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l. INTRODUCTION 

The days when Quantum Measurement Theory was an exclusive haven for theo-

rists with an esoteric bent, if they ever existed, are gone forever! In the 

last decade the field of Quantum Measurement Research has acquired a vigorous 

experimental division and the theory division has been greatly rejuvenated 

thereby. Many of the old questions are still with us but many novel conjectures, 

spawned by experiment or the prospect of experiment, have entered the field 

and some old questions have been settled. The Bohm-Aharonov effect has been 

observed in a variety of circumstances, 1 the neutron interferometer has displayed 

the oddities of quantum interference over macroscopic dimensions, 2 Einstein-

3 
Podolsky-Rosen correlations between photons has been observed and, more generally, 

Bell's theorem has been tested with Quantum Theory the decided victor. 3 Even 

4 macroscopic quantum coherence (MQC) in SQUID circuits may be observed. 

Consequently the theory division of QMR is engaged in many active lines of 

investigation. We have (l) detailed studies of irreversibility and entropy 

production in the measurement process5 (2) continued studies on limitations 

on measurements imposed by the existence of additive conserved quantities, 6 

(3) the study of quantum nondemolition measurements, 7 (4) the study of mea

surements on macroscopic systems treated quantum mechanically, 8 (5) the search 

for generalizations of the Schrodinger equation to better account for the mea-

9 
surement process, and (6) the attempt to extend Quantum Measurement Theory to 

h l . . . d . 10 t e re at1v1st1c oma1n. Already workers in the field enjoy the availability 

of two superb collections of source material11 and the tenor of the times is 

conveyed by the title of the proceedings of a recent conference; "Foundations 

12 of Quantum Mechanics in the Light of New Technology." While my special 

concern in these lectures is with the 6th research topic listed, i.e., the 
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development of a relativistic QTM I would like to spend this first lecture 

establishing some of the general atmosphere of the field by dealing with some 

aspects of the other five research efforts. 
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2. AMBIGUITIES IN THE INTERPRETATION OF DENSITY OPERATORS 

13 Some twenty years ago D'Espagnat called for a change in our terminology 

that would recognize the two very different uses we make of density operators 

in quantum theory. On one hand we use them to describe ensembles of systems 

which we believe are composed of subensembles characterized by distinct pure 

states. If the pure states corresponding to the subensembles ar~ denoted by 

~~ ) and if the probability that a system in the ensemble belongs to the nth 
n 

subensemble is p then the density operator is n 

P = L ~~n)pn(¢nl (2.1) 
n 

in Dirac bra-ket notation. This case D'Espagnat calls a "proper mixture" 

because by hypothesis, the individual systems really belong to pure state 

subensembles. The other case is that in which the systems of interest are 

subsystems of members of an ensemble of composite systems which ensemble may 

correspond to a pure state, say 1~>. In that case none of the subsystems would 

be associated with any pure state at all, unless I~> had a tensor product form 

I~> = I x> ® I¢> . 14 Nevertheless, as is well known, the expectation value of 

any observable referring to the subsystem variables alone can be calculated 

in terms of a density operator for the subsystem given by 

(2. 2) 

where Tr indicates a partial trace over a complete set of observable 
rem 

eigenvalues referring to the remainder of the composite system. When J~> has 

the indicated tensor product from this construction yields 
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I <P > <xi x> <<PI = I <P > <<PI (2.3) 

a pure state density operator. But since, in general, the subsystems here are 

not in any pure state, or any collection of them, D'Espagnat suggests calling 

this an "improper mixture." The terminology reflects an observable distinction 

since in the improper case one does have access,in principle, to correlation 

observables referring to both the subsystem and the remainder of the composite 

system. The measurement of such observables would enable one to distinguish 

between the composite density operators 

and various intermediate possibilities, where 

For practical purposes the terminological distinction makes sense. Yet 

there is a matter of principle that tends to be overlooked by accepting the 

distinction and this principle comes to the heart of much contemporary QMR. 

The matter of principle is this: if quantum theory is universally applicable 

then, with the exception of the universe as a whole, all physical systems are 

subsystems of composite systems. In those cases where we are justified in 

adopting the proper mixture interpretation there must be something peculiar 

about the remainder of the composite system which eliminates from our repertoire 

of observables those particular correlation observables which enable us to test 

for the improper character of the mixture. This peculiarity lies at the center 

of the distinction between a classical-macroscopic remainder and a quantum 

mechanical remainder. 
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In fact, in the case of a proper mixture, we almost always have, or have 

had at some time,access to a restricted set of correlation observables of a 

classical nature which tell us exactly which pure states, l~n), are represented 

in the subensembles. This is the case in which we are confronted with a set of 

physically distinguishable subensembles rather than just the total ensemble into 

which the subensembles have been physically mixed. Indeed once the latter mixing 

has occurred there is no way that we can subsequently determine which pure states 

went into the compositionof the mixed state. This is represented mathematically 

by the fact that a given density operator, which is not a pure state density 

operator, can be expressed in an infinite number of distinct ways as a positive 

14 
definite sum over pure state operators. Uniqueness of the expression holds if one 

restricts the pure state summands to orthogonal states, provided the eigenvalues 

of the density operator are non-degenerate, but there is no apriori reason to 

expect all proper mixtures to be composed of orthogonal pure state subensembles. 

It is well known that counter-examples can be easily constructed. Consider a 

proper mixture of two orthogonal pure states of a composite system 

( 2. 5) 

Since the 1~.) are orthogonal and if p f p , p ,p 2 f 0 the 1~.) are the eigen-
~ 1 2 1 ~ 

A A 

vectors of P and can be determined by examining p. Suppose now that these 

composite states are product states for two subsystems 

I~.> 
~ 

( 2. 6) 

with <x lx ) = o. 
1 2 

From (~ 1 /~) = <x lx) (~ 1 1~) the orthogonality of the /x.l 
2 1 2 2 ~ 

is sufficient to guarantee the orthogonality of the 1~.). Since the 1~.) are 
~ ~ 

product states each subensemble of the composite system is a pure state 

subensemble for the subsystem represented by the second factor in the tensor 
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product. Consequently the density operator for that subsystem; 

A 

Psub- TrX(p) = l~l)pl(~ll + 1~2)p2(~21 (2.7) 

represents both a proper and an improper mixture and if (~ 1 1~2 ) ~ 0 there is no 

way to determine the ~~i) by examining psub alone. The eigenvectors of psub 

are not, in this case, the subensemble pure states. Thus, in general, when we 

possess a proper mixture, in the sense of identifiable pure state subensembles, 

the density operator for the total ensemble does not represent all of the possible 

phenomena. In the case of non-orthogonal pure state subensembles it will not 

account for the phenomena obtainable with any one of the subensembles. 

To account for all the possible phenomena one requires a density operator 

that retains structure referring to the correlation that exists between the 

subensemble pure states and the classical variables enabling us to identify the 

subensembles. This is obtained by starting with the density operator for the 

system-apparatus composite and tracing out all those and only those apparatus 

degrees of freedom that do not correspond to classical observables and cannot be 

used for subensemble identification. What process in the physical world deter-

mines which degrees of freedom of the apparatus are the classical ones? The 

question is at the bottom of a long standing controversy and much current research. 
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3. WAVE PACKET REDUCTION; PSYCHIC OR THERMODYNAMIC? 

The earliest view receiving extensive presentation in the literature was 

what I will call the psychic interpretation of wave packet reduction or the 

measurement process. According to this interpretation no actual tracing out 

of apparatus variables to convert a pure state into a mi~ture occurs until the 

information generated by the measureme~t enters a conscious mind. The fact that 

one can get equivalent results by including everything up to the observers 

mind in the quantum theoretic treatment or by treating the apparatus classically 

via the projection postulate is attributed to a p~evailing psychophysical 

parallelism. 
15 

The originator of this subjective interpretation was von Neumann 

h b . 16 
and its most vigorous champion into recent years as een W1gner. Whether 

Wigner's very recent investigations17 of non-linear generalizations of the 

Schrodinger equation to obtain dynamical accounts of wave packet reduction 

constitutes a withdrawal from his former stance is not clear to me. 

This view of the measurement process springs from the interpretation of 

the quantum mechanical states as describing our knowledge of an ensemble of 

physical systems rather than the ensemble itself. Inasmuch as our study of 

laboratory prepared systems is conducted to the end of understanding and gaining 

predictive power over extra-laboratory systems which we do not prepare, many 

people, 18 including myself, do not feel this subjective interpretation does 

justice to the facts. The alternative view is that the state, whether pure 

or mixed, describes objective features of an ensemble of systems. Whether the 

state also describes objective features of the members of the ensemble involves 

a subtle distinction between objective interpretations that need not concern 

us here. 
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In any case the objective interpretation of the quantum state requires a 

dynamical accounting of the wave packet reduction aspect of the measurement 

process and the earliest impressive effort along the lines indicated by Bohr's 

19 0 d b o L o d qualitative account of measurement was carr1e out y Daner1, o1nger an 

Prosperi 20 in 1962. According to these authors, a physical system, to qualify 

as a measuring apparatus must possess orthogonal, many dimensional, manifolds 

in state space corresponding to each of the distinguishable classical states 

of the apparatus. In a given classical state the quantum state of the 

apparatus moves ergodically through the corresponding manifold and thus the 

classical state must be thermodynamically metastable at least. Thf' "pointer 

coordinates" of the apparatus are constants of the motion for this ergodic 

manifold. Interaction with the system to be measured causes a correlated 

transition of the apparatus into one of several other ergodic manifolds, the 

correlation being with eigenstates of the measured observable occurring in 

the original object system state. The independent ergodic behavior within a 

manifold wipes out any correlations between manifolds and renders impossible 

the detection of phenomena due to linear superposition from distinct manifolds. 

The coupling with the system eigenstates during the interaction then renders 

these eigenstates incoherent with each other and identifiable subensembles are 

formed. This induced relative incoherence through correlations with indepen-

dently ergodic state manifolds of the apparatus is the mechanism of wave packet 

reduction. The destruction of phase coherence between system eigenstates is 

entropy producing and the corresponding distribution of the members of the 

apparatus ensemble, initially all lying in the same ergodic manifold, over the 

various ergodic manifolds correlated with the distinct system eigenstates is 

the macroscopic amplification of irreversible entropy production inflicted 

upon the system. 
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The mathematical elaboration of this theory is rather complex but the 

statistical thermodynamic nature of the main ideas have a consoling ring to 

them and many physicists yearning for an objectivistic interpretation of quantum 

theory were quick to embrace it. It has, however, at least one conceptual 

weak spot. It is hard pressed to account for null-measurements. Suppose the 

measurement is of the yes-no variety i.e., a two valued observable is being 

measured. In such a case the measurement can be set up to entail an irreversible 

interaction with the apparatus only if a particular one of the two values, is 

produced. The other alternative generates no interaction and, knowing the set 

up beforehand, the experimenter is satisfied that the second alternative has 

occurred and that the wave packet has been reduced, albeit without the help of 

the Daneri, Loinger and Prosperi mechanism. While I personally think the 

seriousness of this objection depends on subtleties of the ensemble vs individual 

system interpretations of the state function, it is historically the case that 

this objection has spawned alternative interpretations to which I now turn. 
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4. WAVE PACKET REDUCTION VIA CONTINUOUS SUPERSELECTION PRINCIPLE 

21 
In 1980 Machida and Namiki and independently Araki proposed the idea that 

it was indeed the nature of macroscopic apparatus that produced the collapse of 

the wave packet,notthrough ergodic motion of the apparatus state vector but 

through quantum uncertainty in the size of the apparatus as measured by particle 

number content. These authors take the linear dimensions of the interacting 

portion of the apparatus--a portion macroscopically small but microscopically 

large--as- varying directly with the particle number of this portion. They 

note that in scattering from a spatially extended target a quantum mechanical 

system acquires a contribution to its phase shift proportional to the linear 

dimensions of the extended scatterer. Viewing all system-apparatus interactions 

as having a scattering character, they then deduce the randomizing of the 

relative phases between the measured components of the system state vector. The 

essential mathematical technique is the approximation of treating the particle 

number variable, when large, as continuous and then invoking the Riemann-

Lesbegue lemma for the relative phase shift integrals occurring in the 

interference terms of the system-apparatus density operator. The apparatus 

terms are assumed to be continuous direct sums of particle number sharp density 

operators which are thereby rendered superselecting. The essential physical 

point is that this scattering phenomena will occur whether the apparatus is 

triggered into irreversible response or not and so wave packet reduction is 

accounted for even in null-measurements. 

