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Abstract

A massively parallel solver for the Navier-Stokes
equations is presented. The solution is achieved ex-
plicitly by marching the time dependent Navier-Stokes
equations using the four stage Runge-Kutta method.
Roe’s approximate Riemann solver is used to upwind
the fluxes. The code uses unstructured grids with
hexagonal, prismatic or tetrahedral cells. The algorithm
includes a directional adaption capability according to
momenium gradients. The computational results show
good agreement with the exact solution of a laminar
boundary layer even in cases where relatively few cells
are allocated in the viscous region. Good agreement is
also obtained with transonic flow over over a two di-
mensicnal airfoil and a three dimensional delta wing.

1 Introduction

The advances in computational fluid dynamics {CFD)
combined with the increased availability of computers
means CFD will play a major role in the future design of
aircraft. Using CFD asg part of the design cycle reduces
the the risk and design time, and opens new design op-
tions.

The complexity of the configurations, as well the
harsh flow regimes for modern aircraft increases the de-
mand on new computers. Currently the performance
of conventional vector machines is leveling off and in-
troduction of new versions of these machines results in
only modest improvement in performance.
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A breakthrough in computer performance is possible,
as has been demonstrated in the last years [1], by using
the massively parallel machines [2]. Massively parallel
computers use very large number of processors operat-
ing simultaneously in either SIMD (Single Instruction
Multiple Data), MIMD (Multiple Instruction Multiple
Data) or a combination of the two.

The availability of massively parallel machines in the
market created a need for software which is capable
of taking advantage of the new technology. Several
problems arise when an efficient implementation on a
massively parallel machine is sought. The most time
consuming part of a massively parallel computation is
the interprocessor communication rather than floating
point operations [3]. An effort must be directed, thus,
to more efficient communication. An efficient treatment
of boundary conditions is mandatory in massively par-
allel applications. Typically only a small portion of the
processors are active during boundary conditions im-
plementation while the rest are idle. This causes the
process to be inefficient, and can significantly decrease
the advantage of using massively parallel machines.

A large part of the total turnaround time, for a typi-
cal complex geometry computation, is dedicated to grid
generation. Efficient conventional structured grid gen-
eration for a complex geometry can be very laborious
and time consuming. Such grids have to be orthogonal
and the domain discretization has to comply with the
flow field characteristics {boundary layers, shock waves
etc.). Consequently the generation time of a conven-
tional grid for a complex geometry can be sometimes
as much as months. Furthermore, it is very difficult
to simulate the fine details of the configuration using
conventional grids.

On the other hand unstructured grids are much more



flexible in simulating complex geometries. The orthog-
onality requirement is relaxed in such grids and these
grids do not have to be mapped into a rectangular com-
putational space. In addition, unstructured grids can
be adapted much easier then the conventional ones.
These features make unstructured grids very attractive
for CFD for complex geometries. The generation of un-
structured grids can be done without much effort using
commercially available software such as IDEAS or PA-
TRAN, for mildly complex configurations, or dedicated
software {i.e. [4], [5]) for more complicated geometries.

The current work presents a development of a mas-
sively parallel solver for the compressible, viscous flow
over complex geometries. Section 2 describes the main
features of the algorithm. The implementation on a
massively parallel machine (CM-200) is discussed in sec-
tion 3 and the grid adaption is described in section 4.
Some results are given in section 5, and a performance
summary is provided in section 6.

2 Algorithm

Discretization of the

equations

2.1 governing

The solution algorithm is based on marching the time
dependent Navier-Stokes equations from a given initial
flow to a steady state. The governing equations are
written in a control volume representation:

%f/fvwvszsﬁ.ﬁds

The dependent variable vector, U, consists of density,
three components of momentum and total energy. The
flux vector, F includes the three components of both
inviseid and viscous contributions.

Discretization of the governing equation is done by
taking the average values of U in the space discretiza-
tion cell and average fluxes through its faces. The av-
eraging leads to the approximated equation for the cell
¢ surrounded by N faces:

(1)
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where U, is the cell averaged state vector, f;, is the face
averaged flux vector and #g, S; are the unit normal and
the area of the face k.

