) 
 
where ∂θ(x)η := (∂θλρ(x)/∂xλ)ηρ and, 
 
Σα(η,τ) := -(1/2) εαβλδ (Mβλ(η,τ) - Xβ(η,τ)Pλ(η,τ) + Xλ(η,τ)Pβ(η,τ))ηδ ,           (8.10) 
 
is the hyperplane-dependent internal angular momentum of the system 
relative to its CE position variable. For closed systems, ∂θ(x)η = 0, so that the 
internal angular momentum term on the right side of (8.9) is the only source 
of violation of IWLC for the CE position variable. 
   However, for that term (unlike the case of the center of charge), we can 
appeal to the familiar connection between angular momentum and rotational 
motion to literally see the violation of IWLC in a simple instance; (cf. Møller 
(1952, p. 170-173) and Fleming (1965a, p. 195)).  Thus consider a massive 
spheroid, spinning counter-clockwise as seen along the axis of spin, and in 
the MCS in which the spheroid has no overall translational motion, i.e. its 
geometrical center is at rest. Let the mass-energy of this spheroid be axially 
symmetrically distributed about the axis of spin. In that case the center of 
ordinary energy will lie on the spin axis. Now relative to an MCS which is 
moving to the left with speed v with respect to the first MCS, the spheroid 
will be moving to the right (and, consequently, will not have the 
instantaneous shape of a spheroid). The rightward motion of the spinning 
ovoid will augment the instantaneous velocities of the lower half and 
diminish the instantaneous velocities of the upper half. It follows that, due to 
the velocity dependence of mass-energy, the center of ordinary energy will lie 
below the geometrical center—in the lower, more energetic half of the 
rotating, translating ovoid. 
    We stress that this is not merely a passive Lorentz transformation of the 
original center of energy. The spacetime coordinates of the center of energy in 
the second MCS trace out a different worldline than those of the center of 
energy in the first MCS. But since the center of hyperplane energy is 
coincident with the center of ordinary energy on instantaneous hyperplanes, 
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it follows that this frame-dependence of the worldline of the center of 
ordinary energy is displaying the hyperplane-dependence of the worldline of 
the center of hyperplane energy, and thus, the violation of IWLC.  
    Of course, the hyperplane-dependence of the worldline depends crucially 
on the spinning motion of the mass distribution in its overall rest-frame.  We 
can also see this formally: the hyperplane-dependence is related to the stress-
energy-momentum density, θµν(x), in a manner analogous to the relation of 
the first term on the right hand side of (8.3) to the charge-current density,        
j µ

 (x). This follows from a comparison of that first term on the right hand side 
of (8.3) with (8.10) and, 
 
              Mµν(η,τ) - Xµ(η,τ)Pν(η,τ) + Xν(η,τ)Pµ(η,τ) = 
 
      ∫ d4x δ(ηx − τ){(xµ - Xµ(η,τ))θνρ(x)ηρ - (xν - Xν(η,τ))θµρ(x)ηρ}.                   (8.11)  
 
   So we see that spatially extended rotating massive systems, upon 
translating, acquire asymmetries of their energy distribution. And spatial 
extension is guaranteed in the presence of non-zero internal angular 
momentum and finite mass, as Mφller (ibid.) showed: he used the limiting 
nature of the speed of light to derive a minimum radius of such a system, 
namely 
 
                                              Rmin = S/Mc,                                                   (8.12) 
 
where S is the magnitude of the internal angular momentum and M is the 
mass in the overall rest-frame. 
    It also turns out that in the presence of non-zero S, the equal hyperplane 
Poisson brackets between the Minkowski components of the CE position 
variable do not vanish. In fact they are proportional to the left hand side of 
(8.11). This is not unusual for a collective coordinate of a relativistic extended 
system; (though as we said in remark (4) of Section 1, it does restrict the role 
of such a coordinate in a phase space formulation). 
    Although there is much more that one could, with interest, examine in the 
HDP of classical position variables, we are now ready to turn to the quantum 
theoretic versions of these last two Sections. The similarities will be truly 
remarkable! We shall find that the FTP and PTP resist quantization efforts 
unless one imposes restrictive and unphysical constraints; while HDP allows 
quantization to proceed smoothly. We shall also find that the quantum 
analogue of IWLC is usually violated. It is satisfied, for the position operators 
we consider, only in those cases where the internal angular momentum, i.e. 
the spin, vanishes; and even then only in the absence of most types of 
interactions. Finally we will find that in the cases of non-vanishing spin, the 
center of ‘energy’ will not be identifiable with the NW position operator. It 
will turn out that the NW operator is best understood as a center of the 
internal angular momentum distribution, a center of spin. (And there are 
further similarities which we do not present.  For example, Fleming (1965b, p. 
965-967) shows that the relationship between these position operators for 
arbitrary quantum systems, and a fourth position operator explicitly 
constructed to satisfy IWLC (even in the presence of spin), leads to a quantum 
analogue of Mφller's result (8.12)).  
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9. Quantization of Classical Position Variables 
We now attempt to replace the classical position variables of Section 7 by 
quantum position variables, i.e. by self-adjoint operators with transformation 
properties and evolution equations permitting their interpretation as 
operators representing position. Our procedure will be patterned on that 
used in Section 6: we take the PoincarŽ transformation equation for the 
classical position variables as the transformation equation for the quantum 
expectation value of the position variables. So for each of our 
parameterizations of classical position variables, we shall try to establish the 
analogues of equations (6.1–4). 
    For FTP position, the transformation equations are (7.2,3); so the quantum 
analogues of (7.3) are (m,n = 1,2,3): 
 
             (Ψ’| Xm(x’0)|Ψ’) = Λm

n(Ψ| Xn(x0)|Ψ) + ( Λm
0 x0 + am )(Ψ|Ψ)       (9.1a) 

 
and 
 
           x’0(Ψ’|Ψ’) = Λ0

n(Ψ| Xn(x0)|Ψ) +( Λ0
0 x0 + a0)(Ψ|Ψ),                         (9.1b) 

 
where we have emphasized the c-number parameter character of x0 and x’ 0  
by moving them outside of the statevector inner products when possible. But 
it is just this c-number character that makes (9.1) internally inconsistent. For if 
we (trivially) solve (9.1b) for x’ 0 and substitute the expression obtained into 
the left side of (9.1a) and also use (6.2) to eliminate |Ψ’), then the right side of 
(9.1a) is quadratic homogeneous in  |Ψ) but the left side is not unless Xm(x’0) 
is independent of x’0. But these transformation equations must hold for 
arbitrary statevectors; and so must be consistently quadratic homogeneous on 
both sides or neither. Thus for FTP, we must forego a na•ve correspondence 
principle treatment of the classical transformation equation. 
    Since this problem stems from the statevector dependence of the 
transformed frame-time parameter displayed in (9.1b), we may be able to 
avoid the problem by returning to a form of the classical transformation 
equation that eliminates explicit reference to x’0.  By focussing on 
infinitesimal transformations, we constructed just such a form of the 
transformation equations in (7.4). The  expectation value version of (7.4) is 
 