While I've presented this theory with such brevity as to guarantee mis-

representation I will still assert that its peculiar weakness is the somewhat 

ad hoc nature of the superselection character of the apparatus state space. 

The authors consciously introduce this as a postulate for the express purpose of 
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distinguishing between microscopic and macroscopic systems in quantum theory. 

All that is offered in explanation of the superselection postulate are some 

qualitative allusions to the thermodynamically open character of macroscopic 

systems. 

That then brings us to the last of the new theories I will consider here, 

22 
namely, Zureks theory of macroscopic quantum systems as systems with 

environmentally induced superselecting rules in their state spaces. 

While Zurek's work is primarly concerned with eliciting quantum effects 

at a macroscopic level by performing measurements on macroscopic systems his 

work is relevant to the general quantum theory of measurement by virtue of 

providing a general characterization of macroscopic systems. 

For Zurek it is the interaction of the apparatus with a thermodynamically 

complex environment that determines those variables we regard as classical 

and removes phase coherence between distinct eigenspaces of those variables, 

thereby inducing effective superselection principles. The interaction with 

the environment thus plays the same role for Zurek as ergodic motion within 

submanifolds does for Daneri, Loinger and Prosperi and the superelection postulate 

does for Machida and Namiki. The great advantage of Zurek's approach is the 

possibility it offers of investigating the interaction and looking for circum-

stances where it might be not quite effective and macroscopic quantum effects 

might be displayed. 

The classical observables of the apparatus are determined by the requirement 

that they commute with the part of the Hamiltonian describing the interaction 

with the environment thus guaranteeing that they are not subject to the ergodic 

behavior of environment microscopic variables. On the other hand it is precisely 

these classical observables that are influenced by the use of the apparatus as 
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a measuring instrument on a quantum system. By comparing interaction and 

relaxation time scales corresponding to those two types of interaction one can 

determine those circumstances, if any, where quantum superposition wins out over 

thermodynamic phase randomizing. The favored candidate at present for demon

strating such effects is the so-called SQUID circuit.4 
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5. THE CAUSAL DEVELOPMENT OF A MEASUREMENT 

We will examine an idealistic model of a very simple measurement. Let 

the vectors {lq;y>} denote an orthonormal basis for the state space of a 

macroscopic apparatus. The variable q will denote the "pointer reading" that 

will be employed to assess the outcome of the measurement. The symbol y denotes 

the myriad of microscopic degrees of freedom the macro-apparatus possesses and 

which are not explicitly used in the measurement. An hypothesis of a thermo-

dynamic type concerning the classical variable, q, will render all classical 

observables diagonal in these y variables. 

Next let the vectors {I~)} denote a discrete orthonormal basis for a 
n 

system of interest and such that the measurement in question is a measurement 

of an observable L having the ~~ ) as non-degenerate eigenvectors. 
n 

We take the initial state vector for the system and apparatus as, 

where, 

I X) 

and, 

I~> I~ > c n n 
n 

(5.1) 

( 5. 2) 

(5. 3) 

We assume that quantum correlations between distinct values of the classical 

variables are thermodynamically eliminated by something like the Zurek mechanism. 

All classical observables will then be functions of just these classical variables 

alone. Consequently, an adequate representation of what can result from 

performable measurements is provided by the density operator, 
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Introducing q' - Q + 2 , q Q - ~ and 

2 

fdy X(q';y)X*(q;y) - P(Q,x) 

we have 

14 

where the operator ~ with eigenvalues q, satisfies 

lc~>><<PI (5. 4) 

( 5. 5) 

( 5. 6) 

( 5. 7) 

We now let the apparatus and system interact via the equation of motion 

(5.8) 

where 

"'I > ·A" a I p q;y In dq q;y> ( 5. 9) 

and 

t lei> ) =lei> )9. n n n ( 5. 10) 

The solution is 
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i A @ t --Eg p t 

l~t) e I~ a) 

i Q, t 
A 

--Kg p 

I n I X0 ) ® I cp ) c e 
n n n 

I tdy Jdq lq+g Q,n t;y>x(q;y) 
n 

® I<P )c n n 

I Jdy Jdq lq;y>x<q- gQ,n t;y) ® 
n 

I cp ) c 
n n 

Upon tracing out the y's to construct pt we find 

(5.11) 

@ [I<P ')c ,c*(cj) 1] (5.12) 
n n n n 

If we now multiply pt by an arbitrary function of q, f(q), and trace out the 

remaining apparatus variable q we get 

[ 
5I, , 5I, 

n + n 
p Q- gt 2 gt < 5I, , - 5I, ) ] c * < cp I n n n n 

(5.13) 

On the assumption that Xlq;y) is of limited width in q it follows that 

p(Q,x) is of limited width in x and therefore if the interaction runs long 

enough, 

[ 
5I, , + 5I, l 

p Q- gt n 2 n ; gt (5/,n, - Sl,n) 0 (5.14) 

for 5I, , ~ 5I, • With non degenerate 5I, we eventually get, 
n n n 
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= L I¢ >lc 12 f dQf(Q)P(Q-gt,Q, ;0)(¢ I 
n n n n 

n 
( 5 .15) 

By choosing different f(q) we can select out individual I<P ) <<P I reflecting the 
n n 

separation of the subensembles corresponding to distinguishable values of the 

observable q. If we make no distinction among the different q values, that 

corresponds to choosing a flat function f(q), and yields 

(5.16) 

the usual density operator for the unseparated ensemble of the system after 

the measurement. 

An interesting situation arises if we ask for the correlations between 

system and apparatus prior to completion of the measurement. 

For different hermitian f(q) the operator (S.l3) has different eigenvectors 

in the system state space, so it is not clear whether any recordable separation 

of the system ensemble has occurred. If one stays with the cenventional system 

density operator by choosing f(q) = f and identifies the time dependent 

eigenvectors with macroscopically separated subensembles we find a curious 

result. Initially the largest eigenvalue and the corresponding eigenvector 

vary continuously from unity and I<P>, respectively, while the other eigenvalues 

emerge continuously from zero with eigenvectors always orthogonal to the 

former eigenvector. Under the suggested interpretation this means that one 

of the separated subensembles with variable number of member systems is in a 

continuously evolving pure state while the other separated subensembles are 

populated by systems which have made discontinuous quantum transitions from 

the former subensemble. If the initial unit eigenvalue ever falls below l/2 

this dichotomy between the status of the eigenvectors need not be preserved 
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because of momentary eigenvalue degeneracy. But in many cases, even of 

completed measurements, the final subensemble associated with the highest 

probability (density operator eigenvalue) will have enjoyed a far different 

evolutionary history during the measurement than the other subensembles. It 

is interesting to ask whether this preferred mathematical status is subject to 

observation in any way? 

In todays lecture I have tried to pre3~nt. some of the flavor of current 

research in the new vast ru1d experimentally augmented field of quantum measure

ment research. I apologize for the fragmentary and superficial nature of the 

treatment. For those interested in a deeper persual of the entire field I can 

not do better than to cite the source books and conference proceedings in my 

references as fascinating gateways to the literature. Lorentz invariance has 

not been mentioned today and while serious work on Lorentz invariant extensions 

of quantum measurement theory exists, the effort, in terms of number of workers 

involved, is modest. It is, however, the topic of greatest interest to me and 

tomorrow we turn to it in earnest. 
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l. MEASUREMENTS AT A DEFINITE TIME 

Very early in the history of quantum theory arguments against the possibility 

of making precise measurements in arbitrarily short times, a concept of great 

importance in non-relativistic quantum mechanics, appeared. The most forceful 

presentation of these arguments were made by Pock and Krylov, Landau and Peierls 

and Landau and Lifshitz. 1 Since the intended general significance of these argu

ments was not accepted by Bohr, Heisenberg and others 2 the attitudes of most 

physicists to these questions was largely a matter of personal taste until the 

60's. 
. 3 

At that time Aharonov and Bohm mounted a systematic attack against the 

short time limitation arguments based on the general position Bohr and collaborators 

had laid down earlier. While their principle concern was with the proper inter-

pretation of the energy time uncertainty relation and the short time measurement 

of energy they showed more generally how arbitrary observables in non-relativistic 

quantum theory could be measured in arbitrarily short times. While disagreement among 

physicists survived this analysis, the majority of physicists found it satisfactory. 

Some of the early arguments against short time measurements, however, 

depended on the limiting value for the speed of physical systems in relativity 

4 
theory, and these arguments were not touched by the Aharonov-Bohm analysis. 

Indeed these arguments have been largely accepted by the physics community even 

though, they, like their non-relativistic counterparts, violate the general 

position of Bohr and collaborators. That position: "there can be no limitation on 

individual measurements that cannot also be obtained from the mathematical formalism 

and the statistical interpretation" 5 rejects the early argument because they 

were all derived by considering particular methods of measurement or special. initial 

conditions. They have never been demonstrated as consequences of the formalism. 

Their acceptance by many physicists is due to their appearing to mesh well with 

the most widely used forms of relativistic quantum theory. No empirical. test of 
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these limitations has been mounted since relativistic quantum theory has been used 

almost exclusively for scattering phenomena and evaluating the parameters of station-

ary states. Both efforts employ asymptotic or long time measurements only. 

More recently, in a series of papers on quantum measurements in Minkowski 

space-time, Aharonov and Albert6 ' 8 ' 9 have mounted a number of ingenious counter 

examples to the short time limitation arguments and to the related contention 

that only local observables and not global observables, such as momentum can be 

measured in short times. Their position is initially won, however, at the expense 

of abandoning the concept of state vector for the evolving system in the presence 

of space-like separated measurements carried out at finite times. A similar 

conclusion had been reached earlier by Bloch7 who identified the crux of the problem 

in the statement: " ... problems arise if one imposes ..• requirements which seem to 

be quite orthodox: (1) that every particle has, at any given space-time point, 

~unique_ wave function, ..• ,which transforms under an irreducible representation 

of the Lorentz group." (my underlines). In their early papers Aharonov and Albert 

mention the possibility of retaining the state function concept by relaxing, in 

effect, Bloch's "orthodox ... requirement": "the states themselves make sense only 

within a given frame, or, more abstractly, along~ family of parallel space-

6 
like hypersurfaces," (my underlines). They do not pursue this avenue, however, and 

conclude that relativistic quantum theory cannot support the concept of evolving 

state functions. Ultimately the reason given for this conclusion is that" ... no 

9 relativistically satisfactory version of the collapse postulate can be found." 

The manifestly covariant collapse postulate that had been proposed earlier by 

11 . d 10 . f . 1 . He w~g an Kraus, assert~ng state unct~on co lapse along the backward l~ght 

cone of the measurement region, is considered and rejected by Aharonov and Albert 

on the grounds that its use violates established conservation laws. In 1984 



3 

Aharonov and Albert altered their position and proposed a Lorentz invariant 

8 
reduction postulate explicitly referring to spacelike hypersurfaces. Strangely, 

in a more recent publication, 9 Aharonov, Albert and D'arnato discuss relativistic 

quantum measurements without ever employing or referring to their earlier postulate. 

My effort in this lecture and the next will be to salvage the state function 

concept through the development of a version of the 1984 proposal of Aharonov and 

Albert, to show that this salvage job is worthwhile and enlightening, and, in the 

process, to move somewhat closer to erecting a fully articulated Lorentz invariant 

quantum theory of measurement. The reduction postulate will be implemented by 

relaxing Bloch's "orthodox--requirement." 