2.2 Computational grid

The flowfield is discretized into an unstructured assem-
bly of three dimensional cells. The program supports

hexagonal, tetrahedral and prismatic cells, or any com-
bination of the three.

The discretization scheme, as presented in Equation
2, requires two different data sets: cell based (the state
vector U, for example) and face based (the fluxes F).
The connectivity between the two sets consists of two
face based address arrays pointing to the two cells on
the “left” and on the “right” of each face. The definition
of left and right is associated with the direction of the
face normal such that it points from the “left” cell to
the “right” (Figure 1).
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Figure 1: face to cell distances

2.3 Time integration

The temporal discretization of Equation 2 results in:
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The time stepping is performed using a four stage
Runge-Kutta scheme. The scheme used here is a full
fourth order scheme given by:
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The complete fourth order scheme has been chosen

over the compact form suggested by Jameson and Baker
[6] since it gives a higher convergence rate as shown in
Figure 2.

where
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Figure 2: comparison between the full 4th order Runge-
Kutta schemne and the compact one

The time step is calculated locally, based on the cell
size and the maximal value of the disturbance propaga-
tion speed from its faces. The local time stepping can
be switched off for time accurate computation. In such
cases the whole flowfield is marched forward using the
smallest time step found in the flow field.

2.4 Piecewise linear reconstruction

The flux calculation requires the evaluation of the state
vector at the faces. This is done by reconstructing a
cellwise linear spatial variation of state variables.

The ljnear reconstruction is done in two steps. First
a linearly interpolated state vector, U, is calculated at
the faces (see Figure 1):

® Uid‘r + del
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Next the cell centered gradients are calculated. The
gradients calculation is based on Gauss’ theorem:

f/LVUdV:f/SUﬁdS

When assurning a constant value of VU inside a given
cell, and using the face interpolated values of U*, the
cell centered gradients are obtained by:

(6)
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The cell centered gradients are used to evaluate the
face based state variables:

Uy = U, + (VU), - 67 (8)

where 87 1s the vector from the cell center to the face
center.

Evaluation of the state vector at the faces using the
linear reconstruction procedure would result, generally,
in two different values of U for each face, corresponding
to the “left” and “right” cells reconstructions. The sit-
uation, at this stage, resembles thus the Riemann prob-
lem in which a membrane, separating between two dif-
ferent states, bursts. The flux evaluation is modified
next by using Roe’s approximate Riemann solver [9],
consisting of upwind biasing the fluxes.

2.5 Upwind Biasing

The upwinding scheme is used to bias the relative weight
given o the two cells on both sides of a given face ac-
cording to the characteristic direction of the signal prop-
agation from the face:

Fy = [F(U) +F(U,) + by (9)

The face related bias is calculated by [10]:

by = [Ag|(T: — U,) (10)
where A; is an approximated face based Jacobian ma-
trix exhibiting Roe’s property [9]. A is calculated based
upon the density ratio weighting of the state vector in
the “left” and “right” cells (Roe averaging).

The matrix |Ag{ is obtained by decomposing the
approximated Jacobian into the eigenvalues and right
eigenvector matrices:

A =R7'AR (11)
and replacing the eigenvalue matrix , A, by |A| defined
as follows:

X, i=]j
Al=4 J 12
| "t {0, otherwise (12)
where X is given by:
5 - 1A 1Al = 26
A= {A2/46 + 3, otherwise (13)

Here 3 serves as a an eigenvalue limiter and its value
is taken in the range:

0.1<8<0.3 (14)

2.6 Boundary conditions

Application of boundary conditions on a massively par-
allel computer has to be carried out with maximum effi-
ciency. At the stage of boundary conditions implemen-
tation only a small portion of the cells are “active” (the
boundary cells) while the majority of the cells (interior



cells) are idle rendering the massively parallel code in-
efficient if not done properly.