         (Ψ’| Xm (x0)|Ψ’) = (Ψ|{ Xm (x0)   + δωm

n Xn (x0) - 
 
 δω0

n ( gmnx0 + Xn (x0):[dXm (x0)/dx0]) + δam - [dXm (x0)/dx0] δa0 }|Ψ),           (9.2) 
 
where the colon on the right hand side indicates a symmetrized product.  We 
now substitute in the left side of (9.2) the infinitesimal version of (6.2) 
 
|Ψ’) = { I + (i/) Pµ δaµ  - (i/2)Mµν δωµν + higher-order terms}|Ψ),           (9.3) 
 
and retain only the terms up to first order in small quantities. Removing the 
arbitrary statevectors and comparing terms with corresponding infinitesimal 
parameters, we obtain the commutation relations, 
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                                   [ Xm(x0), P n ] = i δmn,                                         (9.4a) 
 
                                   [ Xm(x0), P 0 ] = i dXm (x0)/dx0,                       (9.4b) 
 
                                   [ Xm(x0), J n ] = i ε mnk X k(x0),                         (9.4c) 
where 
                                   J n = (1/2) ε nkl M kl ,                                 (9.4d) 
and 
                    [ Xm(x0), M n0 ] = i{ Xn(x0):dXm (x0)/dx0  - x0 δmn}.                (9.4e) 
 
    It appears, then, that the quantization of frame-time parameterized classical 
position variables has been successfully carried out. There are two 
considerations, however, that should give us pause. First, it turns out that 
without further specification of properties of the position operator, (e.g. do 
the Cartesian components of the position operator commute at equal times?), 
the determination of the effect on the operators, Xm(x0), of a Lorentz boost is 
extremely complicated and not expressible in finite terms; (in particular, the 
naive equations, (9.1), are no longer an option). Second, as was shown many 
years ago by Currie, Jordan, and Sudarshan (1963, pp. 364-370), if one does 
assume commuting components and a finite number of degrees of freedom of 
the physical system, then the second time derivatives, d2Xm (x0)/dx0 2 , must 
all equal zero. The position operators cannot accelerate! We will acquire a 
clearer view of this unexpected result after we discuss the quantization of 
HDP position variables. 
    We now turn to the quantization of PTP classical position variables. In this 
case, the intuitive transformation equation, replacing the classical position 
variables by the expectation values of the position operators, presents no 
problem. The equation in question is, 
 
                          (Ψ’| Xµ(s)|Ψ’) = Λµ

ν (Ψ| Xν(s)|Ψ) + aµ (Ψ|Ψ).           (9.5) 
 
With the exception of the insertion of the proper-time parameter, s, this 
equation is identical to (6.3), and unlike the analogous FTP equation, (9.1), its 
components are mutually consistent.  Substituting (6.2) into the left side and 
removing the arbitrary statevectors, |Ψ), we obtain the operator equation, 
 
                            U (Λ,a) Xµ(s) U(Λ,a) = Λµ

ν Xν(s) + aµ.                                   (9.6) 
 
If we then consider infinitesimal transformations, Λ= g+δω and a = δa, and 
substitute (6.5) into the left side of (9.6), we can extract the commutation 
relations, 
 
                                 [ Xµ (s), Pν ] = - i gµν,                                    (9.7a)                                                 
 
and 
 
                             [ Xµ(s), Mνλ ] = i ( gµν Xλ(s) - gµλ Xν(s) ).            (9.7b) 
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    So for each value of s, our PTP position operators have the same relation to 
the unitary represention of the PoincarŽ transformations as the putative 
‘event’ operator of Section 6 did.  Accordingly, the same problems arise.  The 
position operators do not commute with the Casimir invariant P2 of the 
PoincarŽ group, which must be a multiple of the identity on any irreducible 
representation of the group; so the position operators cannot be defined on 
such a representation.  And we get e.g.  
 
                               [ Xµ(s), M c ] = - i ( Pµ / Mc ).                          (9.8a) 
 
which immediately yields the uncertainty relations, 
 
                              ΔXµ (s) ΔMc >  (/2)|< Pµ / Mc >|.                       (9.8b) 
 
Thus the discussion following (6.8) applies, with the reference to ‘event’ 
coordinates being replaced by reference to the coordinates of the position at 
any given value of the proper-time s. 
     Returning to (9.7) we notice that these commutation relations do not have 
the character of Heisenberg equations of motion, i.e. no derivatives of the 
position operators with respect to s occur on the right hand side. The 
mathematical reason for this is that the proper-time, s, is PoincarŽ invariant, 
s’ = s, and so the same s appears on both sides of (9.6). (To the observation 
that even though the same x0 appeared on both sides of (9.2) we still got 
Heisenberg equations of motion within the set (9.4), the response is that the 
necessary derivatives were already present in (9.2), having been present in 
the classical equation, (7.4), of which (9.2) is the quantum analogue.)  
    Notwithstanding these aspects of PTP position operators, their use as 
dynamical variables has been extensively studied by L. Horwitz and 
collaborators (1983, 1984). He introduces a new basic operator, K, such that  
 
                            [ Xµ(s), K ] = - i dXµ(s)/ds,                              (9.9) 
 
for any PTP position operator. The relation of this basic operator to Pµ , and 
Mµν, must then be determined from additional physical hypotheses. But it 
remains clear from (9.8) that PTP position operators cannot be defined on 
irreducible representations of the PoincarŽ group: so Horwitz must work 
with particles having unsharp rest masses. 
    Finally, we turn to the quantization of HDP position variables. In this case 
the analogue of the classical transformation equation, (7.14), is (Fleming 
1965a: eq (2.6))  
 
                      (Ψ’| Xµ(η’,τ’)|Ψ’)  = Λµ

ν(Ψ| Xν(η,τ)|Ψ) + aµ(Ψ|Ψ),            (9.10) 
 
where (7.12,13) provide the transformation of the hyperplane parameters η 
and τ.  The quantum analogue of the constraint equation (7.15) is 
 