The general position I adopt concerning limitations on measurement is that of 

Bohr. Only those limitations that can be demonstrated as a consequence of the 

general formalism of the quantum theory are to be trusted as universal in character. 

This means that if an 'acceptable' formalism can be constructed which 'permits' 

certain measurements, then those measurements must be possible in the context of 

phenomena for which the formalism is 'acceptable.' In particular, as regards the 

energy-time uncertainty relation I am in complete accord with the analysis of 

3 
Aharonov and Bohm. For these authors the energy of a quantum system can be measured 

at a precise time with arbitrary precision. The essential point of their argument 

is that while the time parameter of quantum theory can be treated as an observable, 

it is an observable of the apparatus on the classical side of the von-Neumann cut, 

not an observable of the system whose energy is being measured. Consequently the 

time "observable" and the energy observable can both be measured with arbitrary 

precision. 

The general energy-time uncertainty relation does not conflict with this 

position as can be seen by examining the derivation of the uncertainty relation from 

. 11 
the general formallsm of quantum theory. We begin by considering the Heisenberg 

equation of motion for any observable, ~, not containing explicit time dependence, 
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From this the standard uncertainty relation, 

may be derived. Now if a time interval, 6t, is defined by, 

then, 

independent of the observable, A, considered. This time interval is how long~ 

must wait if we are to detect a change in an observable that is the same order of 

magnitude as the initial uncertainty in the observable. When one considers the 

variety of observables that can be chosen for A this result emerges as quite far 

reaching but it does not limit the measurability of energy at an instant. In fact 

if we refer back to the account of the causal development of a measurement presented 

at the end of the first lecture we see that the time required to complete the mea-

surement described there varies inversely as the strength of the coupling, g, 

between the apparatus and the system. If there are no a priori upper limits to the 

strength of such effective couplings then measurements of the type described there 

can be carried out arbitrarily quickly. Finally, these considerations do not rule 

out the existence of various time of arrival observables which can be built from the 

position and velocity observables of the system, which determine the time at which 

a particular quantum mechanical event occurs (not, in general a "phenomenon" in 

the sense of Bohr and Wheeler) , and which (modulo the Stone-Weierstrasse theorem) 

satisfies a time-energy uncertainty relation of purely statistical significance 

with the energy of the system. 



I 
I 

I 
I 

I 
I 
-

f 
I 

~t' 

·' , ; 
• ,· i . . 

' I , . 
' I , . 

Jnter~cttdYl re,Jol1 
o~ "t'Y\e.~sure"""~ 

~I 
: ;. 
. :• ~ t' 1 • , • ~ .--r 

t : .. -' ._.--
--· I I -- t· -- ,.! k 

t~ t 

F i -~. 1 



5 

2. THE VIEW FROM A MOVING FRAME 

We consider first an instantaneous measurement of finite spatial extent. 

By this we do not mean a measurement of some observable the definition of which 

makes special reference to the spatial region in question. Rather we mean that 

the interaction between the system and the measuring apparatus is confined to a 

given spatial region and a very short time interval. As Aharonov and Albert have 

shown 6 local measurements can yield information on global observables, and so no 

tight correlation exists between the type of system observable being measured and 

the space-time interaction region between system and apparatus required to perform 

the measurement. Of course, demanding that all such interaction regions be of 

finite extent both spatially and temporally may rule out some traditional observables 

but allowing arbitrarily large extent, in principle, will allow most observables, 

certainly the familar ones, to be arbitrarily well approximated in measurements. 

A good reminder in this context is provded by the facts that; (l) measuring a 

finite interval projection operator for the position of a particle requires that 

one, in effect, search for the particle only in the finite interval; (2) measure

ment of the position observable itself requires, in effect, that one search for 

the particle throughout space and; (3) measurement of momentum can be performed 

by correlating the momentum of one particle to the position of another and then 

measuring the position of the other. 

Returning now, to the instantaneous measurement of finite extent we consider 

how this measurement would be described from the standpoint of a frame of reference 

moving relative to the frame in which the measurement is, instantaneous. We will 

call the latter frame K and the former K'. For mathematical simplicity almost 

all of our considerations and illustrations will be carried out in a Minkowski 

space-time of l + l dimensions. No essential physics of interest to us here will 

be lost thereby. 
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As Fig. 1 indicates the interaction region extends from the point P 1 to 

P 2 along the in§tan_t_aneous line in K. From the standpoint of the frame K' the 

interaction between the system and the apparatus is not instantaneous at all. 

Rather in K' an interaction wave front sweeps over the system-apparatus composite 

fr.om P 1 which is earlier in K' to P2 which is later. This interaction front 

propagating with superluminal speed is not in violation of the upper limit on 

signal propagation because it is a consequence of prearranged experimental design. 

No signals can be sent this way and no energy is being transported. Nevertheless, 

in K' this measurement is one of finite duration lasting from t~ to t; and, 

because of coupling to the measuring apparatus, during such a measurement no 

pure state can be associated with either the individual system being measured or 

the ensemble of such systems represented by the initial state vector just prior 

to the onset of the measurement. We have the result then, that while in K a state 

is associated with the system at every moment except the instant of measurement, 

t --either the initial state for a whole ensemble of such systems prior to the 
0 

measurement or one or another of the states the system is converted into by virtue 

of the different results of measurement recorded by the apparatus; in K' there is a 

finite time interval during which no pure state whatsoever can be defined for the 

system. This is the first indication that the conventional concept of quantum 

mechanical state is in trouble in Minkowski space-time. 

One might hope to resolve the difficulty by including the measuring apparatus 

in the quantum theoretical treatment since then the composite (system-apparatus) 

system would be in a pure state at all times in both frames if they were in a 

pure state at any time in either frame. This way out, however, assuming it could 

consistently be implemented, would not solve the measurement theory problem. A 

subsystem of a composite system can not function as a measuring apparatus unless 

its role in the interaction can be equivalently described both quantum mechanically 
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and classically. Unless we can get away from the state function for the system

apparatus composite in our description we can never account for the completion of 

the measurement with macroscopic record and a definite final result. 

Consequently we return to our classical treatment of the apparatu~ and take a 

different tack. The conventional state function in whatever representation, 

describes the physical state of the system at a definite time. To the extent that 

the physical system is spatially extended the state function provides an instantaneous 

description of the entire extended system. In relatively moving inertial frames 

K and K' the spatially extended regions at a definite instant lie on differently 

oriented space-like slices of the space-time continuum. Thus K and K' conventionally 

monitor the dynamical evolution of quantum mechanical systems in basically different 

ways. This is all very well known and my reason for drawing your attention to it 

is to emphasize the conventional character of the instantaneous mode of description of 

dynamical evolution. There is nothing sacrosanct about the association with K' 

of its conventional mode of monitoring the evolution of the system along space-

like hyperplanes that are instantaneous in K'. That same set of hyperplanes could 

be employed in K though in K those hyperplanes are not instantaneous. Similarly 

we could consider the instantaneous mode of dynamics in any third frame K" 

and suggest adopting the K" instantaneous hyperplanes as a proper set of space

time slices for monitoring dynamical evolution in K. Since there is no reason 

to prefer any one K' over another K" we would be championing the adoption by K, 

and indeed by all frames of reference, of a mode of description of dynamical 

evolution in which all space-like hyperplanes are treated equivalently. At first 

glance this suggestion seems to generate wholly unwarranted redundancy. What is 

there to recommend it? 



8 

(i) If every frame of reference were to employ state functions defined 

on all space-like hyperplanes, the transformation of state-functions from one 

frame to another can be formulated in a purely kinematical way. In the 

conventional mode in which each frame employs only state functions for instantaneous 

hyperplanes in that frame, the transformation between such state functions in two 

relatively moving frames necessarily depends on the dynamics, i.e., on the inter

actions taking place in the evolution of the system. That this must be so can be 

easily seen as follows: Consider four frames K, K', K" and K"' the space time axes 

of which are described in Fig. 2. As. drawn K' moves at half the speed of 

light in the positive x direction relative to K while K" is simply at rest relative 

to K' but spatially displaced a distance, a, along the positive x' axis. (K" is at 

rest relative to K.) Suppose we have an instantaneous state function in Kat 

t = 0. Assume that the transformation of that state function to the t' =0 state 

function in K' is purely kinematical i.e., only requires one to know the t = 0 

state function in K and the parameters of the Lorentz transformation between K 

and K'. No knowledge of the dynamics inK or K' is required. Next transform to 

the t" = 0 state function in K" . That transformation surely is purely kinematical 

since it is effected at a definite instant (t" = t') and stays on the same set of 

parallel hyperplanes. Next perform the Lorentz transformation from the t" = 0 

state function of K" to the t "' = 0 state function of K"' which is at rest 

relative to the initial frame K but has its space-time origin coincident with K" 

Now as indicated by the diagram this last state function differs from the t = t 0 

state function in K by only a spatial translation to the spatial origin of K. 

And so by a sequence of hypothetically kinematical transformations we have generated 

~(t 0 ) in K from ~(0) in K, clearly a dynamical transformation. Consequently the 

employed transformations can not all have been kinematical. 
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The culprits are the Lorentz transformations since the spatial translations 

did not alter the hyperplanes with which the state functions were associated. 

Furthermore one knows from the standard formalism of relativistic quantum mechanics 

that if the generators of the inhomogeneous Lorentz group are expressed in terms 

of generalized coordinates and their canonical conjugates then upon adding an 

interaction term to the Hamiltonian one can preserve the Lie algebra of the group 

only by adding an interaction term to the boost generators as well. In 1 + 1 space

time dimensions this means that to go from 

to 

[H ,P] 0 [N ,H] = i11.P [N,P] = ±fl H 

where P=P 0 and H=H 0 +V, requires N=N 0 +u with [U,P] =i11 v and [U,V] + [N0,V]+ 

[U,H 0 ] = 0. 

If state functions on all space-like hyperplanes are employed in all frames 

then the transformation between frames of state functions associated with the same 

hyperplane (albeit described differently in the two frames) is purely kinematical. 

In each frame then, the dynamical evolution problem is now formulated as dynamical 

evolution from any one hyperplane to any other. 

(ii) If every frame of reference were to employ state functions defined on 

all space-like hyperplanes then measurements that are instantaneous in one frane 

can be accounted for as measurements on a single space-like hyperplane in any other 

frame. Indeed the same hyperplane is involved in all frames but its description 
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or parameterization will change from frame to frame. Furthermore, measurements 

which take a non-vanishing interval of time to perform in one frame can be 

characterized as occurring between specified pairs of parallel hyperplanes in 

any frame. Indeed one can delimit the spatial extent of the interaction region 

somewhat by specifying in~ fixed frame, for all hyperplane orientations, the 

hyperplanes on which interaction begins and those on which it ends. The problem 

we encountered of having states at all times in one frame but no states for some 

time interval in other frames is now not a frame dependent problem but a hyper-

plane dependent one in each frame. In general most measurements will require finite 

time-like hyperplane intervals to complete for all hyperplane orientations and so 

hyperplane state functions will be non-existent for those intervals for all hyper-

plane orientations. One must then demand consistency between the state function 

changes across the hyperplane gaps and the dynamical transformation of the state 

functions from one hyperplane orientation to another. In this light the measure-

ments that produce no gap for a particular hyperplane orientation because they are 

measurements on a single hyperplane are seen as very special cases of the general 

problem. 

