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Assume a uniform mesh Δ=Δ=Δ yx , Constant temperature B.C.s, and no heat source term. 
 
Write the collection of all difference equations as a linear system (E is a matrix). 
 
  Tm+1 = E  Tm   + b 
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Example of Error Propagation 
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 Start stepping through time with an initial error of 1 at mesh point 3 and no error at other points  
       A = 0.25 
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 The sum of errors decreases. 
 



Example of Error Propagation 
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  The solution is unstable 
 



Exact Determination of Stability 
 
 
For an Explicit (Forward) difference method 
 
  Tm+1  =  ETm  +  b 
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      Set boundary conditions: T  0  =  100                       T5  =  5 
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 Stability requires that the spectral radius is less than 1. 
 

  1≤ESRλ  



Exact Determination of Stability 
 
To calculate the spectral radius, look at details of the matrix 
 
  

 
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−
−

−
−

+

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

2100
1210
0121
0012

1000
0100
0010
0001

AE
 

 
 
 E = l +  A F 
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Exact Determination of Stability 
 
 
 

For stability 1≤ESRλ  
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Exact Determination of Stability 
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Spectral radius (largest eigenvalue)  corresponds to s = N 



Examples 
 
 
 
N = 4 
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Gerschgorin’s Theorem 
 
 
Given a time advancement method in the form Tn+1 = ETn + b, 
 
and writing the individual elements of the matrix E as ei,j 
 
then the eigenvalues of E fall within circles in the complex plane described by the 
expression 
 

Niiiiiiiii eeeeee ,1,1,2,1,, ...... +++++≤− +−λ  
 
All rows (values of i) must be evaluated to determine bounds on stability. 



What This Can Tell Us 
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Magnitude of Associated Eigenvalues is less than one. 

Magnitude of Associated Eigenvalues is greater than one 

No useful information 



Example 1. Eigenvalues associated with an interior volume. 
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Hence Gerschgorin’s Theorem becomes: 
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Because the center of this circle bounding eigenvalues is on the Real axis, we only need to worry 
about the two points were the circle intersects the real axis.  Call them λ1 (high side) and λ2  (low) 
side. 
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Example 1. Continued 
 
For stability, the lower bound on eignenvalues must be greater than -1, so: 
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Example 2. Eigenvalues associated with a boundary volume. 
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A simple finite difference equation is 
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Apply Gerschgorin’s Theorem: 
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Example 2.  Continued 
 
The upper bound on the real axis must be less than one. 
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The lower bound on the real axis must be greater than minus one. 
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Stability of an Implicit Method 
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which has the form  HTn+1=Tn+b but for analysis we need to think in terms of a matrix 
equation in the form Tn+1=ETn+b.  The transformation from one to the other means that 
E=H-1.  Since the eigenvalues of E and the inverse of the eigenvalues of H, stability will be 
guaranteed if all of the eigenvalues of H are greater than or equal to one.  We can show 
this via Gerschgorin’s Theorem. 
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Implicit Stability Continued 
 
 
 The upper intersection of the bounding circle with the real axis is:     
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 The lower intersection of the bounding circle with the real axis is: 
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So the eigenvalues of the H matrix associated with the interior implicit equations are always 
greater than or equal to one. This means that the eigenvalues associated with the inverse of H are 
always less than or equal to one, producing unconditional stability. 



Crank-Nicholson 
 
For a simple conduction problem: 
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The Crank-Nicholson method is: 
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For error analysis the difference equation is taken to be an approximation to the 
differential equation at point “O” and time level m+1/2. 



Crank-Nicholson Error Analysis 
 

To simplify the exercise, I will just work with a 1-D problem.  In that case I need six Taylor 
series expansions. 
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Error Analysis Continued 
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Error Analysis Continued 
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Things simplify quickly just by looking at parts of the sum: 
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 1-D Crank-Nicholson Stability 
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Define matrix A = 2 I -H and B = 2 I +H = 4I-A, then the method can be written as 
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1-D Crank-Nicholson Stability 
 

Stability requires that   ⎟
⎠
⎞

⎜
⎝
⎛ −14

A
I

 have a spectral radius equal or less than 1, or 
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  for any eigenvalue of A 
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  Aλ240 ≤≤  
 

  or 2≥Aλ  
 
Time to use Gerschgorin’s Theorem 



Gerschgorin Analysis 
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Therefore  2≥Aλ ,  always and the Crank-Nicholson finite difference equations are 
unconditionally stable 

 