                             ηµ (Ψ| Xµ(η,τ)|Ψ) = τ (Ψ|Ψ),                             (9.11) 
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which, removing the arbitrary state vectors, becomes the operator constraint 
equation, 
 
                                                                          ηµ Xµ(η,τ) = τ .                                                (9.12) 
 
Similarly, if (6.2) is used to replace the primed statevectors on the left side of 
(9.10), we can then remove the arbitrary statevectors to get the operator 
transformation equation, 
 
                           U (Λ,a) Xµ(η’,τ’) U(Λ,a)  = Λµ

ν Xν(η,τ) + aµ.              (9.13) 
 
For infinitesimal transformations (where U(Λ,a) is given by (6.5)) (9.13) yields 
the commutation relations, 
 
                         [ Xµ(η,τ), Pν ] = i  { ην(∂X µ(η,τ)/∂τ) - gµν },             (9.14a)  
and 
 
                      [ Xµ(η,τ), Mνλ ] = i  { gµνXλ(η,τ) - gµλXν(η,τ) 
 
                           + ην(∂X µ(η,τ)/∂ηλ) - ηλ(∂X µ(η,τ)/∂ην) }.                            (9.14b) 
 
Because η and τ derivatives of the position operators appear on the right hand 
sides of (9.14), these equations constitute the generalization to arbitrary 
hyperplanes of the Heisenberg equations of motion for position operators 
(Fleming 1966, Section 5). 
    In particular, it is important to recognize that (9.14b) is as important in this 
regard as is (9.14a): (9.14b) describes the evolution of position from one 
hyperplane to a ÒnearbyÓ hyperplane that is not parallel to the original, 
while (9.14a) describes evolution from one hyperplane to a ÒnearbyÓ parallel 
one. If IWLC is violated (as we have anticipated—and we shall see examples 
in the next Section), then these modes of evolution are largely independent. 
   In fact, the need to handle non-trivial dynamics requires that they be 
independent! To see this, consider the special case of an instantaneous 
hyperplane, ( η = η(0) ), and put,  Xm(η(0),τ) = Xm(x0 = τ), identifying an HDP 
operator with an FTP operator. If we assume  IWLC in the operator-valued 
form (Fleming & Bennett (1989): eq. (4.1), (5.15)),  
 
                     [∂ Xµ(η,τ)/∂ ην] + ( Xν(η,τ) - ηντ ):[ ∂ X µ(η,τ)/∂ τ] = 0,             (9.15) 
 
then, using (9.15) to replace the η derivatives in (9.14b) with τ = x0 derivatives 
(for the case η = η(0)) we find that the modified (9.14b) yields the FTP 
commutation relation (9.4e).  But (as we mentioned in discussing (9.4)), this 
commutation relation, along with requiring commuting components, was 
found by Currie, Jordan and Sudarshan (1963, pp. 364-370) to forbid 
acceleration of the position operators. So enforcing IWLC, i.e. (9.15), seems to 
be incompatible with non-trivial dynamical evolution. Furthermore, the 
discussion in Section 8, where the classical IWLC was violated, suggests that 
the physical systems described by our position operators cannot be point 
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particles, but, instead, must be spatially extended systems! (As mentioned at 
the end of Section 8, cf. Fleming (1965b, p. 965-967).) 
     In the case of PTP position operators, we found that systems described by 
these operators could not have definite rest mass. What about HDP position 
operators? From (9.14a) we find, 
 
                       [ Xµ(η,τ), P2 ] = 2i {(ηP):(∂X µ(η,τ)/∂τ) - Pµ }.                          (9.16) 
 
This will vanish if 
 
                                    ∂X µ(η,τ)/∂τ = Pµ / ηP ,                                                (9.17) 
 
where the right hand side is the natural τ−velocity operator when the position 
operator refers to a localizable global property of the total closed system. So 
in that case a sharp rest mass presents no problem. 
     Admittedly, if the position operator refers to a property of a subsystem of 
the total closed system, then (9.17) will not hold and (9.16) will not vanish. 
But this simply expresses the result that for composite 
closed systems the observables of the subsystems are not functions of the 
spacetime symmetry group generators for the composite system; and so need 
not commute with the Casimir invariants of that symmetry group. But the 
subsystem in question may still have sharp rest mass. Thus if we write 
 
                                   Pµ = PS

µ(η,τ) + PE
µ(η,τ),                                                  (9.18) 

 
(where the subscripts S and E stand for 'subsystem' and 'environment', 
including the interactions, respectively), then we need the subsystem position 
operator to commute with PS(η,τ)2.  This would be the case if we have, 
 
                   [ XS

µ(η,τ), PS
ν(η,τ)] = i {ην(PS

µ(η,τ)/ηPS(η,τ)) - gµν}.                  (9.19) 
 
But this is just the natural condition that, in the absence of interactions,  
PS

µ(η,τ)/ ηPS(η,τ)  be the τ−velocity operator for XS
µ(η,τ).  So definite rest mass 

of interacting subsystems is not a problem in the HDP scheme. Similar results 
hold for the more complex issue of definite spin. 
 
10. Examples of HDP Position Operators 
We begin this Section by following the lead provided by our discussion of 
classical HDP position variables in Section 8.  Suppose we replace the 
classical, symmetric, stress-energy-momentum density field for the system of 
interest, θνρ(x), by the quantum field theoretic (QFT) operator analogue, 
θνρ(x).  Then it follows, either from Noether’s theorem (if θνρ(x) is constructed 
from a Lagrangian density and its derivatives), or from the equal hyperplane 
commutation relations for θνρ(x) with itself (a generalization of the equal time 
commutation relations for θνρ(x) provided by standard QFT), that: 
           (1.) The hyperplane-dependent tensor operators, 
 
                               Pµ (η,τ) :=  ∫ d4x δ(ηx − τ) θµρ(x)ηρ ,                          (10.1a) 
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and 
        Mµν(η,τ) :=  ∫ d4x δ(ηx − τ){ xµ θνρ(x)ηρ - xν θµρ(x)ηρ },                         (10.1b) 
 
comprise, on any single hyperplane, the generators of a unitary 
representation of the PoincarŽ group. (For the special case of instantaneous 
hyperplanes and closed systems see, e.g., Weinberg (1995), pp. 314 - 318). 
          (2.) The operators (10.1) also transform as hyperplane-dependent tensor 
operators under the unitary representation of the PoincarŽ group, U(Λ,a), for 
the closed system consisting of both the system of interest and its 
environment. 
          (3.) As a consequence of (10.1), the operators, X µ(η,τ), defined (uniquely 
if ηP (η,τ) := H(η,τ) has a positive definite spectrum)  by 
 