(iii) If every frame of reference were to employ state functions defined on 

all space-like hyperplanes then the state function, and the operator, formalism 

becomes manifestly covariant, as we will see,and this manifest covariance is, in 

a sense, minimal. The set of all space-like hyperplanes is the smallest set of 

three dimensional sections of space-time that contains the instantaneous sections 

of a given frame of reference and is invariant under the inhomogeneous Lorentz 

group. A larger set of state functions defined on arbitrary curvilinear space-

like hypersurfaces could be employed following the suggestion many years ago by 

d h 0 12f f" 1 Tomonaga an Sc w~nger or quantum ~e d theory. As is well known that formalism 



11 

was employed for general discussions and formal manipulations but it never 

gained wide acceptance as a tool for specific calculations. The main reason is 

the difficulty in conveniently parameterizing large classes of curvilinear hyper

surfaces. The hyperplanes, by comparison, are easily parameterized and, as we shall 

see, one can do convenient calculations with them. 
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l3 
3. PARAMETERIZING HYPERPLANE DEPENDENT STATE FUNCTIONS 

A space-like hyperplane is a set of space-time points with coordinates, 
]1 

X I 

that satisfy a linear equation of the form. 

n xJ1 = T < 3 .l) 
]1 

where n is a time-like unit 4-vector, i.e., 
]1 

l (also no > 0) 

The time-like vector, n, specifies the orientation of the hyperplane and is 

(3. 2) 

orthogonal to any displacement 4-vector along the hyperplane i.e., for fixed T 

0 (3.3) 

The parameter T locates the hyperplane within the family of n hyperplanes relative 

to the space-time origin of coordinates (see Fig. 3). 

Under an inhomogeneous Lore.ntz transformation, 

]1 , ]1 \) ]1 
x =A x +a 

\) 

the parameters for describing a given hyperplane undergo the transformation 

( 3. 4) 

(3. 5) 

If a(n,T) represents a complete set of invariant compatable observables 

associated with the (n,T) hyperplane in the frame K and if, a, represents a 

possible set of 'simultaneous' eigenvalues of these observables then the hyperplane 

dependent state functions in this a-representation are denoted by 

lj;(a;n,T) 



x' 

( '1 ,rr) 

Fi~.3 
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When described in K' the invariant observables in a(n,T) are associated with the 

hyperplane parameters <n' ,T') but are otherwise identical in their relationship 

to K' as the a(n,T) are to K. So we denote them by a(n' ,T') or a' for short. The 

state functions in the a'-representation used in K' satisfy 

1/J'(a;n',T') (3 .6) 

where the phase 8 can not depend on the eigenvalues a. The invariance of the 

observables under the frame change is expressed by the equality of the eigenvalues, 

a, on both sides of the equation. Such invariant observables are not usually 

employed in complete sets as they are awkward to define, but they always exist. 

To see this last point more clearly we will introduce the Heisenberg picture 

for this hyperplane dependence formalism. Thus we write 

1/J <a; n , T) - <a ; n , T / '¥) (3. 7) 

where j'¥) is a hyperplane independent state ket vector and <a;n,T/ is a hyperplane 

dependent simultaneous eigenvector of the operators representing the observables 

in a(n, T). 

operator having a. as eigenvalue 
l 

a. ' 
l 

<a;n,TjA. (n,T) = a.<a;n,T/ 
l l 

... ) then denote by A. <n,T) the self adjoint 
l 

(3.8) 

Since the state vector describes the relationship of a physical state to a 

reference frame and the operators for an observable describe the relationship of 

the observable to a reference frame it follows that under an inhomogeneous Lorentz 

transformation, (A,b), implemented in the state space by the unitary operator 

U(A,b), we have 

/'¥') = u(A,b) /'f')ei¢(A,b) (3. 9a) 



and 

and 

A.<n',T') 
1. 

i8(A,b;n,T>< , 'I e a;n T 
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Taking the inner product of I~') with <a;n' ,T'I we obtain 

1/J'(a;n',T') 
,1,( ) i[<j>(A,b)-8(A,b;n,T)] 
'~" a;n,T e 

with the n,T dependence in the phase factor purely kinematical 

( 3. 9b) 

(3.9c) 

(3.10) 

If, as is more customary, we employ observables that transform as tensors or 

spinors etc., in defining complete sets of compatible observables and the corre-

sponding representations, then the state functions for such representations would 

transform in the following manner; 

1/J'(a';n'T,') t da c Ca';A,b;a)lj!(a;n,T) 
n,T 

(3.11) 

where ida indicates a sum over discrete eigenvalues and an integral over continuous 

eigenvalues belonging to the spectra of the representation observables. In (3.11) 

the expansion coefficient, C (a';A,b;a), is purely kinematical in structure, 
n,T 

including its dependence on the hyperplane parameters n,T, if such dependence exists 

at all. 

For the inhomogeneous Lorentz transformations of operators it is convenient 

to identify sets of operators which transform linearly among themselves. If such 

a set is denoted by {Aa(n,T)} then we may write 

( 3. 12) 
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with expansion coefficients SS. 
a When the expansion coefficients do not depend 

on n,T they form a matrix representation of the IHLG · I ~.e. I 

s 6 cA 2A ;A b +b > a 1 2 1 2 (3.13) 

In such cases the A can be classified in terms of irreducible representation a 

Of the Ss. content a By allowing the indices a,S to vary continuously this notation 

can accomodate field operators among the ~ (n,T). a 

In this formalism the dynamical evolution (in the absence of measurements) 

is represented by the hyperplane analogues of the Heisenberg equations of motion 

for dynamical variables or Schrodinger equations for state functions. To obtain 

these we consider (3.12) for infinitesimal transformations 

\) + ow\) 
g"W "W 

(3.14) 

Then 

u(g+ow;ob) ( 3. 15) 

where P"W is the total 4-momentum operator and M"WV is the generation of homogeneous 

transformations. Substituting (3.16) into (3.13) and writing 

and 

we find, 

n' 
"W 

\) 
"' n + ow n "W "W \) 

in 

( 3 .16) 

(3.17) 

(3.18a) 



and 

[it"' ,J\a (n, T)) ih ~ c~•W (n, T) - C~'"' (n, T) lAa (n ,T) 

+ [n' 0~"- n" o~J J\a<n,Tl} e3.18b) 

where the symbol O/OnlJ is used for the nlJ derivatives to emphasize that not all four 

of the components of nlJ are independent. 

We identify 

e3.19a) 

and 

.JlJen> e3 .l9b) 

as the IHLG generators which generate translations along and rotations within the 

hyperplane and thus have purely kinematical effect i.e., reshuffling initial data 

on a hyperplane of orientation, n]J, which is left. unchanged. Accordingly the 

commutators, 

e3.20a) 

where 

and 

[3).1 en> ,Aa en, T) J e3.20b) 

have only kinematical structure and do not involve the derivatives with respect 

to n or T. In contrast the dynamical generators, 



have the commutators 

where 

and 

- AJJvn 
\) 
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The original generators P]J and M]JV can be reassembled in terms of the 

kinematical and dynamical generators as 

and 

(3. 21) 

(3.22a) 

(3.22b) 

(3.23a) 

(3.23b) 

These very general realtionships may be illustrated by an example that we 

will use at length in the third lecture. Consider a single particle in the presence 

of external forces or fields. The 4-momentum of the particle will vary from 

hyperplane to hyperplane and may be represented by an operator, p]J(n,T). This 

hyperplane dependent 4-momentum may be decomposed into a space-like part parallel 

to the hyperplane and a time-like part parallel to the normal unit vector n]J. If 

the particle's rest mass is m we have 



18 

(3.24a) 

where 

0 (3.24b) 

Under IHLG we have 

(3.25a) 

and 

(3.25b) 

and these relations yield the commutators and equations of motion 

0 (3.26a) 

(3.26b) 

[H(n) ,kJl(n,T)] - fh ddT kjl(n,T) (3.26c) 

[N~<nJ,k"<n,Tl! "r6 {n"k~(n,Tl + 0 ~~ k"<n,Tl} (3.26d) 

If the particle in question has no spin then a complete orthonormal basis 

is provided by the hyperplane momentum eigenvectors 

(3.27) 

which satisfy the equations of motion 

(3.28a) 
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0 
- i'!i - <k • n T I ].1 I I 

on 
(3.28b) 

By taking inner products of these last two equations with the state ket vector ~~) 

we obtain the Schrodinger-like equations for the hyperplane dependence of the state 

function 
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4. A LORENTZ INVARIANT PROJECTION POSTULATE 

The Heisenberg picture is ideally suited for the analysis of the measurement 

process in quantum mechanics. Inthatpicture all of the causal evolution of the 

system in the absence of measurement is described by the time dependence, or, in 

our proposed generalization, by the hyperplane dependence of the observables and 

their eigenvectors. In the absence of measurements the state vector is given, once 

and for all, to represent the entire evolutionary history of the system. If a mea

surement is performed, yielding some measured result and, in general, producing 

some non-causal i.e., only statistically determined-change in the state function of 

the system, then it must be the state vector that absorbs this change in the abstract 

formalism. The operators representing observables determine only possible results 

of measurements and how the probabilities for those possible results will change 

with hyperplane if they are known for some hyperplane and if no intervening mea

surements are performed. It is the state vector which carries the information 

concerning what the probabilities are on any given hyperplane and it is these 

probabilities that are altered by the act of measurement. Thus in the Heisenberg 

picture we have a clean separation between the changes induced by equations of 

motion and the changes induced by measurements. 

In the non-relativistic quantum theory of measurement one usually encounters 

descriptions referring to measurements occurring at definite instants of time and 

I have clearly placed myself squarely in support of the notion that measuremnts in 

arbitrarily short time intervals are possible. Nevertheless all actual measure

ments do take some amount of time and for our present purposes it will be appropriate 

to incorporate that fact into our discussion. We begin then with a consideration of 

two measurements in non-relativistic quantum theory. One of the measurements begins 

at t 1 and ends at t 2 , the other begins at t 3 and ends at t 4 • We lose no generality 

by assuming 
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, t ::; t 
3 4 

(4.1) 

If t 2 < t 3 then the 1-2 measurement is completed before the 3-4 measurement 

begins. In such a case, if ~~) is the state vector for the system prior to the 

first measurement and if the first measurement yields the result, i, the Heisenberg 

picture state vector for all times after t 2 and before t 3 will be some ~~i) (not 

necessarily an eigenvector of the measured observable) which may or may not depend on 

I~) . This 1~.) then plays the role of the initial state vector for the second 
1 

measurement. If the second measuement yields the result j then the state vector 

for all times after t 4 is some 1~ .. ) which may or may not depend on i. In this case 
1] 

there is no question of the possibility of performing both measurements. No matter 

how small the time interval separating the measurements each measurement is 

performable as though the other wasn't present (Fig. 4a). 

If however, t 3 < t 2 , so that some time interval exists during which both mea-

surements are operating then problems of compatibility may arise. During the entire 

interval from t 1 until max (t 2 ,t 4 ) the system is coupled to some apparatus and has 

no state vector of its own. So, if after max (t 2 ,t 4 ) we are to be able to say that 

both measurements were performed and yielded results i and j the state vector for 

the system aftermax (t 2 ,t 4 ) must be compatible with the assertion. In order that 

this way of describing the outcome of the joint measurement be adequate the 

observables measured by the individual measurements must commute and the final state 

vector for the system after max (t 2,t 4 ) must lie in both the i result subspace of 

the first measurement and the j result subspace of the second measurement. The 

existence of non-vanishing intersection between these subspaces is the criterion 

for compability of these measurements. Thus when the criterion is not satisfied 

the two sets of apparatus can not be used with overlapping time intervals or, if 
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the interaction with the system can still be implemented, the result can not 

be characterized as the performance of two independent measurements of the 

original kinds (Fig. 4b). 

When we pass to the case of measurements performed in Minkowski space-time 

the problem we have just considered is aggravated by the possibility of encountering 

space-like separated interaction regions for distinct measurements. In such a case 

we find frames in which the measurements occur during temporally disjoint intervals 

but in either of the two possible time orderings. And we can also find frames in 

which the two measurements overlap in time (Fig. 5). In those frames in which one 

of the measurements occurs earlier than the other, the time interval between the 

measurements will have a state vector associated with the system which is determined 

by the initial state vector and the result of the earlier measurement alone. In 

those frames in which the measurement regions overlap temporally no intermediate 

state vector can be associated with the system at any time since the system is 

always coupled to some apparatus during the union of the time intervals for each 

measurement. It is this apparent inconsistency concerning the existence and nature 

of intermediate state vectors for systems subject to space-like separated measure-

6,7 
ments that is at the heartofthe Bloch-Aharonov-Albert warning concerning state 

functions. 

