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Point vortex dynamics within a background vorticity patch
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Recent experiments and simulations have observed that the interaction of strong vortices with a low
vorticity background can strongly affect the dynamics of both vortices and background. This paper
considers an idealized model of this interaction. The background is treated as a patch of uniform
vorticity with a nearly circular shape. The strong vortices are treated as point vortices, and their total
circulationl is assumed to be small compared to that of the background. It is found that Kelvin
waves on the boundary of the background patch can be driven to large amplitude by the strong
vortices, eventually resulting in wave breaking and filamentation. A multiscale analysis finds that
the wave-breaking time scales asl21 ln l21, in agreement with contour dynamics simulations.
© 2001 American Institute of Physics.@DOI: 10.1063/1.1343484#
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I. INTRODUCTION

Two-dimensional~2D! Euler flows are the inviscid limit
of 2D incompressible Navier–Stokes flows. They are of
used as simple models for large scale geophysical and a
physical flows, such as the polar vortex, tropical cyclon
ocean eddies, and the Great Red Spot of Jupiter.1–5 They are
also applicable to many experimental systems,6 including
strongly magnetized plasmas,7 thin layers of electrolyte,8 and
flows in soap films.9

The equation of motion for a 2D Euler flow is

] tv1u•¹v50, ~1!

whereu(r ,t) is the velocity field, and

v~r ,t !5 ẑ•¹3u ~2!

is the vorticity field. Hereẑ is the unit vector perpendicula
to the plane of the flow, andr5(x,y) is the position vector
in the plane. The flow is incompressible:

¹•u50; ~3!

therefore, a stream functionc(r ,t) can be related to the ve
locity field

u5¹3c ẑ. ~4!

Substituting Eq.~4! into Eq. ~2!, we obtain Poisson’s equa
tion

¹2c52v. ~5!

Two-dimensional Euler flows often contain strong vor
ces~localized patches of intense vorticity! moving through a
low diffuse vorticity background. For example, such stru
tures are observed to form spontaneously in experiments
numerical simulations of freely relaxing 2D
turbulence.8,10–12The interaction between the strong vortic
and the background vorticity plays an important role in t
evolution of these flows. Local mixing of the background
the strong vortices can cause the vortices to move up

a!Electronic mail: dhdubin@ucsd.edu
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down the local background vorticity gradient;13 global mix-
ing of the background can cause the vortices to settle
equilibrium patterns, termed ‘‘vortex crystals.’’12,14,15

In this paper, we study the interaction between the stro
vortices and the background flow with a simple model. T
model consists of several point vortices and an extended
tex patch~which represents the low vorticity background!.
The point vortices are inside the vortex patch, and the flow
subject to a free-space boundary condition~i.e., there are no
surrounding boundaries!. Lanskyet al.have studied a similar
model in which one point vortex is placed outside of t
nearly circular vortex patch. They showed that the point v
tex can merge into the vortex patch through success
resonances.16 Here we concentrate on the case where
point vortices are already inside the patch, and the patc
nearly circular initially.

The dynamics of a collection of point vortices and t
dynamics of a vortex patch have separately received con
erable attention. For a collection of point vortices, the eq
librium patterns have been exhaustively studied, and stab
properties have also been determined.17,18 The dynamics of
the system is Hamiltonian and is chaotic in most cases.19

The equilibrium and dynamics of an isolated vort
patch have also been thoroughly examined. For example,
known that a vortex patch has infinitely many rotating eq
libria, among which the circular shape~so called Rankine
patch! is the most fundamental.20 The circular patch support
steadily propagating infinitesimal perturbations, or Kelv
waves, on its boundary. Contour dynamics has been u
extensively to study the evolution of small disturbanc
added to equilibrium vortex patches.21 Filamentation, or the
formation of filaments of vorticity drawn off the vorte
patch, often results from the growth of linearly unstab
Kelvin waves.22 Numerical and analytical evidence is als
present for long time filamentation of arbitrarily small, lin
early stable disturbances.23