                X µ(η,τ):H(η,τ) :=  ∫ d4x δ(ηx − τ) xµ θ νρ(x)ηνηρ ,                            (10.2) 
 
transform in accordance with (9.13) and thus comprise HDP position 
operators.  (To solve (10.2) algebraically for X µ(η,τ), cf. Fleming (1966, eq. 
(7.21-23), p. 1973).) 
      The physical interpretation of these HDP position operators is immediate. 
Both from the properties of the classical analogue position variables and from 
the explicit form of the defining equation (10.2), it follows that X µ(η,τ) locates 
the center of the hyperplane energy distribution on the (η,τ) hyperplane. We 
will call it the center of energy (CE) position operator. 
    Furthermore, the concept of such an operator is not limited to systems 
grounded in a field theoretic structure. For it follows from (10.1) and (10.2) 
that X µ(η,τ) satisfies 
 
                  Xν(η,τ):H(η,τ) = ( Mνλ (η,τ)ηλ  + Pν (η,τ)τ ).                                   (10.3) 
 
(10.3) shows that X is expressible in terms of the system's PoincarŽ 
generators.  (Of course, all operators on an irreducible representation of the 
spacetime symmetry group are functions of the group's generators; but in a 
non-irreducible representation, this need not be the case.)  If we now consider 
a general composite system consisting of many subsystems, labelled by n, the 
PoincarŽ generators for the total system and the subsystems are related by,  
 
      Pµ = Σ n Pµ

n (η,τ) + V µ(η,τ),    Mµν = Σ n Mµν
n(η,τ) + Wµν(η,τ),                 (10.4) 

 
where V µ(η,τ) and Wµν(η,τ) determine the interactions between the 
subsystems.  Consequently, if we introduce subsystem position operators via 
(10.3), i.e. 
 
                        Xµ

n(η,τ):Hn (η,τ) : = ( Mµν
n(η,τ)ην  + Pµ

n (η,τ)τ ),             (10.5) 
 
and the total closed system position operator analogously as 
 
                              Xν(η,τ):H(η) := ( Mνλ ηλ  + Pν τ ),                                 (10.6)                                       
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(where for the closed system, Mνλ and Pν  have no hyperplane-dependence, 
and H(η) has no τ -dependence), we find, trivially, from (10.4) that 
 
        Xµ(η,τ):H(η) = Σ n Xµ

n(η,τ):Hn (η,τ) + Wµν(η,τ)ην  + V µ(η,τ)τ.               (10.7) 
 
But (10.7) sustains the center of energy interpretation, independently of a 
field theoretic underpinning. 
    For our CE position operator, one can calculate a formal expression for the 
quantum IWLC, (9.15); (the explicit evaluation requires detailed knowledge 
of the interaction operators Wµν(η,τ)  and  V µ(η,τ)).  And from (10.3), for an 
arbitrary system, one can directly calculate the (equal hyperplane) 
commutator of the Minkowski components of the CE operator. These 
calculations show that the left hand side of (9.15) is not zero, i.e. the IWLC is 
violated; and nor are the commutators.  We discuss these in turn. 
     The violation of the IWLC is, perhaps, not surprising; since our discussion 
of the analogous classical case in Section 8 showed  violation for rotating 
spacelike extended systems. But it turns out that for closed systems, the left 
hand side of (9.15) is proportional to the internal angular momentum (spin) of 
the system; (as are the commutators of the Minkowski components). For 
arbitrary systems, the violation of the IWLC includes a contribution from the 
spin, but also has other contributions. Does this suggest that relativistic 
quantum systems with non-zero spin are spacelike extended, as our classical 
examples were: in particular, that individual spinning ‘elementary’ particles, 
such as electrons and quarks, are spacelike extended, despite the absence of 
scattering data indicating internal structure for these systems? Here we 
merely raise the question. We hope to return to this question elsewhere.  
    As to the issue of non-commuting components: although they preclude 
there being a basis of sharply localized eigenstates on any given hyperplane 
(at most one component of the CE could be diagonalized), they do not 
undermine the interpretation of the CE position operator in any way: in 
particular, their expectation values still locate the corresponding property. 
(However, like the non-zero Poisson brackets for the classical analogue, they 
complicate the relationship with phase space formulations; cf. remark (4) in 
Section 1, and remarks following (8.12).) 
    Nevertheless, to build a basis of localized states we of course need a 
position operator with commuting components.  And as described in Section 
2, for elementary systems (i.e. supporting an irreducible representation space 
of the PoincarŽ group), NW found the unique such position operator, defined 
at a definite time i.e. on an instantaneous hyperplane. The generalization of 
their result to arbitrary hyperplanes is very simple and natural. 
    But a further and more significant generalization to arbitrary systems, as 
well as arbitrary hyperplanes, is possible—provided one augments NW's 
conditions (roughly, commutation of components, and eigenstates to go 
orthogonal under the Euclidean group; cf. Section 2) with one additional 
condition.  Namely, one demands that the generalized NW position operator 
be a function of the system's PoincarŽ generators; (just as all operators on an 
irreducible representation must be, and as the CE position operator was, cf. 
(10.3)). 
     Given these conditions, there is, for each system, only one such position 
operator. The relationship between the CE and the generalized NW position 
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operator can then also be expressed within the algebra of the system's 
PoincarŽ generators. The construction is as follows; (Fleming 1966, pp. 1972-
3, 1975). 
    We define the system's hyperplane-dependent angular momentum by 
 
                                   Jµ (η,τ) := − (1/2) ε 

µαβγ M αβ(η,τ) ηγ ,               (10.8) 
 
Next, we define the system's internal angular momentum relative to the CE 
position operator (note: this is not quite the same as the spin—see below; cf. 
classical eq. (8.10)) by  
 
                       Σµ (η,τ) := Jµ (η,τ) + ε 

µαβγ X α (η,τ) Pβ (η,τ) ηγ .                          (10.9) 
 
We then find that  
 
             [ Xµ (η,τ), Xν (η,τ) ] = - (i  /H(η,τ)2)ε µναβ Σα (η,τ)ηβ .                (10.10) 
 