The proposal offered here to get around this apparent inconsistency has already 

been indicated. We recognize the state vector assignments made in different frames 

of reference as equivalent to assignments of state vectors to different sets of 

space-like hyperplanes and we emphasize that all such assignments can be made in 

every reference frame. We must now characterize generally how these assignments 

are to be made so that it is clear that different frames of reference will make 

mutually compatible i.e., covariant assignments. 
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The rules for the assignment of Heisenberg picture state vectors to space-

like hyperplanes in the presence of sets of measurements can be expressed conveniently 

if some novel technical terms are introduced. 

We assume that all measurements require interaction regions of some extension 

in space-like and time-like directions although, as emphasized earlier, we place 

no a-priori limitation on how small these extensions may be. We also assume that 

all measurements employ interaction regions of bounded extent in all directions though, 

again, we place no a-priori limits on how large the bounded extension may be. 

De f. 1: 

Def. 2: 

Def. 3: 

De f. 4: 

A space-like hyperplane will be called earlier than an interaction region 

if, in that frame of reference in which the hyperplane is instantaneous 

its time coordinate is less than the time coordinate for any space-time 

point in the interaction region. See Fig. 6a. 

A space-like hyperplane will be called later than an interaction region 

if, in that frame of reference in which the hyperplane is instantaneous 

its time coordinate is greater than the time coordinate for any space

time point in the interaction region. See Fig. 6a. 

A space-like hyperplane will be said to intersect an interaction region 

if it is neither earlier nor later than the region. See Fig. 6a. 

Two interaction regions will be said to be hyperplane separable or, for 

short, separa· ·.e if there exists a hyperplane which is later than one 

of them and earlier than the other. See Fig. 6b. 

It follows from these definitions that two interaction regions will be wholly 

space-like relative to each other if and only if the two regions are separable and 

in both possible earlier-later ornerings. It also follows that two interaction 

regions are wholly time-like relative to each other if and only if no hyperplane 
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intersects both of them, or if and only if they can be separated by hyperplanes 

of all possible orientations (see Fig. 7). 

Now consider a set of interaction regions associated with mutually performable 

measurements. We assume the union of these regions to be a bounded set in space

time. If the ensemble of systems upon which these measurements are performed 

comprise a pure state ensemble prior to any of the measurements and if we focus on 

one definite result for each measurement then, 

Rule 1: 

Rule 2: 

Rule 3: 

Rule 4: 

In any inertial frame of reference, the same Heisenberg picture state 

vector is associated with all those hyperplanes that are earlier than 

all the interaction regions. Similarly one state vector is associated 

with all those hyperplanes that are later than all the interaction regions. 

If the set of interaction regions can be divided into two disjoint subsets 

such that hyperplanes exist which are earlier than all the members of 

one subset and later than all the members of the complement then, in any 

given frame of reference, the same state vector is associated with all 

hyperplanes that effect the designated separation in the same order. 

In a given frame of reference, the state vector associated with a hyper

plane that is earlier than some subset of the interaction regions and 

later than the complement of that subset cannot depend on the results 

of the measurements associated with the subset. The only results of 

measurements it can depend on are those associated with the complement. 

In any frame of reference, a state vector must be associated with every 

hyperplane that does not intersect any interaction region. 
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Rule 5: In any frame of reference, no state vector is associated with any 

hyperplane that intersects any interaction region. 

These rules constitute the novel features of the Lorentz invariant projection 

postulate offered here. See Fig. 8. The remaining details that must be specified 

to work out a specific example are identical in form with the corresponding details 

in the nonrelativistic quantum theory of measurement. Thus each measurement may be 

characterized by two sets of operators, each set containing one operator associated 

with each distinct possible result of the measurement. The first set is a set of 

projection operators, ft. , such that if thestatevector on hyperplanes earlier 
~ 

than the interaction region for the measurement is ~~) than the probability of 

obtaining the ith result is 

p. 
~ <~I~) 

The ft. satisfy the usual orthonormality and completeness relations 
~ 

i 
L: ft. 

~ 
fi. ft . 
~ J 

A 

cS . • II. (no sum on i) 
~J ~ 

(4.2) 

( 4. 3) 

The second set of operators, {c.}, are not necessarily projection operators and 
~ 

they determine the state vector on hyperplanes later than the interaction region 

corresponding to the various possible results of the measurement. Thus again, if 

~~) is the state vector on earlier hyperplanes and the result of the measurement 

is the ith result then the, un-normalized, state vector on later hyperplanes is 

I~.> = e. I~) 
~ ~ 

(4. 4) 

If the e. 
~ 

A 

IT. then the measurement is reproducible in the sense that e. I~) 
~ ~ 

would, with certainty, yield the ith result and the same reduced state vector if 

the measurement characterized by the set {IT.} was repeated in a later interaction 
~ 
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region with different apparatus. More generally the only restriction that can 

be placed on the e. is that the null eigenspace of e. must be a subspace of the 
~ ~ 

A 

null eigenspace of IT. i.e., the state vector corresponding to a given result of 
~ 

measurement can vanish only if the probability of getting that result vanishes. 

If measurements characterized by the sets {IT" A } {IT"' " } . ;C. and . ;C~ , respectively, 
~ ~ ~ ~ 

can be performed using interaction regions that are space-like with respect to 

each other then certain commutation relations must hold between the primed and 

unprimed operators. Suppose the state vector earlier then both measurements is 

/~) and suppose the results are i 0 and i~ respectively. Since the interaction 

regions are mutually space-like there will exist hyperplanes earlier than R' 

and later than R and other hyperplanes later than R' and earlier than R. 

e~,e.l~> = !~.,.> 
~ ~ ~ ~ 

(4. Sa) 

<~I e. ft. ,e. I~> 
~ ~ ~ 

(4.5b) 

(4.5c) 

The requirement that the state vector in the hyperplunes later than both 

interaction regions be unique tells us that the collapse operators 

must commute: 

[e. 0 
~ 

e. , 
~ 

e~ 
J 

(4.6) 

This is a form of Einstein microcausality. The further requirement that the 

probability ofgetting the ith result from Rand the i'th result from R' is unique 

yields the obscure equality 
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( 4. 7) 

This result follows from the previous vanishing commutator in the case of 

reproducible measurements, e. = fi. 
l l 

I e. =IT. I but not, obviously,otherwise. 
J J 

will not pursue the line of inquiry further here but simply state that unless 

We 

both (4.6) and (4.7) can be satisfied (and for (4.7) this means to be satisfied for 

arbitrary state vectors j~)) then a precise execution of the measurements 

{ITA } {ITA' A'} associated with the sets of . ,C. and .,C, and the respective interaction 
l l J l 

regions R and R' cannot be carried out when R and R' are spacelike with respect 

to each other. 

This limitation on the performance of pairs of measurements associated with 

operators violating (4.6) and/or (4.7) is an extension of the non-relativistic 

result that simultaneous measurements of incompatible observables cannot be 

carried out. The relativistic analogue of that non-relativistic result is 

provided by the situation in which the interaction regions for measurements violating 

(4.6) and (4.7)can not be separated by space-like hyperplanes at all. Whenever 

the interaction regions can be separated, and in~ order only, there is then 

no question of incompatibility since the order of the state vector reduction is 

unambiguous. 
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1. DEFINITION OF VARIABLES 

We now return to the formal developments of §3 of the previous lecture. 

We will apply these developments to a Minkowski spacetime of 2 dimensions 

and continue the development of the formalism to the point of formulating and 

solving some non-trivial dynamical problems for the interaction of a single 

particle with external forces. In this way we get to see explicitly the hyper-

plane dependence required by Lorentz covariance and the particular form of non-

locality that the hyperplane dependence induces and which will be used later, in 

conjunction with the projection postulate of the previous lecture, to resolve 

some measurement paradoxes that have been discussed in the literature. 

In 1+1 space-time dimensions the general homogeneous Lorentz transformation 

can be written as 

(cosh a)x 1 + (sinh a)x 0 

(sinh a)x 1 + (cosh a)x 0 

Besides the fundamental metric tensor 

there also exists the antisymmetric tensor 

and these tensors are related in the form, 

JJP vA. 
g g 

JJA vp 
g g 

(l.la) 

(l.lb) 

(1.2a) 

( 1. 2b) 

(1. 3) 

Upon contracting (1.3) with n n , where n is a time-like unit vector, we get the \) p \) 

tensor which projects orthogonally to n\J, Thus 

( 1. 4) 
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As indicated by Eqs. (1.1) the arguments of hyperbolic functions are 

convenient to use in L+l space-time dimension. In particular any 2-vector 

x~ = (x 0 ,x 1 ) may be written as, 

x~ = ~ (cosh (3, sinh (3) (1. Sa) 

for a positive time-like 2-vector, and 

± l-x 2 (sinh (3, cosh (3) (1. Sb) 

for a space-like 2 vector. Under the Lorentz transformation (1.1) the x~ become 
I 

x~ with 

(3' = (3 + Ci. (1. 6) 

In particular, the time-like unit vectors, n , indicating hyperplane orientation 
'J 

will be written 

n~ - (cosh 8, sinh 8) 

This parameterization yields 

(sinh 8, cosh 8)88 

(-sinh 8, cosh 8) ;8 

and the convenient result 

.(' ~ 0 un-
on~ 

a o8 88 

(1.7a) 

(1. 7b) 

(1. 7c) 

(1. 7d) 

It will usually be convenient to decompose 2-vectors into the parts that 

are parallel to and orthogonal ton . Thus for any 2-vector, A~, we can write, 
~ 
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(1. Sa) 

where, 

(1. 8b) 

For example, the position of a particle on a particular space-like hyperplane 

(n,T), we may write as 

(1.9a) 

with 

(1. 9b) 

Similarly the 2-momentum of a particle subject to external forces may be written 

as 

pf.l(n,Tl - nf.lhCn,Tl + kf.!Cn,Tl (l.lOa) 

with 

kf.!Cn,Tl - EYvn k cn,Tl 
v 

(l.lOb) 

and 

hen, T) lm2 c 2 + k 2 Cn,Tl (l.lOC) 

if 

pf.lp 2 2 m c 
f1 

(l.lOd) 

Of course, in the later sections of this lecture the dependence on n will usually 

be replaced by dependence on e. Thus we will write 
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q(n,T) - q(8,T) (l.lla) 

k(n,T) - k(8,T) (l.llb) 

h en, T > - h c e, T > (l.llc) 

etc. 

