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Turbulence Represented by Eddies

Description of turbulence modeled by  
quasi-wavelets (Wilson et al, JASA 

2004)
Turbulent Energy Spectrum



• Vortex scattering vs. Lighthill analogy
• Scaling law for single vortex, small core relative to 

the acoustic wavelength (Born limit) studied in the 
literature

• This study: 
• Linearized Euler FDTD with high-order WENO for 

convection and PML for boundaries
• Single-vortex scaling validated for Mach number and 

distance
• Vortex dipole with different Mach numbers and sizes
• 3D Hill’s vortex

Introduction
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• The linearized Euler sound propagation equations
(in air):

where

Acoustic Scattering Model Equations

4



• Under the conditions: low ambient flow Mach 
number; small acoustic velocity in comparison to 
the ambient velocity

• Effect of vortex scattering considered as an 
acoustic source 

where

Acoustic Analogy Equation
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• Velocity decay rate with distance in the source term 
affects convergence of the integration

• For example, for a single vortex with a finite 
circulation,        ; for a vortex dipole,          ; for Hill’s 
vortex, 

where

Refraction Effect of Velocity by Vortices 
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• Second-order central difference in time 
• Fifth order WENO scheme applied for the 

convection terms: 

• PMLs (Hu, JCP 1996, 2005), i.e., porous 
absorbing layers, used on the free-
propagation boundaries

Numerical Scheme

References: 
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• Colonius, Lele, and Moin (JFM, 1994)

Plane wave  sound source:                          with frequency                  

The  wave length                                

The vortex length scale: 

Single Vortex
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Sound Wave Scattering around a Single Vortex 

Vortex center at (10, 80)m, 
Mach number 0.25 



Comparison with Colonius et al. (1994)
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• Scaling with 

For the same distance (r2.5 in this case) at low Mach number, the curve 
appears to scale with , but not at high Mach number

Scaled RMS Pressure for Single Vortex Scattering
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• Scaling with distance r

At the same M, the curves do NOT scale with 1/r1/2 and the peak scattering 
values do NOT decay with distance from the vortex center

Scaled RMS Pressure for Single Vortex Scattering
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Single Vortex with Exponentially-Decay Circulation
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At the same M, the curves scale with 1/r1/2 except at a close 
distance r



Sound Wave Scattering around a Single Vortex 
with decayed circulation

Vortex center at (10, 80)m, 
Mach number 0.25 



Vortex Dipole: Orientation and size
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Mach=0.5, =90

Scattering by a Vortex Dipole
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Scaled RMS Pressure, M-Effect
(=90, d=2m, m, r=50m )

• Low M scales, high M does not
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M=0.0625, ε=0.14 M=0.5, ε=1.1

Scaled RMS Pressure, r-Effect
(=90, d=2m, m )

• Scale well with the distance, even at a high M number
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d=4m

Scaled RMS Pressure, different d, r-Effect
(=90, m, M=0.0625 )

• Scale well with the distance until very large d (including 
high M, although the results not shown here)

d=8m

d=16m
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Scattering by Hill’s Vortex
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Scaled RMS Pressure, r-Effect by Hill’s Vortex

• Scale with the distance as 1/r, particularly well around 
the propagation direction 21



Conclusion
• The numerical solutions show good agreement 

with the analytical solution and literature data
• For single vortex:

• Scattering effect scaled with Mach number
• Not scaled with distance           , unless the circulation 

decays fast to zero 
• For vortex dipole:

• The scaling law for the dipole strength applies to the low 
Mach-number

• The           scaling valid, even for dipoles at high Mach 
number and with size comparable or larger than the 
acoustic wave length

• For 3D Hill’s vortex:
• Scaled very well with

1/ r
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