     The unique generalized NW position operator, denoted by Rµ (η,τ), is given 
by 
 
                   Rµ (η,τ) := Xµ (η,τ) +  
 
    (κ(η,τ)(H(η,τ) + κ(η,τ))) -1 ε 

µαβγ P α (η,τ) Σβ (η,τ) ηγ ,          (10.11) 
 
where 
                                  κ(η,τ) := | (P α(η,τ)P 

α(η,τ))1/2 | .                     (10.12)      
 
This position operator has commuting components; and the internal angular 
momentum relative to it, 
 
                          Sµ (η,τ) := Jµ(η,τ) + ε 

µαβγ R α (η,τ) Pβ (η,τ) ηγ ,                      (10.13) 
 
is the hyperplane generalization of the spin, in the sense that (i) its square,    
Sµ (η,τ)Sµ (η,τ), commutes with all the system's PoincarŽ generators, while (ii) 
Sµ (η,τ) itself satisfies the hyperplane generalization of the spin-spin 
commutation relation, 
 
                               [ Sµ (η,τ), Sν (η,τ) ] = i  ε µναβ Sα (η,τ)ηβ .                         (10.14) 
 
The relationship between the spin, Sµ (η,τ), and Σµ (η,τ) is given by 
 
                      Σµ (η,τ) = Sµ 

||(η,τ) + (κ(η,τ)/H(η,τ)) Sµ 
⊥(η,τ),                        (10.15) 

 
where, 
 
                            Sµ (η,τ) := Sµ 

||(η,τ) + Sµ 
⊥(η,τ),                              (10.16) 

and 
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                       Sµ 

||(η,τ) := Kµ(η,τ)(K(η,τ)S(η,τ))/(K(η,τ)2),               (10.17) 
 
 where                    
                            Kµ(η,τ) := Pµ(η,τ) - ηµ H (η,τ).                              (10.18) 
 
     Like the CE position operator before it, the NW position operator also 
violates IWLC: unless the system is closed and the spin is zero, in which case 
the two position operators are identical. One may ask: does any HDP position 
operator satisfy IWLC? In fact it is possible, for any system, to construct a 
position operator that: (i) in the classical limit, lies on the line joining the CE 
to the NW position; and (ii) when the system is closed, satisfies IWLC. 
However, this position operator has no special physical significance apart 
from the property for which it was constructed; so we will not comment 
further on it; (cf. Fleming 1965a, Section 4). 
    Finally, we wish to point out an important relationship between these 
position operators when constructed for (a) QFT systems and for (b) single 
particle systems. Suppose the CE or NW position operator for a QFT system 
is applied to the single particle or single antiparticle sector of the the QFT 
system's Fock state space. In that restricted domain these QFT position 
operators are identical to the single particle/antiparticle CE or NW position 
operators, respectively. Thus the single particle/antiparticle position 
operators are not independent constructions: their existence, and our study of 
them, in no way entails commitment to a particle theory as 'more 
fundamental' than quantized fields.  This bears on some criticisms that will be 
discussed in Sect. 12. 
 
11. Strange Properties of Localized States 
Having considered some physically interesting HDP position operators for 
arbitrary systems and some of their elementary properties, we now turn to 
these operators' eigenvectors, the basis vectors for localized states.  We 
already know from Sections 1 and 2 that NW localized states display two 
strange properties: (i) superluminal propagation; and (ii) delocalisation under 
a passive Lorentz boost.  Here we will emphasise that both properties do not 
depend on choosing the NW operator: they are generic for HDP position 
operators.  And in line with our main aim (cf. Sections 1 and 5), we will urge 
that Sections 7 to 10 provide a standpoint from which we can make physical 
sense of these properties.  
   Note first that we will use the term 'localized state' more broadly than is 
customary. For us, a localized state will be any superposition of eigenvectors 
of a single Minkowski component of an HDP position operator, for which the 
eigenvalues lie in a domain bounded both above and below. (So a localized 
state will refer to a single position operator: a statevector that is localized with 
respect to one position operator may not be so with respect to another.) The 
motivation for focussing on eigenvectors of a single Minkowski component of 
a 4-vector operator is simply that (with the exception of the NW operator) the 
components of our position operators do not commute  and so do not have 
complete sets of joint eigenvectors. And for a given component, eigenvalue 
variation within an arbitrary bounded domain conforms closely to the 
intuitive idea of being localized 'within' that domain; (not exactly, since such 
a superposition does not entail that the component has some definite value 
lying within the bounded domain). 
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      In our notation for hyperplane dependence, the two strange properties 
that we need to discuss—superluminal propagation, and  delocalisation 
under a passive Lorentz boost—concern the dependence of localized states on 
the hyperplane parameters, τ and η respectively.  We will discuss them in 
turn. 
      For τ-dependence, we will focus on superpositions of eigenvectors of a 
position component in a spacelike direction orthogonal to  η. Thus let ξ be a 
spacelike unit 4-vector such that ξη = 0, and  let |α, y; η, τ >  be an eigenvector 
of a component HDP position operator, Y(η,τ) := ξ X (η,τ), i.e. 
 
                            Y (η,τ) |α, y; η, τ > = y |α, y; η, τ >,                        (11.1) 
 
where α  represents the remaining data needed to define a unique eigenvector 
of the usually degenerate eigenvalue y.  Then 
 
                           |α, φ; η, τ > = ∫ dy φ(y) |α, y; η, τ > ,                (11.2) 
 
is a state localized 'within' Δ x R2 on the (η,τ) hyperplane, where the support 
of φ is a bounded set, Δ. 
    Now we are to compare two such states associated with distinct parallel 
hyperplanes, with domains of localization that are spacelike separated.  Thus 
for the localized state, (11.2), consider varying τ while holding η fixed and 
also replacing φ(y) with θ(y) where the support of θ  is Δa := Δ + a. For any 
given change in  τ , Δτ, a sufficiently large displacement, a, can be found so 
that the support, Δa , of θ yields a localization domain, Δa x R2,  on the 
(η,τ + Δτ) hyperplane, that is entirely spacelike separated from the localization 
domain, Δ x R2, on the (η,τ) hyperplane. 
     Because of the spacelike separation, na•ve intuition suggests that these 
two states should be orthogonal: i.e. the probability for finding the localizable 
property of the system represented by Y to be localized in the second domain, 
assuming localization in the first domain, should be zero. In fact, however, 
the second localized state is almost never orthogonal to the original localized 
state.  That is: almost always 
 
                   < α, θ; η, τ + Δτ | α, φ; η, τ >  ≠ 0.                                                (11.3) 
 
In this sense superluminal evolution of the position representations 
corresponding to components of HDP position operators is ubiquitous!  This 
is the HDP version of the superluminal evolution extensively studied by 
Hegerfeldt (1974, 1985) and others in the traditional FTP formalism. 
   But we can now see that the original intuition is unjustifiably na•ve. For 
general open systems, instances of superluminal evolution can even occur 
classically. Thus the CE for an open system can move superluminally because 
of independent agencies depositing energy here and removing it there. The 
real surprise in LIQT is that superluminal evolution happens in all closed 
systems, including individual free elementary systems! 
    Qualitatively, this result does not depend at all on which HDP position 
operator is considered, nor on the nature of the system to which the position 
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operator refers. Quantitatively, an analysis is most easily carried out for the 
hyperplane generalization of the NW position operator with commuting 
components. In particular, if |α, x; η, τ > is a simultaneous eigenvector of the 
commuting components of the NW position operator, R 

µ (η,τ), for a free 
elementary system, i.e. 
 