Our paper combines the problems of point vortex d
namics and patch dynamics. We concentrate on the limi
which the contour of the vortex patch is nearly circular, a
© 2001 American Institute of Physics
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the total circulation of the point vortices is much smal
than that of the vortex patch. This ordering introduces
small parameterl, the ratio of the average circulation of th
point vortices to that of the patch. We evaluate the dynam
analytically using a two-time scale analysis and a no
pseudoenvelope equation based on the high spatial Fo
harmonics of the patch contour. We then compare the res
of the analysis to contour dynamics24 simulations. Our ana-
lytic approach yields several new results, verified by
simulations. First, we show that the interaction of the stro
vortices with free-streaming Kelvin waves on the vort
patch eventually causes wave breaking and filamentatio
the patch. We find that when a vortex is within a small d
tance of the edge of the patch, of orderlj times the patch
radius, filamentation occurs rapidly, within one rotation p
riod of the patch. The exponentj is found from contour
dynamics simulations to be approximately 0.566. For vo
ces far from the edge of the patch, the time required
waves to break is much longer, scaling as the patch rota
period timesl21 ln l21. ~This scaling has recently been ver
fied in a set of 2D fluid experiments using a nonneut
plasma as the working fluid.!25

We also show that, before wave breaking occurs,
dynamics of the point vortices is identical to the dynamics
point vortices within a fixed cylinder of the same radius
the patch and with a free-slip boundary condition, except
an overall rotation caused by the patch and a fast jitter m
tion caused by Kelvin waves on the patch. Therefore,
results of point vortex dynamics in a circular boundary c
be readily applied to the dynamics of the point vortices. F
example, we know right away the equilibrium patterns of t
point vortices; we know that the Havelock instability23 ap-
plies to these equilibrium patterns—the point vortices can
be too close to the contour of the vortex patch, otherw
they will be attracted toward the contour, and the equilibriu
pattern will be unstable; we also know that the dynamics
the point vortices is in general chaotic.

In Sec. II, we define the model and the perturbat
limit, and we discuss the units used in the paper. In S
III A, we derive the general nonlinear equations of moti
for the model and in Sec. III B we Taylor expand these eq
tions in powers ofl. In Sec. III C, we transform the equatio
for the patch dynamics into Fourier space. In Sec. IV A,
consider the linearized version of our equations, both a
check on our analysis and in order to determine linear eq
tions for the evolution of the Kelvin waves. In Secs. IV B
IV D, we perform a two-timescale analysis of the nonline
equations. In Sec. IV D we then introduce a novel ‘‘pse
doenvelope’’ formulation of the patch dynamics in order
determine the filamentation timescale. In Sec. IV E, filam
tation is examined in detail for two cases: a single po
vortex in the patch, and two equal-strength point vortices
the patch. Throughout Sec. IV, we compare our results
contour dynamics simulations. Finally in Sec. V, we discu
several outstanding questions. A constant of the motion
the slow-time nonlinear dynamics of the Kelvin waves
derived in the Appendix.
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II. THE MODEL

The model we consider consists ofM point vortices in-
side a vortex patch. The flow is subject to a free-spa
boundary condition:v(r )→0 asr→`. The positions of the
point vortices areRm(t), and their circulations areGm , with
m51,...,M . The vortex patch has a constant~positive! vor-
ticity v0 , and its shape is specified by a smooth single v
ued function r c(u,t), which is the radial position of the
boundary point at polar angleu at time t. A generic point in
the plane is denoted asr5(r ,u), wherer is the radial posi-
tion of the point, andu is the polar angle.

The perturbation limit of the model, which is the ma
subject of this work, is defined by two conditions. One co
dition is that the average magnitude of the circulation of
point vortices,Gv5(1/M )(muGmu, is much smaller than the
circulation of the vortex patch,G5 Edr2v0 , where the region
of integration is inside the vortex patch. This defines a sm
parameter

l5
Gv

G
, ~6!

which we refer as the point vortex strength. The other c
dition is that the radius of the vortex patch deviates from
circular patch of radiusr b by a small amounte(u,t); further-
more, this deviation compared to the radius of the circu
patch is of orderl, i.e.,

U e

r b
U;l. ~7!

The unperturbed patch has radiusr b , related toG andv0 by
G5pv0r b

2.
In the perturbation limitl!1, there are natural units fo

the physical quantities. The unit of length is the radiusr b of
the unperturbed patch, and the unit of time ist054p/v0 ,
which is the rotation period of the unperturbed patch. Co
sequently, the unit of velocity isr b /t05r bv0/4p, and that of
vorticity is 1/t05v0/4p. Also, the unit of the circulation is
v0r b

2/4p, and that of the stream functionc is v0r b
2/4p.