For a closed quantum mechanical system with conserved generators of the 

inhomogeneous Lorentz group P~, M~v' we will write 

v 
P = n H + E n K 
~ ~ ~v 

M - E N 
~v ~v 

(1.12a) 

(l.l2b) 

If these quantities are represented by hermitian operators then the commutation 

relations of the Lie algebra of the IHLG, 

[~ '~ ] 
~ v . 0 

yield the commutation relations 

0 

(l.l3a) 

(l.l3b) 

[N ,f<J (1.14) 

Introducing the center-of-hyperplane-energy position operator, Q, via the equation 

& - ~:H - Tf< (1.15) 

we find 

[Q,Kl i1i (l.l6a) 

[Q,Hl (l.l6b) 
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and 

(l.l6c) 

Referring back to Eqs. (3.22a,b) of §3 of the previous lecture and noting 

that, 

and 

we find, 

•A!!' a A . [A Al 
l:u aT Q =. ~,H 

Combining (1.18) with (1.16) we obtain 

aQ R 
-= ~ 
aT H 

a I< 
aT= 0 

Similary we find, 

af! 
aT= 0 

a I< ae = -H 

ali ae =-I< 

These equations have the solutions 

(l.l7a) 

(l.l7b) 

[~,Nl (l.l8a) 

(l.l8b) 

(l.l9a) 

(l.l9b) 

(l.l9c) 



6 

~(8,T) cosh e ~(0,0) - sinh e H(O,O) (1. 20a) 

cosh e H(O,O) - sinh e ~(0,0) (1.20b) 

Q < e , T > = 6 < e , o > + T~ < e , o > g- 1 < e , o > (l.20c) 

Q(8,0) exp u: d6 'k (6' ,0 I /2ll (6', oj § (O ,01 

(1. 20d) 

Finally, we introduce the hyperplane momentum basis for a single particle, 

<A;8TI. The basis vectors satisfy the normalization condition, 

(1.2la) 

as well as, 

( 1. 2lb) 

(1. 2lc) 

<A;8T!H(8) = rh ;T <A;8Ti (1. 2ld) 

<A;8Tiq(8,T) = rh [~- A l<A;8Ti 
oA 2(m2c2+A2) 

(1. 2le) 

(1. 21£) 

where 

n(8,T) = q(8,T):h(8,T) - T 1((8,T) (1. 2lg) 

(1. 2lh) 
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2. FREE PARTICLE MOTION 

In the case of free particle motion we identify 

h(8,T) (2.la) 

Bce,T> N = q c e , T > : B c e, T > - T:k c e , T > (2 .lb) 

to obtain the hyperplane equations of motion 

(2.2a) 

and 

(2.2b) 

Taking the inner product with the Heisenberg picture state ket we obtain the 

hyperplane dependent state function 

(2. 3) 

with the invariant normalization 

(2. 4) 

That this normalization is invariant will be seen when we obtain the general 

solution of the hyperplane equations of motion, 

i1i ddT \jJ(A;8 T) 

i1l dde l)J c A; e T > 

The general solution of (2.5a) is trivially 

l)J{A;8 ,T) l)J{A;8,0)e 
- !_ /m 2 c 2 + A 2 T 

1i 

( 2. Sa) 

(2.5b) 

(2.6) 
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Substituting (2.6) into (2.Sb) yields 

as would, of course, be required by consistency. Putting 

A. - me sinh 6 

we have 

and 

Therefore (2.7) becomes 

0 

or 

~(me sinh 6;8,0) =~(me sinh(S+8);0,0) 

This can be written more transparently by introducing 

). (8) - (cosh 8) A. + {sinh 8) /m 2c2 + >.. 2 

In terms of /..(8) 

~(/..;8,0) 

Hence finally 

~(/..(8);0,0) 

-,t /m2c2 + >..2 T 
~(/..(8) ;O,O)e 

(2.8a) 

(2.8b) 

( 2. Sc) 

(2. 9) 

(2.10) 

(2.11) 

( 2. 12) 

(2 .13) 
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This result is intuitively appealing since it requires that if the expectation 

values for the hyperplane operators ~ and h on a 8 = 0 hyperplane are k and 

h respectively then the expectation value of ~(8) will be 

cosh 8 R - sinh 8 h (2.14) 

This is to be expected since ~(8) is equal to the spatial momentum at a definite 

instant in that frame in which the 8 hyperplanes appear instantaneous. 

The normalization given in (2.4) is seen to be hyperplane independent as a 

consequence of (2.13) and 

d/..(8) 
d6 (2.15) 

We now turn to the construction of the hyperplane dependent position space 

state function for the free particle. The position eigenbra satisfies 

<r;8,Tiq(8,T) r<r;8,TI (2.16a) 

and 

__ A. ___ ]J A.; 8 T> 

2(m2 c 2 + 1.. 2 ) 

(2.16b) 

Therefore 

[aa>. - __ >.. ____ ] <r;8 TIA.;8 T> 
2(m2 c 2 + 1.. 2 

ir I = ~ <r;8 T 1..;8 T> ( 2 .17) 

or 

<r;8 TIA.;8 T> <riA.> (2.18) 
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Choosing N = (2~)- 1 / 2 yields 

<r';8 Tlr; 8T> = J dA <r';8 TjA;8 T><A;8 Tjr;8 T> 
/m2c2 + A2 

= o (r' - r) 

With this determination of <r;8 Tj we have 

-~(r;8 T) - <r;8 Tj~) 

(2m1.) -1/2 
J 

dA 

+ A2)1~a+ (m2c2 

r dA (2mi)- l/2 } (m2c2 + A)1/4 

But 

e 

i 
"h Ar 

~(A;8,T) 

i -r; Ar 
~(),.(8) ;O,O)e e 

i f\ - - r 1\ 

-~ /m2c2 

~(A;O,O) -1i - , 
~(r ;0,0) 

Substituting (2.21) into (2.20), with A+ A(8) in (2.21), we find 

~(r;8,T) 

where 

J dr'P(r;8,T;r')~(r';O,O) 

~ [A r - A ( e ) r , - li;-m-;;-2 c--;2;--+--.,-A "2 T] 
e 

is the free particle hyperplane propagator. 

(2.19) 

+ A2 T 

(2.20) 

(2.21) 

(2.22) 

(2.23) 
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This propagator can be written as the composition of a pure T translation 

without change of 8 and a pure 8 reorientation without change ofT. Thus 

P(r;8,T;r') J dr" p l r + tanh e T i e I 0 i r ") p ( r "i 0 I co:h e i r , J (2.24) 

where 

i 

f ~ [A(r-r')-
P(r';O,T;r') = (2ml)- 1 dA e (2. 25) 

and P(r;8,0;r') can be written in the form 

P(r,e,o,r') ~ (2~)- 1 J d8 ~osh [s + %] cosh [s- t] 

itnc 
-::r (2. 26) 

e 

The motivation for introducing this decomposition is that for certain 

interactions with the external environment we will find that the propagator, 

(2.26), for hyperplane reorientatio~ is still applicable even though the free 

particle propagator for hyperplane translation (2.25), will not be applicable. 

The most striking feature of this propagator is that it yields a non-

vanishing probability for finding a particle at a space-time location with a 

space-like separation from an original region of support for the particle. Thus 

if the particle position probability amplitude has a support lying within a 

finite interval on one hyperplane, the corresponding probability amplitude on 

other parallel translated hyperplanes or on reoriented hyperplanes will be 

non-vanishing at points separated by space-like intervals from the original 

finite interval. At first glance this feature would seem to indicate internal 
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contradictions within the formalism since space-like displacement should 

permit causality violations. We will see, however, that it is just the hyper-

plane dependence of the probability amplitudes as well as a form of independence 

of the space-like displacements from the dynamical situation that prohibits any 

possibility of causality violation. 

In the free particle case that we are considering here the compatibility of 

these space-like displacements with causality can be displayed by showing the 

equivalence of this formalism to the 1 + 1 dimensional Klein-Gordon formalism 

restricted to the positive energy subspace. If we start with the momentum 

representation state function on an instantaneous hyperplane, ~(A;O;T), 

-~1m2 + A2 T 
~(A;O,T) = ~(A;O,O)e 

then the Klein-Gordon wave function can be constructed as 

The transformation property 

~0-;8;0) ~'(A;8',0) 

coupled with (2.12) yields 

~(A;O,O) V<A';O,O) 

Since 

dA' 

1m2 + A /m2 + A, 2 

and 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2. 3la) 

( 2. 3lb) 
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we obtain 

with no hyperplane dependence. The Klein-Gordon wave function is locally Lorentz 

invariant. Combining (2.20) with (2.28) we find 

(2.33) 

where 

K (x1 -r) (2.34) 

Similar but more complicated expressions yield ¢(x 1 ,x 0 ) in terms of an integral 

over ~(r,8,T) for any given (8,T). 

Thus, for free particles, all of the ~(r;8,T) contain no more information 

than is contained in the locally Lorentz invariant ¢(x1 ,x 0 ). Consequently 

no violations of causality are contained in the hyperplane formalism for free 

particles. The advantage provided by the ~(r;8,T) is a more direct representation 

of spatial localization of the particle on a hyperplane. 

no direct representation of position probability amplitudes. A further advantage 

of ~(r;8,T), the really significant advantage, is the possibility of simply 

describing large classes of interactions with external forces without generating 

the Klein paradox of negative energy admixture. We will see such interactions 

in the next section. 

Of course, we must remember, since the motivation for introducing hyperplane 

dependent state functions was the need to develop a relativistic quantum theory 

of measurement, a unique Klein-Gordon wave function cannot account for the 

results of performing space-like separated measurements. 
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3 · PARTICLE INTERACTING WITH EXTERNAL POTENTIALS 

It is trivial to extend the previous treatment to two non-interacting 

free particles. The three space-time symmetry generators ~, ~ and ~ are simply 

the sums of the corresponding generators for the individual particles. If 

interactions are then introduced between the particles, in such a way as to leave 

the two particle system a closed system, we find, as has been mentioned before, 

that H and N must acquire interaction dependent parts. Designating the single 

particle generators by k1 , ~ 2 , B1 , h 2 and n1 , n2 respectively, so that in the 

absence of interaction we have, 

~ (8) k 1 (8) + k 1 ( 8) - K(O) (8) (3.la) 

H (8) = B C8> + B2 C8> - ~(o} (A) 
1 (3 .lb) 

"' "' "' Nco> N n1 + n2 - (3.lc) 

when we turn on interactions we find 

f<C8J ~l (8,T) + k 2 (8,T) ( 3. 2a) 

(3. 2b) 

(3.2c) 

Covariance under the 1 + 1 inhomogeneous Lorentz group requires 

0 [K, uJ -ih v (3. 3a) 

and 

0 (3.3b) 

If the global position operators Q(8,T), Q(o) (8,T) are introduced via 

N - Q:H - TK (3. 4) 
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with 

(3. 5) 

then we can write 

0 = C/:~ + l:. (3. 6a) 

where 

(3. 6b) 

In what follows we will confine our remarks to the case in which 6 = 0 or 

Q = Q(o). In that case we can show that the most general form Vmay have is given by 

A 

v .J H. ( 0) 2 + ~2 A ( 0) 
H 

(3. 7) 

where M is an effective mass operator for the two particle system. g can depend 

· · · · · ~ and A( 0 ) only on relat1ve pos1t1on and momentum observables wh1ch commute w1th K ~ 

and satisfy canonical commutation relations among themselves. One possible 

choice of such observables is given by 

p -
(h1h2- k1k2)2h1h2 

mim~ (h 1 + n2 ) 

for the relative position and 

x -
h k - h k 

2 1 1 2 

h h - k k 
1 2 1 2 

for the relative momentum. For completeness we note that 

(3. 8a) 

(3. 8b) 

(3.9) 

The effective mass squared, M2 , then, can be any non-negative function of p 
A 

and X 
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Because of the complicated structure of P and X it is rather difficult to 

transcribe the behaviour of a two particle system expressed in terms of~, ~(o), 

X and Pinto the observables R1 ,R 2 ,q 1 and q2 • Consequently we will simplify 

once again by considering the limiting case in which one of the particles 

acquires infinite mass and is at rest at the spatial origin of coordinates in 

some frame. We then examine the surviving equations of hyperplane dependence 

for the state function of the second particle. Working in momentum space and 

denoting the eigenvalue of the particle hyperplane momentum by A, 

(3 .10) 

we obtain in the proposed limit: 

i11 ddT 1J! o.. ; e , T) (3 .lla) 

(3.llb) 

where v and u are 8,T dependent operators (with respect to A) satisfying certain 

constraints. 

First u must be related to v by 

u -T tanh 8 v ( 3. 12) 

in that frame in which the infinite mass particle is at q = 0 on 8 = 0 hyper-

planes. In that same frame the location of the infinite mass particle in terms 

of the coordinates on e , 0 hyperplanes is given by 

q(8,T) = -T tanh 8 (3.13) 

The transformation to other inertial frames of the relation between U and V 

will be considered later. Second, in this same frame, the rest frame of the 
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infinite mass particle, the general form of v is 

v (3.14) 

where 

,\(8) = (cosh 8) A+ (sinh 8) /m 2 + ,\ 2 (_3 .15) 

and g is an arbitrary function of two variables. 

It is worth mentioning that if we forget for the moment the infinite mass 

limit that yields these results we can still understand (3.14) as a solution of 

the consistency problem posed by (3 .11) and ( 3 .12) . In other words (3 .14) enables 

one to satisfy the integrability requirement 

(3.16) 

We surmise that {3.14) is the most general solution to (3.16) in the presence 

of (3 .12) . 