               R 

µ (η,τ) |α, x ; η, τ > =  (xµ - ηµ(ηx - τ)) |α, x ; η, τ > ,           (11.4) 
 
then for an arbitrary state vector of the system, |Ψ>, we have, with κ := mc/, 
an equation like (3.21): 
 
      i (∂ /∂τ) < α, x ; η, τ | Ψ > =  [ κ2 − 2(∂ /∂x)2 ]1/2 < α, x ; η, τ | Ψ >.           (11.5) 
 
Suppose that on the (η,τ0) hyperplane the support of < α, x ; η, τ0 | Ψ > is 
confined to a ball. Then writing τ = τ0 + Δτ,  we find (semi-quantitatively) that 
for fixed Δτ the inner product, < α, x ; η, τ0 + Δτ | Ψ > , diminishes in magnitude 
exponentially with increasing spacelike separation from the original ball on 
(η,τ0). The coefficient of exponential damping is dominated by the rest energy 
of the system; (Fleming & Bennett 1989, pp. 257-260). 
      Furthermore, the integrated total probability for finding the position 
eigenvalue to be spacelike separated from the original ball decreases with 
increasing Δτ.  So it is as if the system coordinate achieves maximal spacelike 
dispersal immediately to the future of the hyperplane of original localization; 
and then trickles back inside the forward light-cone envelope of the original 
ball. 
       We turn to the second strange property: delocalization under a passive 
Lorentz boost, i.e. what we now call the η-dependence of position 
eigenvectors.  Michael Redhead himself touches on this property (in a paper 
on the vacuum in quantum field theory), for the special case of NW 
eigenstates for the quantized KG field.  But Redhead sees this property as 
condemning NW localization to being 'unattractive' and 'not objective across 
frames' (1994, pp. 80-81).  We of course hope that our account can allay his 
fears! 
       Since a spacelike hyperplane is a three-dimensional, metrically flat slice 
through Minkowski spacetime, the set-theoretic intersection of two 
intersecting spacelike hyperplanes is a two-dimensional flat slice through 
each hyperplane. For the (η,τ) and (η',τ') hyperplanes, with η' ≠ η, the points 
in the intersection satisfy the simultaneous equations, xη = τ, and xη'= τ', 
yielding a two-dimensional set of solutions. Now, for any HDP position 
operator, consider an eigenvector, | α, τ'; η,τ >, of  η'X(η,τ) such that  
 
                     η'X(η,τ) | α, τ'; η,τ > = τ' | α, τ'; η,τ > .                                      (11.6)               
 
Such an eigenvector is a localized state on the (η,τ) hyperplane for which the 
localization is confined to the points of intersection with the (η',τ') 
hyperplane. Similarly, the eigenvector, | α, τ; η',τ'>, of ηX(η',τ') satisfying 
 
                                    ηX(η',τ') | α, τ; η',τ'> = τ | α, τ; η',τ' > ,                                        (11.7) 
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is a localized state on the (η',τ') hyperplane with the localization again 
confined to the points of intersection with the (η,τ) hyperplane. 
     Now it is quite possible to have a single state vector, |Ψ>, for which both 
 
       < α, τ'; η,τ | Ψ> = 0      and      < α, τ; η',τ' | Ψ> ≠ 0                 (11.8a,b) 
 
hold. In other words: on the (η,τ) hyperplane the position could not be found 
in the set of intersection points, while on the (η',τ') hyperplane it could be 
found within the same set of intersection points! Not only is this combination 
of results possible: if the equality (11.8a) is assumed, then the inequality 
(11.8b) very rarely fails!  Despite the identical domain of localization for the 
two eigenvectors, they are very different vectors—and this allows for the 
strange result: that whether one can find a quantum coordinate to have 
values corresponding to a given set of Minkowski points can depend on 
which of several hyperplanes containing those points one chooses to search 
for the coordinate.  
      Just as with the superluminal propagation displayed by the  τ-dependence 
of localized states, there is here also a classical analogue. As we saw in Section 
8, violation of IWLC is commonplace among classical HDP position variables 
for extended systems. And such violation amounts precisely to the worldline 
of a position variable for the foliation defined by one of two intersecting 
hyperplanes passing through the intersection, while the worldline for the 
foliation defined by the other hyperplane does not!  (But we must admit that 
just as with superluminal τ-evolution, so here the classical analogue does not 
exhaustively account for the strange behaviour in the quantum case. An HDP 
position operator explicitly constructed to satisfy the operator version of the 
IWLC, (9.15), will still display the η-evolution feature we have discussed.) 
      Finally, we should report, albeit briefly, our view of the main 
philosophical worry raised by these strange properties, especially the first.  
This is the worry that they could lead to causal anomalies (i.e. contradictions).  
Thus it seems that a particle could superluminally propagate from spacetime 
region A to a spacelike separated region B, where registration of the particle 
is used to superluminally propagate another particle into the causal past of A; 
where its registration is used to prevent, by ordinary subluminal causation, 
the 'release' of the first particle at A—a contradiction. 
     Our view is that causal anomalies must of course be avoided. But we 
believe they can be avoided, while accepting the above properties.  We have 
no proof of this; but Fleming (1989, pp. 121-124; cf. also Fleming & Bennett 
1989, pp. 259-261; Fleming & Butterfield 1992) presents arguments for it 
(which appeal to the second strange property, the η-dependence).  
Furthermore, in a sense one has no choice whether to accept these properties.  
For as we have shown, they are there in the formalism of LIQT: as with all 
problems or embarassments, ignoring them will not make them go away!  
This topic will come up again in Section 12. 
 