In these units, the unperturbed patch has radius 1,
ticity 4p, circulation 4p2, and rotation frequency 2p. In the
rest of the paper, these units will be used for the phys
quantities and all of the equations will be dimensionless.

III. EQUATIONS OF MOTION

A. General equations

Throughout the rest of this paper, we will work in
frame that rotates with the unperturbed patch rotation
quency 2p. In this rotating frame the evolution equation fo
the contour of the vortex patch, defined by functionr c(u,t),
can be derived by considering the motion of a contour po
at r c5(r c ,u). After an infinitesimal time intervaldt, the
point moves to a new positionr c85(r c8 ,u8), where u85u
1vu dt/r c , and r c8(u8,t1dt)5r c(u,t)1v r dt. Herev r and
vu are the radial and azimuthal components of the velocity
the boundary point, as seen in the rotating frame. Tay
expanding the above equation to the first order indt, we
obtain
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



ia

ly

o
te

e

e

ni

ec

x
t

o
ti-

r

thal

ur

i-

ity

e

679Phys. Fluids, Vol. 13, No. 3, March 2001 Point vortex dynamics within a background
]r c

]t
1

vu

r c

]r c

]u
5v r . ~8!

The boundary condition for this nonlinear partial different
equation isr c(u12p,t)5r c(u,t).

The equations of motion for the point vortices are simp
given by

dRm

dt
5Vm , ~9!

whereVm is the velocity of themth point vortex.
To complete the equations of motion, the velocities

the point vortices and the contour points must be calcula
This is done by calculating the stream functionc, recogniz-
ing that the vorticity distribution of the flow is

v~r !5vb~r !1(
m

Gmd~r2Rm!24p, ~10!

where the factor of 4p is the vorticity associated with th
rotating frame, and

vb~r !5H 4p, r inside the vortex patch

0, r outside the vortex patch
~11!

is the vorticity distribution of the vortex patch. Using th
free-space Green’s function

G~r2r 8!52
1

2p
lnur2r 8u, ~12!

the solution of Eq.~5! for the stream function is given by

c5E dr 82v~r 8!G~r2r 8!5cb1cv1pr 2, ~13!

where in the second expression we have neglected an u
portant additive constant, and wherecb andcv are contribu-
tions from the vortex patch and the point vortices, resp
tively,

cb5E dr 82vb~r 8!G~r2r 8!, ~14!

cv5(
n

GnG~Rn2r !. ~15!

The velocity at pointr is then determined by Eqs.~5! and
~13!

v5¹3c ẑ5vb1vv22pr û, ~16!

where vb5¹cb3 ẑ is the velocity induced by the vorte
patch, andvv5¹cv3 ẑ is the velocity induced by the poin
vortices.

As our purpose is to evaluate Eq.~8!, it is necessary to
explicitly work out the radial and azimuthal components
the velocity field. For the field produced by the point vor
ces, these components are
Downloaded 29 Aug 2001 to 18.42.1.161. Redistribution subject to AI
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Vr~r !5 r̂ "vv5
1

r

]cv

]u

52(
n

S Gn

2p D Rn sin~u2Un!

r 21Rn
222rRn cos~u2Un!

~17!

and

Vu~r !5 û•vv52
]cv

]r

5(
n

S Gn

2p D r 2Rn cos~u2Un!

r 21Rn
222rRn cos~u2Un!

, ~18!

where Eqs.~15! and~12! were used to determinecv(r ), and
the positionRn of the nth vortex has been written in pola
coordinates (Rn ,Un).

It is also necessary to determine the radial and azimu
components of the velocity field induced by the patchvb .
This field can be written as a line integral along the conto
of the patch using a standard vector identity24

vb5¹cb3 ẑ5E dr 82vb~r 8!¹ rG~r2r 8!3 ẑ

54p R dl8G~r2r c8!, ~19!

wheredl8 is an infinitesimal vector in the anticlockwise d
rection along the contour of the vortex patch, andr c8
5(r c(u8,t),u8) is the point on the contour at angleu8.

Denoting ther 2u components ofvb as ur and uu , re-
spectively, one finds after some algebra26 that Eqs.~19! and
~12! yield

ur~r !5 r̂ "vb522E
0

2p

du8S cos~u82u!
]r c8

]u8
2sin~u82u!r c8D

3 lnur c82r u, ~20!

and

uu~r !5 û•vb522E
0

2p

du8S sin~u82u!
]r c8

]u8

1cos~u82u!r c8D lnur c82r u. ~21!