The transformation properties of all these quantities and relations under 

inhomogeneous Lorentz transformations, 

X ' 

are given by 

A.' = n'lJE k'v 
j.l\) 

q' (8' ,T') q(8,T) +(cosh 8')a 1 - (sinh 8')a 0 

(3.17a) 

(3 .17b) 

(3. 18a) 

(3.18b) 
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el e + a (3.18c) 

T+ (cosh 8 1 )a 0 - (sinh 8 1 )a 1 
(3 .18d) 

1/J I <A ; e I I T 1 ) 

i 0 - ~ A [(cosh e I) a 1 - (sinh e I) a l 
1jJ(AI8 1 T)e (3.19a) 

tli aaTI 1/J I <A ; e I 'F > { v'm z + >..2 + v I } 1/J I <A ; e I IT I > (3.19b) 

• -r:: a ,,, I (' e I I) { ·...:: /. :l + A 2 a - '.,.I + ul 1J ,,, I ( i ,· e I I"') in w 't' II; IT ~Il vm ax II L 't' II L (3.19c) 

where 

u 1 = q' (8' ,T')v' (3.20a) 

and 

v'= (3.20b) 

To confirm the consistency of these transformations it is essential to pay 

heed to the relations 

(3. 2la) 

(3.2lb) 

Now, let us consider solutions of these equations. We are not going to 

consider solutions to specific cases in detail. Instead we will focus on the 

general question of the relation between the solution of the T evolution equation 

(3.lla), for e = 0 and the solution to both evolution equations (3.1.1), for 

arbitrary 8. We find the relation to be kinematical. 
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In other words if ~(A;O,T) is a solution, for all T of (3.lla) with 

e 0, in the rest frame o£ the infinite mass particle, then 

i 

r J 
n h tanh e 

~(A;6,T):: ~'A(6);0, cos~ e e 

is a solution to both (3.lla) and (3.llb) for all e and T, in the same frame. This 

kinematical relationship which does not depend on the form of the function g 

occurring in (3.14) has a simple geometrical interpretation. First of all, it 

relates state functions on the two hyperplanes 

ce, T) 

or, put another way, it relates state functions on instantaneous hyperplanes 

(O,T 0 ) to state functions on the tilted hyperplanes 

(6,T T 0 cosh 6) 

Any two such hyperplanes intersect on the time axis of the reference frame 

i.e. on the world-line of the infinite ~particle. Furthermore the relation-

ship asserted, being independent of the nature of the interaction, i.e., of the 

function g in (3.14), must be the relationship existing between free particle 

state functions for such pairs of hyperplanes. And it is! 

We therefore have the general result that for any fixed 6 the dynamical 

evolution, in T, of the state function is given by (3.lla) and for any fixed T 

the dynamical evolution, in e, of the state function is given by (3.llb) and 

these two forms of evolution occur in such a way that for any two hyperplanes 

intersecting on the world line of the infinite mass particle (which may be 

thought of as "carrying" the interaction) the relationship between the state 

functions is the same as for free particle state functions. Put this way, 
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the assertion remains true in arbitrary inertial frames, i.e., including those 

frames in which the infinite mass particle is not at rest. 

This surprising result opens up a whole field of investigation of the 

properties of specific solutions in the presence of particular types of inter

actions. Also the generalization of these results to 2 + 1 and 3 + 1 space-

time dimensions is of great interest. Such investigations are under way. For 

the present, however, we are reminded that our initial motivation for developing 

the formalism was to be able to accommodate some peculiarities of quantum measure

ments in the relativistic domain. For that purpose we need only remark here that 

for free particles a hyperplane dependent state function that is sharply confined 

to a bounded region of space on one hyperplane is not so confined on any hyper

plane intersecting the first. In fact on such intersecting hyperplanes the 

particle position observable may yield arbitrarity large values, upon measure

ment, with non-vanishing probability. This is relevant for us since the kine

matical relation we have found to prevail in the presence of interactions of the 

type we have considered must yield a similar result. In particular, if the 

interaction carried by our stationary infinite mass particle is such as to 

confine the particle position on instantaneous hyperplanes to a bounded region, 

to a box, let us say, then on hyperplanes intersecting the instantaneous ones 

the particle position will never be similarly confined. 



LECTURE IV 

RESOLVING SOME PARADOXES OF RELATIVISTIC QUANTUM MEASUREMENT THEORY 

1. 

2. 

3. 

STATEMENT OF THE PARADOXES 

SOME PROPOSED RESOLUTIONS OF THE PARADOXES 

RESOLUTION OF THE PARADOXES VIA HYPERPLANE DEPENDENCE . 

1 

7 

10 





1. STATEMENT OF THE PARADOXES 

All of the paradoxes we will consider involve causality violations, 

either effects preceding causes or multiple causes having space-like separated 

effects so as to render ambiguous and noncovariant the description of temporal 

evolution of systems. All of the paradoxes we will consider are paraphrases 

rather than exact reproductions of paradoxes that have appeared in the literature. 

The purpose of the paraphrasing is to focus on the essential points and the 

solution we propose in §3 will handle the original paradox as well as our para

phrase. The sequence of paradoxes chosen proceeds from those in which the 

difficulty emerges upon comparing the descriptions of events from several 

different ilmertial frames to those in which the difficulty arises from the 

evolution occurring in a single frame. This distinction, however, while useful, 

is not sharp. 

We begin with an account of the kind of problems pointed out by Bloch. 1 

This is a slight elaboration of a point already made in our second lecture, §4. 

We consider two measurements, performed on a one particle system, and employing 

bounded mutually space-like separated regions of interaction between the apparatus 

and the system (see Fig. 1). The state of the system will be described by the 

position representation state function, ~(x,t). We ask for an evaluation of 

this state function at a space-time point, P, lying outside the interaction 

regions but on a space-like line which passes through each region. From the 

geometry there exists a frame of references in which the space-like line is 

instantaneous and thus the point, P, is simultaneous with points inside both 

interaction regions. In other words the measu:r.rments are in progress at the 

moment of P. Thus we do not expect a definite ~fx 0 ,t 0 ) to exist, since the 

system is coupled to the apparatus at t 0 • There also exists a frame of 

reference, however, in which one of the measurement regions, R1 say, is wholly 

earlier than the other. In this frame, the point, P, with coordinates x~,t~ 
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lies after the R1 measurement has been completed and before the R2 measurement 

has begun. Consequently 1/J' (x~,t~) should exist as a well defined state function 

value, which will depend on the result of the R1 measurement but not on the 

result of the R2 measurement. Finally, there is also a frame of reference in 

which R2 is wholly earlier than R1 , in which P, with coordinates x~',t~' lies 

after R2 and before R1 and in which 1/J"(x~',t~') should be well defined and 

depend on the result of the R2 measurement but not depend on the result of the 

R1 measurement. 

of one another since they are coordinates :'for the same space-time point. Similarly 

the state functions l/J(x 0 ,t 0), 1/J'(x~,t~), and 1/J"(x~',t~') should be Lorentz 

group representation transforms of one another. But they can not be since 1/1" 

depends on the R2 result only, 1/J' depends on the R1 result only, and 1/J doesn't 

exist at all! 

For the second paradox we turn to Aharonov and Albert. 2 This paradox can 

be regarded as a special case of the former in which we obtain a violation of 

a conservation law as well! We consider a single particle system trapped in a 

double well potential with probability 1/2 for finding the particle in either 

well (see Fig. 2). For simplicity we assume infinite potential well depth to 

obtain total entrapment of the state function. At t = t 0 we perform a measure-

ment to determine which well the particle is in. Assuming the particle carries 

a unit of electric charge the expectation value of the charge will be 1/2 e for 

each well before the measurement and 0 or e for each well after the measurement. 

We regard the measurement as being instantaneous but if this troubles the 

reader it is sufficient to place the wells far enough apart spatially so that 

the interaction region intersects the different wells in wholly space-like 

separated regions. This being the case, there will then exist frames of 

reference in which each of the intersections just mentioned will be wholly 

earlier or later than the other. In such frames the particle will be found 
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to be in one well with probability unity either before or after the probability 

for finding it in the other well changes from 1/2. Aside from the temporary 

violation of the conservation of probability this would also yield an expectation 

value of total electric charge either greater or less than e respectively, until 

both well probabilities had changed, thus temporarily violating charge conservation 

as well! 

3 
The third paradox is also presented by Aharonov and Albert though they 

recognize its origins in early work by Landau and Peierls. 4 In this case we 

have a single particle again prepared in a state approximating a momentum eigen-

state. Consequently the initial position probability distribution is uniformly 

distributed over as large a spatial region as we like (see Fig. 3). Upon making 

an "instantaneous" position measurement (of finite resolution) the position 

probability distribution will collapse into the resolution region of the measure-

ment. Subsequently, if the particle is free, one might expect the probability 

distribution to spread fast enough to fill the light cone envelope of the initial 

resolution region. Be that as it may the spatially extended instantaneous 

collapse of the state function, will, when assessed from a relatively moving 

frame of reference, have the character of collapse along a space-like hyperplane 

tilted with respect to the new frame's time axis. Thus, from the standpoint 

of this new frame, there will exist distant points of space where one may 

still find the particle immediately after the original position measurement 

was made. Among other things, it seems there will be times when the total 

probability for finding the particle anywhere would differ from unity. 

If we reverse the sequence of states due to measurements we can obtain 

a version of the original Landau-Peierls4 argument against the general 

possibility of arbitrarily precise momentum measurements. Consider a single 
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particle system that has been prepared in an approximate position eigen-

state with position uncertainty 6x 0 at t = t 0 • At a later time, t 0 + ot, 

we measure the momentum with resolution 6p. The position uncertainty that 

must result from this momentum measurement must, by the Heisenberg uncertainty 

principle, satisfy 

But a measurement is an interaction and relativity theory prohibits any inter-

action from producing position displacements involving speeds in excess of 

that of light. 5 Consequently 6x couldn't possibly exceed 6x 0 +cot 

Therefore, 

6x ::; 6x + cot 
0 

6p > 
6x + cot 

0 

and we are prohibited from making arbitrarily precise momentum measurements at 

any finite time unless the original 6x = 00 ! 
0 

Next we consider the expectation value of a particle position coordinate 

and its time dependence. 

+ J + A-+ +.6 
<x(t)>- d 3 x(~*(x,t)L~(x,t))x 

This defines a world-line in space-time and we can transform this world-line 

to another reference frame via 

<xi (t') >, 
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This transformation relates two descriptions of the same world-line. Another 

approach would be to transform the state function 

-+ -+ 
ljJ(x,t)-+ ljJ'(x',t') 

where 

i' Ai j i 
X ,X + A0ct 

J 

ct' 11. 0xj + A0ct 
J 0 

and then calculate 

For all the state functions that have been usedinrelativistic quantum theory, 

Klein-Gordon, Dirac, Foldy-Wouthuysen, Newton-Wigner, Duffin-Kemmar, Bargmann-

Wigner,etc. one finds, in general 

-+ -+ 
<x'(t')> '1- <x(t')>' 

The world lines of the expectation values of position observables are not 

invariant! 7 (see Fig. 4). The situation is worse yet. 
-+ 

Suppose l)J-+ (x,t 0 ) is a 
xo 

Newton-Wigner state function for a position eigenstate . -+ 
at time t 0 with e1genvalue x 0 • 

-+ 
Now transform ljJ-+ (x,t 0 ) to another frame via a homogeneous Lorentz transformation 

xa 
-+ 

about the space-time point (x 0 ,t 0 ) i.e., leaving that space-time point invariant. 

The transformed state function will not be a position eigenfunction at all for the 

-+ 8 
observable x(t 0 ). In general, Lorentz transforms of position eigenstates at a 

definite time are not position eigenstate at any definite time! 
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Both these apparent violations of Lorentz covariance for position 

expectation values and position eigenvectors as well as the preceding problems 

with attempts to localize approximate momentum eigenstates etc. are further 

aggravated when one considers that straightforward calculation shows that 

positive energy position probability amplitudes display space-like dispersion9 

even when they are not initially confined to compact support. 10 See Fig. 5. 