12. Reply to Two Recent Criticisms 
Finally, we would like to reply to two recent papers, by David Malament 
(1996) and Simon Saunders (1994) respectively, which criticize the standpoint 
developed in Sections 5 to 11.  In fact, one of us (GNF) has already replied 
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(1996) to previous work by Saunders (1992), and by Maudlin (1994: pp. 208-
212).  What follows is in accord with that earlier reply.  But it is worth 
addressing the two recent papers: because the main part of our reply is the 
same for each of them, and also because the reply involves expounding 
another important (and admittedly strange!) property—the spacelike non-
commutation of HDP position projectors.  We begin with that exposition. 
     The spectral projection for the components of any of the HDP position 
operators we have discussed, is given by first choosing, as for (11.1), some ξ,  
a spacelike unit 4-vector such that ξη = 0, and defining 
 
                                      Y(η,τ) := ξ X (η,τ).                                                  (12.1) 
 
This self-adjoint operator has a spectral decomposition, 
 
                                  Y(η,τ) = ∫ y dΠ ξ(y;η,τ).                                           (12.2) 
 
where, 
                                Π ξ(Δ;η,τ) := ∫ y∈Δ dΠ ξ(y;η,τ),                                   (12.3) 
 
is the projection operator onto the subspace spanned by the eigenvectors of 
Y(η,τ) with eigenvalues lying in Δ. Now consider two choices, (ξ, Δ, η, τ) and 
(ξ’, Δ’, η’, τ’), such that any spacetime point on the (η, τ) hyperplane, with 
Minkowski coordinates having the ξ component lying in Δ, is spacelike 
separated from any point on the (η‘, τ’) hyperplane with Minkowski 
coordinates having the ξ’ component lying in Δ’. It then turns out that, in 
general and counterintuitively, 
 
                           [ Π ξ(Δ;η,τ), Π ξ’(Δ’;η’,τ’) ] ≠ 0.                                               (12.4) 
 
The commutator is guaranteed to vanish only for the very special case of 
(ξ, η,τ) = (ξ’, η’,τ’), i.e. same component on one and the same hyperplane.  
     This non-commutation gives well-known reasons for concern, both 
conceptual and technical. The conceptual concerns arise from the fact that a 
pair of non-commuting operators cannot be jointly measured precisely.  This 
leads to two specific concerns, when the two operators are associated with 
spacelike separated regions. 
    (1) One naturally assumes that one can interpret the association of an 
operator with a spacetime region as implying that one can  measure it by 
performing operations confined to that region. And once given that 
assumption, one wonders what could possibly prevent the joint precise 
measurement of two operators associated with two spacelike separated 
regions. 
    (2) If two operators do not commute, then the act of measuring one of them 
can influence the probabilities of outcomes of a measurement of the other.  
That is, measuring one operator, in accordance with LŸder's rule (the 
'projection postulate') but not selecting a specific outcome, yields a state 
whose probability distribution for the other operator differs, in general, from 
that of the original state.  For operators associated with two spacelike 
separated regions, this suggests that the act of measuring in one region can 