The emphasis in boundary conditions application in
the present method is, thus, on simplicity which trans-
lates into essentially a “zero cpu time” requirement for
the stage at which only the boundary cells are active.
The “zero cpu time” stage is followed by upwind biasing
the boundary faces value. The upwinding is, however,
applied simultaneously to all the faces in the flow fleld
(boundary and interior) so it does not diminish the ef-
ficiency of the parallel process.

The implementation of the boundary condition is
done by constructing hypothetical ghost cells on the
outer sides of the boundaries. The values of the flow
properties in these ghost cells are determined by a sim-
ple substitution of the known values of the correspond-
ing boundary cell according to the type of boundary
under consideration:

¢ Solid boundary - opposite direction of momen-
tum, compared to the corresponding boundary cell,
and the same values of density and energy. Thisim-
plies zero momentum (velocity) on the solid bound-
ary and zero density and energy (pressure) gradi-
ents normal to the wall.

e Far field - undisturbed values of density, momen-
tum and energy are assigned to the ghost cells. It
is important to note that the application of the up-
wind biasing to this boundary renders the far field
boundary nonreflective.

e Out flow - the values of U assigned to the ghost
cells are equal the ones of the boundary cells zero-
ing the gradients normal to the outflow boundary.

e Symmetry plane - can be chosen along constant
x, ¥ or z. The ghost cell values consist of the same
scalar properties (density and energy) and mirrored
values of the momentum vector, as compared to the
boundary faces.

3 Massively parallel implemen-
tation

The code has been written in FORTRAN 90 and exe-
cuted on a data parallel machine {CM-200) and on the
CM-5. The cell related data (such as the values of U)
as well as the face related data (i.e. F) are distributed
among the virtual processors such that each processor
“represents” an individual cell or face. A single instruc-
tion applied to all cells (or faces) is being performed
simultaneously, reducing the total turnaround time.

SOURCE

GET

Figure 3: Schematic description of the GET instruction
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Figure 4: Schematic description of the SEND-WITH-
ADDS instruction

3.1 Communication and Data Transfer

The inter-processor communication is invoked to trans-
fer data between the cells and the faces. The communi-
cation is handled by the GET and SEND-WITH-ADDS
instructions which are responsible for getting the data
from the cells to the corresponding faces (GET - Fig-
ure 3) and collecting the sum of the data on the faces
surrounding a given cell into a cell related array (SEND-
WITH-ADDS - Figure 4).

The cell-faces communication path (ADDRESS array
in Figures 3 and 4) is established by LEFT and RIGHT
connectivity arrays (see Section 2.2). Using this type
of connectivity makes the code very flexible in terms
of the geometrical shape of the finite volume cells {all
faces around any polygonal cell would have exactly two
adjacent cell, regardless of the number of faces per cell).

4 Grid adaption

The computational grid in the current work can be
adapted according to the computed flow field. The grid
adaption enables starting a specific run with a relatively
coarse grid and then refining it in the high error regions,
reducing the overall error without paying the price of
running initially with a fine grid and a large number of
cells.



The grid adaption process consists of two main steps.
First the cells in which the error indicator is large
enough are flagged and then these cells are split, re-
fining the grid in the high error regions.

4.1 Error indicator evaluation

The error indicator chosen in this work is based on the
meomentum gradient normal to the faces. This indicator
gives better results then other variables proposed in the
literature (i. e. total stress {11} density [12] or entropy
gradients).

The advantage of using momentum gradients as an er-
ror indicator is twofold: first it is readily available in the
code (as a dependent flow variable) so no time needs to
be spent on its computation, and second, it “highlights”
the appropriate computational cells whether they reside
along a shock wave, inside a boundary layer or along a
free shear layer.

The momentum gradient is computed in the direction
normal to the faces by:

oV — oV,
di+dr

The distances d; and d, are defined in Figure 1.