With the aid of Eqs.~16!, ~17!, ~18!, ~20!, and ~21! we
find that the radial and azimuthal components of the veloc
at the contour pointr c are

v r5Vr~r c!1ur~r c!, vu5Vu~r c!1uu~r c!22pr c , ~22!

and those at themth point vortex are

Vm,r5Vr8~Rm!1ur~Rm!,
~23!

Vm,u5Vu8~Rm!1uu~Rm!22pRm ,

whereVr8(Rm) andVu8(Rm) are given by Eqs.~17! and~18!,
respectively, with the contribution from the self-field of th
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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mth point vortex excluded. These expressions for the velo
ties, together with Eqs.~8! and~9!, complete the equations o
motion of our model.

B. Perturbation equations

Since our model equations have no general analytic
lution, simplifications are necessary in order to proceed
this section, we Taylor expand the equations of motion in
small parameterl, the average circulation of the point vo
tices compared to the circulation of the vortex patch. As
will see later, in order to obtain the leading order solutio
that are valid for a time scale of order 1/l, we need to derive
the equation of the contour of the vortex patch correct
O(l2), and those of the positions of the point vortices
O(l).

The contour of the vortex patch is given by

r c~u,t !511e~u,t !, ~24!

wheree is assumed to be a smooth, single valued function
orderl. Sincee is a smooth function,]r c /]u is of orderl;
therefore, in Eq.~8! we need to obtainvu to O(l) andv r to
O(l2). This is accomplished by Taylor expanding the fun
tions Vr(r c),ur(r c) andVu(r c),uu(r c).

Taylor expansion ofVr(r c) is straightforward, and using
Eq. ~17! the result is

Vr~r c!5lVr
~1!~u,t !1le~u,t !Vr

~2!~u,t !1O~l3!, ~25!

where

Vr
~1!~u,t !

52(
m

S Gm

2pl D Rm~ t !sin~u2Um~ t !!

11Rm~ t !222Rm~ t !cos~u2Um~ t !!
,

~26!

and

Vr
~2!~u,t !

5(
m

S Gm

pl D
3

Rm~ t !sin~u2Um~ t !!~12Rm~ t !cos~u2Um~ t !!!

~11Rm~ t !222Rm~ t !cos~u2Um~ t !!!2 .

~27!

The functionVr
(1) is the radial velocity induced by the poin

vortices evaluated along the contour of the unperturbed
cular patch, andVr

(2) is the correction due to the deformatio
of the contour from a circle.

Taylor expansion ofur(r c) needs a little more care
since it involves an integration of function lnur c82r cu, which
is singular whenr c8→r c . Nevertheless, one can prove tha26

ur~r c!5E
0

2p

du8S e82ee81
e82

2 D cotS u82u

2 D1O~l3!,

~28!

wheree8[e(u,t). Combining Eqs.~25! and~28! in Eq. ~22!
we arrive at the total radial velocity of the contour point
Downloaded 29 Aug 2001 to 18.42.1.161. Redistribution subject to AI
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v r~u,t !5lVr
~1!1leVr

~2!

1E
0

2p

du8S e82ee81
e82

2 D cotS u82u

2 D1O~l3!.

~29!

Similarly, the azimuthal velocity components of th
patch contour due to the point vortices and the patch it
are found to be

Vu~r c!5lVu
~1!1O~l2!, ~30!

where

Vu
~1!~u,t ![(

m
S Gm

2pl D
3

12Rm~ t !cos~u2Um~ t !!

11Rm~ t !222Rm~ t !cos~u2Um~ t !!
, ~31!

and

uu~r c!52p1O~l2!. ~32!

In Eq. ~32! above there is noO(l) term. This is related to
the fact that the area of the vortex patch is a constant un
incompressible flow, equal top in our units:

p5E
0

2p

du8E
0

11e8
dr r , ~33!

which yields

E
0

2p

du8e852
1

2 E0

2p

du8e82;O~l2!. ~34!

Combining Eqs.~24!, ~30!, and~32!, Eq. ~22! yields the fol-
lowing expression for the totalu velocity of the patch con-
tour:

vu~u,t !522pe1lVu
~1!1O~l2!. ~35!

Substituting Eqs.~24!, ~29!, and ~35! in the evolution
equation for the patch contour, Eq.~8!, we arrive at

]e

]t
1~22pe1lVu

~1!!
]e

]u

5lVr
~1!1leVr

~2!