44 

influence experimental outcomes obtained in the other region; and that 
suggests, as at the end of Section 11, superluminal causation and a threat of 
causal anomalies. (Because the act of measuring does not select a specific 
outcome for the first operator, we are here confronting 'act-outcome 
correlations', not just 'outcome-outcome correlations': in Shimony's (1986, 
pp.146-147) terminology, now well-established in the quantum nonlocality 
literature, we confront 'parameter dependence', not just 'outcome 
dependence'). 
     Finally, the technical concern arises from the fact that in standard QFT, the 
fundamental local field operators commute (or for fermionic fields, 
anticommute) at spacelike separation.  This makes one wonder how our 
spectral projectors (of HDP position operator components) are related to 
these field operators! 
     Our own response to these concerns is, briefly, as follows. As to (1): as will 
emerge more clearly below, we question the interpretative assumption (about 
interpreting 'association with a region').  As to (2): our view is as suggested by 
the brief discussion at the end of Section 11, and by our denying the 
interpretative assumption.  That is: we agree that causal anomalies must be 
avoided.  But we believe—admittedly, without having a proof!—that they can 
be, while accepting not only the τ− and η− dependence of eigenstates 
discussed in Section 11, but also the spacelike non-commutation of spectral 
projectors.  And as to the technical concern: it turns out that once we express 
any of our spectral projectors as functionals of the fundamental local fields 
(e.g. by inserting the X µ(η,τ) of (10.2) into (12.1) and thence into (12.3)), these 
functionals have unbounded support—thus reconciling the spacelike 
commutation of the fundamental local fields with the non-commutation of 
our spectral projectors. We will see below, in discussing Saunders, that this 
result supports our denial of the interpretative assumption in (1). 
     With these points in hand, we now turn to Malament and Saunders, 
respectively.  In a nutshell, Malament maintains that there cannot be an 
acceptable theory of relativistic position operators for individual quantum 
particles.  He bases this conclusion on a theorem he proves: that any such 
theory must violate what we will call 'generalized microcausality' (GM): i.e. 
the commutativity of arbitrary physical quantities associated with spacelike 
separated regions. More precisely, he proves that, for η = η’ (i.e. parallel 
hyperplanes), (12.4) is bound to occur for any position operator that 
transforms in the standard way under the translation subgroup of the 
PoincarŽ group and for which the total hyperplane energy operator, H(η), is 
bounded from below. Malament then holds that his version of (12.4) (i.e. 
(12.4) restricted to parallel hyperplanes) vitiates the concept of localization, 
since it would threaten causal anomalies as in (2) above: so that a coherent 
theory of relativistic position operators for particles is impossible. 
     In evaluating Malament’s theorem and his conclusions, it is important to 
realize that they do not apply only to particles. They apply equally to position 
operators representing localizable properties of arbitrary systems such as we 
have discussed. This point 'raises the ante' against rejecting such operators as 
physically meaningless. 
    But our main reply to Malament is as in our reply to (1) above.  Namely: 
the inference to causal anomalies assumes that association of the projectors 
with spacelike separated regions involves precise joint measurability via 
operations performed within those regions. But this assumption is 
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questionable. And once it is questioned, one can equally well interpret 
Malament's theorem 'contrapositively'.  That is, one could argue within the 
standard quantum theory of measurement, that the non-vanishing 
commutator (12.4) implies that precise joint spacelike separated 
measurements are impossible. On the other hand, approximate joint spacelike 
separated measurements that avoid causal anomalies may still be possible—
and quite capable of salvaging all of our empirical data about localization. 
(Busch et al (1995) is a fine recent monograph covering approximate joint 
measurements.)  To sum up: the matter is not closed, and Malament’s 
conclusion based on his valuable theorem is premature. 
     We turn to Saunders.  He first reviews Malament's argument (to which he 
is sympathetic); he then turns to the local algebras of Algebraic Quantum 
Field Theory (AQFT) (Emch 1972; Haag 1992), as providing the proper 
framework for all discussions of localization.  We will treat these themes in 
turn. But before doing so, we need to clarify a persistent terminological 
difference between him and us. 
      He says that in LIQT 'there is no ... system of [localization] projections and 
localized states which transform covariantly, and no covariant position 
operator or configuration-space Born interpretation. At the level of states 
there is no covariant representation at all where the states have positive 
energy and bounded support' (1994, p. 89). He makes similar remarks 
elsewhere; (1994, Section 1; cf. also Saunders (1992)).   And he goes on to 
characterise the HDP approach as relaxing covariance, in favor of a modified 
condition of hyperplane-dependent covariance (ibid., p. 90).  We, on the other 
hand, have been claiming that HDP position operators and their eigenstates 
satisfy all legitimate covariance requirements. 
    The resolution of this difference lies in the fact that there is no separate 
condition of hyperplane-dependent covariance: rather there is the covariance 
condition applied to hyperplane-dependent quantities.  Agreed, no covariant 
position operators and eigenvectors exist which are hyperplane-independent: 
that is the content of Saunders' claim. But hyperplane-dependent position 
operators and their eigenstates are covariant: this is our claim. Both claims are 
correct!  (Fleming (1996, p. 21-22) expands on this point, in reply to Saunders 
(1992)).  
    Turning to substantive matters, our first point is that the early part of 
Saunders' paper is written as if the HDP approach to localization is based on 
the hope of satisfying what we called 'generalized microcausality' above; and 
so the paper suggests that Malament's theorem has shot the approach down.  
For example, Saunders says: 'it is hoped [i.e. by Fleming (1988)] that this 
project [i.e. hyperplane-dependent localization] could be carried through 
consistent with microcausality ... Hyperplane dependence is, however, a red 
herring, as Malament has recently demonstrated' (p. 90). 
    So in reply, we want to emphasise first of all, that generalized 
microcausality was never an assumption, or even a 'hope', of the HDP 
approach; for it was clear from the beginning that generalized microcausality 
was violated by the HDP CE and NW operators. Admittedly, we have not 
presented any systematic treatment of how to interpret or handle the 
violation.  But in accordance with our reply to Malament, we maintain that 
violation of generalized microcausality is consistent; and indeed, 
interpretatively coherent. 
    Saunders himself, embracing Malament’s conclusion, turns to AQFT to 
seek the operator correlates of laboratory operations including those that 
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locate something. Within AQFT, the association of operators with spacetime 
regions is determined by the support of the fundamental local fields used in 
the construction of the operators. Therefore, within AQFT, generalized 
microcausality holds as an immediate consequence of the microcausality of 
the fundamental fields. 
    But as Saunders points out, AQFT has other strange properties that thwart 
one's na•ve intuitions about localization; (of course, we would say they are as 
strange as the properties of HDP localized states!).  Thus Saunders reports the 
Reeh-Schlieder theorem (1961): which says, roughly, that any state can be 
approximated arbitrarily well by applying to the vacuum state (or even to an 
arbitrary state of bounded energy) some or other element of the algebra 
associated with any spacetime region, no matter how small.  Given the 
assumption in (1) above (about how to interpret 'associations' of operators 
with regions), this means that one is able to approximate, arbitrarily closely, 
any state, by performing local operations, confined to any bounded region, on 
the vacuum state (or even on an arbitrary state of bounded energy). That is 
certainly hard to square with na•ve, or even educated, intuitions about 
localization!  (The same comment applies to Saunders' valuable own corollary 
of the Reeh-Schlieder theorem: p. 92). 
    Saunders goes on to suggest that one accommodate these strange 
properties of localized operations, by giving up the concept of localizing 
things in favour of localizing events: the basic idea is that finding an event in 
one region does not preclude finding the same kind of event at spacelike 
separation. We agree that this suggestion may help one understand 
localization within AQFT; but we cannot pursue it here, except to remark that 
our Section 6 seems to be relevant. 
    But more importantly, by way of reply to Saunders: the interpretative 
assumption that his discussion of AQFT seems happy to make—that locally 
executable precise measurements are to be represented by operators found in 
the local algebras—defuses the very problem that drove his discussion 
towards AQFT in the first place. For as we said in reply to what we called the 
'technical concern' raised by (12.4): none of the spectral projectors of the HDP 
position operator components are functionals of the fundamental fields with 
compact support. So even though a projector may be: 
    (a) spectrally associated with a bounded region of spacetime, and 
    (b) interpreted in terms of localization within that region; 
one cannot infer that the projector can be precisely measured via operations 
even roughly confined to the region. (And consequently, generalized 
microcausality cannot be required of the projectors, merely on the grounds 
that they are spectrally associated with spacelike separated regions—as it was 
by Malament). 
     Finally, let us sum up our replies to Malament and Saunders, in positive 
terms. The violation of generalized microcausality by the HDP spectral 
projectors precludes the local execution of precise joint measurements of the 
projectors. But it may well not generate causal anomalies (which, agreed, 
must be avoided!) and it may well allow the local execution of approximate 
joint measurements.  
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Glossary of Acronyms 
The following acronyms are used, especially in those Sections where the 
phrase is prevalent. We also list, where appropriate, the principle equations 
defining the phrase. 
 
LIQT:    Lorentz-invariant Quantum Theory 
GIQT:    Galilean-invariant Quantum Theory 
NW:      Newton-Wigner, (10.11) 
KG:       Klein-Gordon, (3.1) 
QFT:     Quantum Field Theory 
MCS:    Minkowski Coordinate System 
FTP:     Frame Time Parametrization, (7.2, 7.4) 
PTP:     Proper Time Parametrization, (7.5, 7.6) 
HDP:    Hyperplane Dependent Parametrization, (7.11-7.14) 
IWLC:  Invariant World Line Condition: classical (7.16); quantum (9.15) 
CE:       Center of Energy; classical (8.7); quantum (10.2, 10.3, 10.7) 
AQFT: Algebraic Quantum Field Theory 
 
 
FOOTNOTES (for Fleming & Butterfield, 'Strange Positions') 
 
1. We give a glossary of acronyms at the end of the paper. 
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