Further modification to the error indicator egquation
is done by altering the power of the characteristic dis-
tance, d, in the right hand side of Equation 15. The
purpose of this is to give more weight to the yet unre-
fined cells in the flow field smoothing out the adaption
pattern. So the expression used to compute the momen-
tum gradients is:

Va (pffz) = A (pT—;') d*

where Ay = (-) — (-),. Experimenting with grid adap-
tion for different probiem types has shown that good
results (i.e. shock , as well as boundary layer captur-
ing) are obtained for k in the range:

Vo (pﬁ) o = (pﬁ - pﬁ) d? (18)

(16)

0.< k<04

The value for the error indicator is taken as the ab-
solute value of the vector quantity given in Equation

16: .
Valo?)| (17)

The error indicator threshold, above which the faces
flagged for adaption, is determined based on its distri-
bution density [13]. The threshold value is given by:

(18)

where F and og are the average value of the error indi-
cator and its standard deviation. The coefficient multi-
plying the standard deviation, v, is user defined.

F =

Ep=E+v(cg)
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Figure 5: Basic cell refinement procedure

4,2 Adaption procedure

The basic procedure of the grid refinement is described
in Figure 5. Bach face which has error indicator above
the threshold value causes its two corresponding cells
(left and right) to be split into two “halves”. As shown
in Figure 5, first the “right” cell is considered, the op-
posite to the flagged face is identified and new nodes are
added halfway between the nodes of the flagged face and
the opposite. The “new” cell’s geometry is calculated
and the “old” one’s is modified. The same procedure is
then repeated for the “left” cell. '

The scheme suggested here creates a directional adap-
tion pattern. The refined cells get stretched in the di-
rection normal to the flow gradients increasing the ac-
curacy and the resolution of the solution.

Special care is taken, during the grid adaption, to
maintain the smoothness of the grid. This is domne
by preventing the creation of multiply partial faces
(MPFs). An example of such faces is given in Figure
6. Faces f1 trough {4, in this figure, are multiply partial
when cell Cl in considered. Multiply partial faces make
the grid unsmooth and increase the complexity of the
adaption procedure.

Cl

|

Figure 8: an example of multiply partial faces



Figure 7: Schematic description of the adaption detour
path

In order to avold creation of MPFs the adaption pro-
cedure takes a “detour” whenever splitting a cell would
result in MPF. A schematic description of the detour
path is given in Figure 7.

An example of an adapted grid is given in Figure 8
which shows the adapted grid obtained after 900 time
steps for supersonic flow (M=2.5) over a sharp wedge
(Re = 10,000). As can be seen the grid is adapted
around the oblique shock wave and the boundary layer.
A closer look into the refined grid, Figure 8, shows the
nonisotropy of the adaption method used here. While
the refined boundary layer cells are highly stretched in
the flow direction the shock wave cell pattern is aligned
in the direction of the oblique shock.

0.112

0075 o

e 4

0053

0.000

Figure 8: flow on a wedge M—=2.5 - adapted grid

5 Results

5.1 Laminar boundary layer

This case was used to examine the interaction between
the grid shape and the viscous terms of the governing
equatlons.

Three level of grid fines have been used to perform
grid convergence. These grids consist of cell sizes of
0.25 (grid1), 0.17 (grid.) and 0.125 (grid3) of the local
thickness of the boundary layer at the location where
the results are presented (x = lm, 0.5m from the plate
leading edge). Slices of the three grids are presented
at Figure 9. The runs were performed at Mach=0.3,
Re=2,000 which results in boundary layer thickness of
approximately 0.1 at x=1.

115
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b. Grd 2 c. Grids 3

Figure 9: Slices of the three boundary layer grids
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Figure 10: Computed nondimensional boundary layer
velocity, as compare to the exact (Blasius) solution
(M=0.3, Re=2000).



The computed nondimensional velocity in the three
grids is presented in Figure 10 as a function of the
nondimensional distance from the wall, n. As can be
seen the results match the theory for grid 2 and 3. It
should be noted that this excellent agreement is ob-
tained with relatively few cells inside the boundary
layer.

The results of the laminar boundary layer example
also show that good evaluation of viscous flows is possi-
ble without using special grid geometry as was suggested
is several reports ([14], [15],{16]).