1E
0

2p

du8S e82ee81
e82

2 D cotS u82u

2 D , ~36!

which is correct toO(l2).
Turning now to the dynamical equations for the po

vortices, according to Eq.~23! we need to Taylor expand
Vm,r and Vm,u to O(l). Using Eqs.~20!, ~21!, and ~24! in
Eq. ~23! yields

Vm,r5Vr8~Rm!1ur
~1!~Rm ;e!1O~l2!, ~37!

and
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Vm,u5Vu8~Rm!1uu
~1!~Rm ;e!1O~l!, ~38!

where

ur
~1!~Rm ;e!5E

0

2p

du8
2e~u8,t !sin~u82Um!

11Rm
2 22Rm cos~u82Um!

~39!

and

uu
~1!~Rm ;e!5E

0

2p

du8
2e~u8,t !~Rm2cos~u82Um!!

11Rm
2 22Rm cos~u2Um!

~40!

are ther and u components of the velocity field due to th
patch perturbatione. As an aid to the analysis of Sec. IV th
functional dependence ofur

(1) anduu
(1) on e(u8,t) has been

explicitly noted in the second argument of these functio
Therefore, correct toO(l), the perturbation equations fo
the point vortices are

dRm

dt
5Vr8~Rm!1ur

~1!~Rm ;e!, ~41!

Rm

dUm

dt
5Vu8~Rm!1uu

~1!~Rm ;e!. ~42!

Equations~36!, ~41!, and~42! provide a closed set of pertur
bation equations describing the evolution of the boundary
the vortex patch, and the motions of the point vortices ins
the patch, as seen in the rotating frame of the unpertur
patch.

C. Mode equations

The evolution equation for the perturbed patch contoue
can be decomposed into the equations for Fourier modes

e~u,t !5(
k

ek~ t !eiku, ~43!

whereek(t) is the amplitude of thekth mode. Because of th
periodic boundary conditione(u12p,t)5e(u,t),k must be
an integer. Moreover, sincee is real, we have

ek* 5e2k . ~44!

We also know that

e0;O~l2!. ~45!

This is obtained by substituting the Fourier expansion,
~43!, into Eq. ~34!, and is a consequence of the fact that t
area of the vortex patch is a conserved quantity.

With Eq. ~43!, we can obtain the Fourier coefficients
Eq. ~36!. It is useful to define the following quantities:

Vk5(
m

Gm

4p
Rm

ukue2 ikUm, ~46!

a sum related to the driven response of the contour of
vortex patch due to the point vortices, and a sign funct
sk :

sk5H 1, k.0

0, k50

21, k,0

. ~47!
Downloaded 29 Aug 2001 to 18.42.1.161. Redistribution subject to AI
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Then a straightforward but lengthy calculation of the Four
coefficients of each term in Eq.~36! leads to the following
equation for the mode amplitudes of the patch contour:26

dek

dt
5 i2pskek1 iskVk12p i(

q
eqek2qS q2sq1

sk

2 D
2 ikek(

m

Gm

4p
2 i(

q
ek2q~k1sq!Vq . ~48!

The first term on the right hand side of the above equat
represents the restoring force for the oscillation of thekth
mode, the second term represents driving by the point vo
ces, the third term represents mode–mode coupling, and
fourth and the last terms represent nonlinear interactions
tween modes and the point vortices.

Equation ~48! provides the nonlinear evolution of th
Kelvin wave amplitudeek , correct toO(l2). Note thatVk ,
defined in Eq.~46!, depends on the positions of the poi
vortices, which must be determined via Eqs.~41! and ~42!.
The nonlinear terms on the right hand side are of orderl2

except whene0 , the amplitude of the zeroth mode, is in
volved, in which case the nonlinear terms are of orderl3

since e0;O(l2) @Eq. ~45!#. Therefore nonlinear terms in
volving e0 can be discarded.

IV. SOLUTIONS

A. Kelvin waves

If we set Gm50 for all of the point vortices, Eq.~48!
becomes the linear mode equation for small disturbance
a circular patch. To the first order in the amplitude of t
small disturbances, the equation for thekth mode is

dek

dt
5 i2pskek , ~49!

and the solution is

ek~ t !5ek~0!e2p iskt, ~50!

whereek(0) is the initial amplitude of the mode. Therefor
a small disturbance on the circular patch evolves as

e~u,t !5(
k

ek~0!ei ~ku12pskt !, ~51!

which is a sum of Kelvin waves. The phase velocity of t
kth Kelvin wave is

vphase52
2p

uku
. ~52!