It appears that, notwithstanding covariant transformation rules for 

calculating state functions in distinct frames of reference, the evolution of 

even free particle state functions and the changes suffered by state functions 

as a result of measurements are not compatible with the classical conceptions 

of relativistic causality. This surprises us since it seems that relativistic 

causality is so deeply ingrained in the structure of relativity theory that 

any theory built to display relativistic covariance, as relativistic quantum 

theory has been, would automatically display relativistic causality. 
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2. SOME PROPOSED RESOLUTIONS OF THE PARADOXES 

Some of the foregoing paradoxes were recognized many years ago and some 

proposals for dealing with them were presented some years ago. In 1970 

Hellwig and Krause, 11 simplifying an earlier suggestion of Schleider, 12 

13 
proposed that state vector collapse, from a measurement involving a space-

time interaction region R, occur along the backward light-cone envelope of 

R (see Fig. 6a). Since the light-cone envelope of a space-time region, forwards 

or backwards, has the same description in any reference frame this proposal 

clearly yields Lorentz invariant results. There are subtleties that must be 

considered when sets of space-like and time-like separated measurement regions 

are dealt with (see Fig. 6b) but Hellwig and Krause establish consistency 

in these cases. Their discussion of these matters is analogous to our discussion 

towards the end cif §4 of Lecture 2. 

A difficulty with the Hellwig-Krause proposal, as pointed out by Aharonov 

and Albert, is that it renders impossible many measurements in the presence 

of global conservation laws. Thus the paradox of the charged particle in the 

double well can be generated by a measurement that only interacts with one of 

the wells. Determination of the location of the particle in this manner, using 

the Hellwig-Krause proposal, will appartently violate charge and probability 

conservation in all frames (see Fig. 7). 

More generally, the Hellwig-Krause scheme seems incompatible with the 

performance of local measurements on systems prepared in highly non-local states, 

such as momentum eigenstates. Thus the measurement of a projection operator for 

locating the particle in a spatial region, D, of bounded support, at some 

time t 0 yields a state function collapse, whether the result is l or 0, which 

is incompatible with preparation in a momentum eigenstate before t 0 (see Fi.g. 8). 
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Nor does Hellwig-Krause's assertion of the conventionality of the backward 

light-cone content seem compatible with the possibility of confirming the 

momentum eigenstate character repeatedly until just prior to the measure-

ment of the position projection operator. 

The possibility of carrying out essentially instantaneous measurements 

of non-local observables such as momentum and spin using spatially bounded 

interaction regions, at least in state specific ways, was a principle result 

2, 3 . . 
of the papers of Aharonov and Albert. When combined w1th the1r awareness 

of the difficulties pointed out by Bloch, which we have alluded to, and the 

inadequacy of the Hellwig-Krause scheme to handle these problems in the presence 

of non-local observables, Aharonov and Albert at first proposed abandoning the 

whole state function-state vector formalism of quantum theory in the relativistic 

domain. They argued that even in the absence of any such formalism the invariant 

calculation of probabilities for thoroughly specified results was still possible. 

While we are not in a position to refute this latter assertion, it seems likely 

that many such calculations would become formidably more difficult in the absence 

of an articulated principle of superposition, which is what the state-vector 

formalism allows. Furthermore, if the probabilities that can be calculated 

continue to display the characteristic interference phenomena of quantum theory, 

and no one has suggested otherwise, then the search for some form of state-

vector formalism compatible with Lorentz covariance would seem warranted and 

likely to succeed. 
14 Subsequently Aharonov and Albert proposed a conception 

of states associated with and suffering measurement reductions on space-like 

hypersurfaces. The state vector formalism developed here in the preceding 

lectures is in the spirit of that proposal and its capacity for resolving the 

paradoxes will be indicated in the next section. 
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Before turning to the next section we will consider a suggestion, developed 

. d k. d 15 1nto a program, propose by Prugovec 1 an collaborators. This program, 

sometimes called Stochastic Quantum Mechanics by Prugovecki, is based on the 

hypothesis that the proper basis for both relativistc and non-relativistic 

quantum theory is provided by a formalism employing state functions over phase 

space rather than configuration space and treating all quantum theoretic 

observables as Stochastic variables. A great deal of work has been done on 

this program and the results obtained thus far are both interesting and deserving 

of further study. We disagree, however, with the frequent claim made by 

Prugovecki and his collaborators that a strong motivation for their efforts is 

the incompatibility of localizability in quantum theory with Lorentz covariance. 

The position taken here, of course, is that the asserted incompatibility does 

not exist. It is claimed to exist on the basis of too narrow a conception of 

measurement and, consequently, of Lorentz covariance in the context of quantum 

phenomena. Consequently the exploration of formalisms assuming localizability 

is in order. 
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3. RESOLUTION OF THE PARADOXES VIA HYPERPLANE DEPENDENCE 

In the hyperplane dependent formalism developed in the preceding lectures 

the Bloch paradox, represented in Fig. 1 is resolved by recognizing that the 

position representation state functions in the three frames should not, in 

general, be related by kinematical transformations depending only on the 

reference frames involved. The state functions in question yield the probability 

amplitudes for the position oftheparticle at a definite time in each reference 

frame. Such probability amplitudes can be empirically corroborated only by 

apparatus which in effect, searches space for the particle at a definite time. 

But in three relatively moving frames of reference such searches entail three 

16 distinct and, in fact, incompatible experimental arrangements. When assessed 

from a single frame of reference, which the hyperplane dependent formalism 

permits, the three types of experiment constitute searches for the particle 

coordinate over three differently oriented hyperplanes all of which contain the 

space-time point, P. In keeping with Bohr's insistence on the need to take 

into account the whole experimental set up in order to see the consistency 

17 in the predictions of quantum theory, we argue that the three, mutually 

incompatible, experimental arrangements required for conducting the particle 

search on three distinct hyperplanes removes all a-priori reason for expecting 

a simple kinematical relationship to hold between the results of such searches. 

The relationships that hold between the probability amplitudes will depend on 

dynamical circumstances as well. In the case at issue one of the searches 18 

yields results not describable in terms of a state function at all since the 

hyperplane being searched passes through regions of interaction with other 

apparatus. On that hyperplane the system has no definite state vector. 

For the Aharonov-Albert paradox involving determination of which of two 

potential wells contains a charged particle we have once again to deal with 
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observations carried out over differently oriented hyperplanes. Again the 

problem emerges from assuming too simple a relationship between these 

observations . In fact, we saw in lecture 3 that for a class of potentials 

in 1-+ 1 space-time dimension, confinement by a potential on instantaneous 

hyperplanes was incompatible with con£inement on hyperplanes of different 

orientation if Lorentz covariance of the theory was demanded. Thus, if the 

double well potential con£ines at definite times in its rest frame, we may 

expect moving observers to corroborate confinement only on those hyperplanes 

that are instantaneous in the double well rest frame. On their own instantaneous 

hyperplanes the particle will always be detectable outside both wells with a 

£inite probability. Thus the makings of the paradox are removed. 

The reader may find this hyperplane dependence of confinement even more 

paradoxical than the original but, while admitedly bizarre, it is not paradoxical 

at all. In the first place, arguing by analogy with the results of Lecture 3, 

particularly eq. (3.14) of that Lecture, we see that a potential that is 

static on instantaneous hyperplanes acquires, necessarily, momentum dependence 

on tilted hyperplanes. Consequently, if the instantaneous hyperplane potential 

is confining, the tiilted hyperplane potential will confine in some composite 

variable involving both position and momentum. Thus position alone is not 

confined and will leak out beyond the walls of the instantaneous potential well. 

In the second place, the hyperplane dependence of con£inement is strictly 

counterintuitive only if one rigidly adheres to a structureless point picture 

of the particle in question. Since the position probability leaking on tilted 

hyperplanes can be shown to be exponentially damped with the exponent proportional 

. 19 
to the mass of the part1cle one may take hyperplane dependence of confine-

ment as evidence of spatial extension of the particle. This extension, however, 
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is not simply related to internal structure traditionally said to be elicited 

by scattering experiments; as in the quark structure of hadrons. Nor is 

the absence of evidence of such structure for leptons evidence against the kind 

of extension suggested here. The safest tack, of course is to forego such 

semi-classical pictures which presume prior existence of measured properties and 

. f . ff' 1 . 20 are notorJ.ous sources o conceptual dJ. J.cu t.~es. 

The third paradox in §1 is accounted for by considerations identical to the 

foregoing augmented by the recognition that instantaneously confined position 

representation state functions do not subsequently remain confined within a 

9 
future light-cone envelope but in fact spread instantly to all points of space. 

This space-like spreading, illustrated in Lecture 3, §2, and shown there to be 

compatible with formal Lorentz covariance, does not constitute a violation of 

causality since it cannot result in influencing the past, as one at first expects, 

when the hyperplane dependence is taken into account. Because of the kinematical 

relationship displayed in Lecture 3 between certain pairs of hyperplanes of 

distinct orientation we find that space-like spreading on one hyperplane 

orientation is invariably accompanied by already existing wide-spread distribution 

for other hyperplane orientations. 

In this connection it should be remembered that the classical proof of the 

impossibility of space-like displacement of particle positions depends on the 

possibility of identifying, for every point on the particles world-line, a 

momentary rest frame with the particle at the origin of c0ordinates. Comparison 

of these momentary rest frames with all possible inertial frames via the family 

of Lorentz transformations then yields the prescription against space-like 

displacement. In quantum theory, however, thE, momentary rest frames with the 

particle precisely located in them, do not exist as they violate the Heisenberg 

uncertainty relation. Thus the classical derivation collapses. 
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The Landau-Peierls like limitation on momentum measurements is easily 

disposed of since the preceding discussion removes the inequality, ~X ~ ~XO + cot, 

on which the limitation rested. 

In the hyperplane dependent formalism the existence of frame dependent 

rather than invariant, world line expectation values is reformulated as hyper

plane dependence of the world lines.18 In the case of free particles this 

dependence is clearly a consequence of quantum fluctuations since the free 

particle hyperplane dependent position operator, q(8,T), from Lecture 3, satisfies 

a§ ce, T) 
T + ae = 

" . aq.ce,T> 
q(6,T): dT 

which is the operator valued version of the invariant world line condition. 7 

The non-linear character of the right hand side makes it impossible for the 

expectation value, <q(6,T)>, to satisfy the analogous c-number equation. For 

the more general case of particles in a potential the invariant world line 

condition is not usually satisfied as an operator equation. One can get a 

semi-intuitive grasp of this by again invoking the extended particle notion. 

If the position observable is thought of as an average position within the 

particles spatially extended world tube then averaging over differently oriented 

hyperplanes may be expected to yield distinct world lines (see Fig. 9) .18 

As for the tran-sformation properties of position eigenstates all that need 

be added is that a position eigenstate for ~ given hyperplane in one frame 

transforms kinematically into a position eigenstate for that ~ hyperplane 

as viewed from the transformed reference frame. It is only when one attempts 

to relate states in different frames which refer to distinct hyperplanes that 

precise localization, among other things, are lost. 
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The last "paradox" of §1, superluminal dispersion from a region of 

localization is obviously accounted for by the preceding remarks. 

In closing let me say that it is clearly not obvious that nature actually 

follows the prescriptions suggested here. She very well may not. Many of the 

results have been rather bizarre. The important point, nevertheless, is that, 

however bizarre, these results and the hyperplane dependent formalism are 

compatible with the requirement of Lorentz covariance at the quantum mechanical 

level and seem to permit the formulation of a coherent Lorentz invariant 

quantum theory of measurement. Furthermore, it is a formulation involving a 

minimal modification of non-relativistic quantum theory. It incorporates, 

manifest Lorentz covariance, the superposition principle, the uncertainty 

principle and replaces measurement at a definite time with measurement on a 

definite space-like hyperplane. 
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