5.2 Two dimensional airfoil

Transonic airfoil solutions have also been obtained using
the RAE2822 airfoil. Figure 11 shows the pressure coef-
ficient distribution on the airfoil surface at Mach=0.725,
a = 2.92° As can be seen the agreement between the
experiment [17] and the present computational method
is reasonable.

The shock wave location is obtained with good agree-
ment to the experimental data. The differences between
the computed results and the experiments (next to the
lower side of the trailing edge and along the front part
of the pressure side) are believed to stem from the lack
of turbulence in the code.

Exp.
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Figure 11: RAE2822 Cp distribution, «
Mach=.725, Re=5 x 16°

2.929,

The initial computational grid for this case consists
of 5074 cells. During the run the grid is adapted seven
times resulting in a final grid with 20,799 cells. The
convergence history is presented in Figure 12. The
adaption steps are evident in this figure by the relatively
high values of residual arising from the fact that the flow
field has to adjust itself to the newly adapted grid.

LOG{¢R)
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stop

Figure 12: convergence history for RAE2822, M=.725,
o= 2.920

The adapted grid obtained in this computation is
presented in Figure 13. The grid refinement in the
high gradient regions is evident as well as the differ-
ent natures of the refined regions: elongated cells inside
the boundary layer, and isotropic cells near the leading
edge.
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Figure 13: RAE2822 adapted grid
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5.3 Three dimensional 76° sharp edge
delta wing

The pgrid used in this case is tetrahedral, consisting of
11,000 cells and the simulated flow is subsonic (M=0.4).
Figure 14 shows the normal force coefficient as a func-
tion of the angle of attack as compared to Polhamus’
leading edge suction analogy [18]. As can be seen the
normal force coefficients converge to a value close to
the one predicted by Polhamus. Visualization of the
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Figure 14: Normal force coefficient on a 76° delta wing

resultant flow field shows the well defined leading edge
vortices in accordance with the experimental results.

6 Performance

Table 1 presents some of the performance characteristics
obtained by the code on a 2048-node CM-200 machine
(64 Weitek chips). The most striking data in this table
is the large percentage of the total run time needed for
inter processor communication (second row). The large
communication time is expected to be reduced after the
introduction of the more efficient gather/scatter library
routines developed by Thinking Machines Corporation.
Reduction of communication time is expected to have a
significant effect on the overall performance.

Type Inviscid | Viscous | Viscous
of Run adaptive
mflops 33.5 26.5 22

Y%communication i 82 69
flops/sec /cell 6600 5200 3000
psec/cycle/cell 320 420 660

Table 1: Perfn'rmance for various types of runs on the

CM-200 machine

Another fact seen in Table 1, is the performance re-
duction as more tasks have to be carried out the (i.e.
computation of viscous terms and adaption of the grid).

7 Summary and Conclusions

A robust three dimensional viscous flow solver has been
developed for massively parallel machines. The spatial
discretization in the code is unstructured and the grids

ranemus - introduced in this report were generated using the com-
o) o Computed

mercially available IDEAS package. The code uses a full
fourth order Runge-Kutta scheme to enhance the con-
vergence, ag compared to the compact four stage scheme
which is popular in time marching solvers.

A unique approach has been taken in grid adaption.
The grid is refined in high momentum gradient regions
and the refinement is being done in a direction normal to
the local gradient by flagging the faces across which the
gradient high highest and splitting the corresponding
cells in “parallel” to the highlighted faces. The solid
surface is reconstructed during the adaption by using
second order interpolation between neighboring nodes
whenever new surface node is added to the grid.

The results obtained so far show good agreement with
analytic solution for flat plate boundary layer and ex-
perimental results over transonic airfoil (RAE2822). A
resonable agreement with prediction method is also ob-
tained for three dimensional flow over delta wing at high
angles of attack.

Future runs are planned on more complex three di-
mensional configuration. These runs will be executed
on the Thinking Machines CMb5 due to large number of
cell required in the more complex configurations.
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