In the rotating frame, all Kelvin waves rotate in the cloc
wise direction. Also notice that all Kelvin waves oscilla
with periods equal to unity~normalized to the rotation time
of the vortex patch!. This means that any arbitrary sma
disturbance composed of Kelvin waves returns to its ini
shape every unit time period, although in between the p
ods the shape changes due to the different phase velociti
the Kelvin waves.
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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B. Two time scale analysis

Even in the perturbation limitl!1, our model equations
are still too complex to solve analytically. Fortunately, fu
ther progress is possible by noting that there are two t
scales in the dynamics. As shown in Eqs.~41! and ~42!, the
velocity of themth point vortex in the rotating frame is in
duced by other point vortices and the small disturba
e(u,t) on the contour of the vortex patch, which are
quantities of orderl. Thus, it takes a slow time scale of ord
1/l to move the point vortices over distances of order un
relative to the vortex patch. On the other hand, Eq.~50!
shows that the modes on the contour of the vortex pa
oscillate with a fast time scale of order unity. Therefore
can solve the perturbed equations with two time scale an
sis.

We first introduce the ‘‘slow time,’’ defined ast5lt,
and accordingly callt the ‘‘fast time.’’ We then expand the
dynamical variables in two time scale series:

ek~ t !5lek
~1!~ t,t!1l2ek

~2!~ t,t!1¯ , ~53!

Rm~ t !5Rm
~0!~ t,t!1lRm

~1!~ t,t!1¯ , ~54!

Um~ t !5Um
~0!~ t,t!1lUm

~1!~ t,t!1¯ , ~55!

whereek
(1) , ek

(2) , Rm
(0) , Rm

(1) , Um
(0) , andUm

(1) are functions
of order of unity. Heree0

(1)50, sincee0 is of orderl2 @see
Eq. ~45!#.

Substituting these two time scale series into the per
bation equations and collecting terms in the same order ol,
we obtain a series of equations corresponding to the co
butions from the terms of successively increasing order inl.
The slow time dependence of a quantity is determined in
next order equations by requiring that the sum of the re
nant terms that drive unbounded fast time growth of the n
order quantities should vanish~the resonance condition!.

For the point vortices, substitution of the two time sca
series into Eqs.~41! and ~42! yields theO(l0) equations

]Rm
~0!

]t
50, Rm

~0!
]Um

~0!

]t
50, ~56!

and theO(l) equations

lS ]Rm
~0!

]t
1

]Rm
~1!

]t D 5Vr8~Rm
~0!!1ur

~1!~Rm
~0! ;le~1!!, ~57!

and

lFRm
~1!

]Um
~0!

]t
1Rm

~0!S ]Um
~0!

]t
1

]Um
~1!

]t D G
5Vu8~Rm

~0!!1uu
~1!~Rm

~0! ;le~0!!. ~58!

Here, Vr8 and Vu8 are evaluated with all vortices at the
leading-order positionsRn

(0) . Equations~57! and ~58! in-
volve the lowest-order deformation of the patch contour

le~1!~u,t,t!5l(
kÞ0

ek
~1!~ t,t!eiku. ~59!
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This contour evolves according to Eq.~48!. Substitution
of the two time scale series, Eqs.~53!–~55!, gives theO(l)
equation

]ek
~1!

]t
52p iskek

~1!1 iskVk
~1! , ~60!

and theO(l2) equation

]ek
~2!

]t
22p iskek

~2!5hk , ~61!

where

hk~ t,t![2
]ek

~1!

]t
1 iskVk

~2!12p i(
q

eq
~1!ek2q

~1! S q2sq1
sk

2 D
2 ikek

~1!(
m

Gm

4pl
2 i(

q
ek2q

~1! ~k1sq!Vq
~1! ~62!

is a nonlinear forcing term, and

Vk
~1!5(

m

Gm

4pl
Rm

~0!uku
e2 ikUm

~0!
, ~63!

Vk
~2!5(

m

Gm

4pl
Rm

~0!uku
e2 ikUm

~0!S ukuRm
~1!

Rm
~0! 2 ikUm

~1!D ~64!

constitute the two time series for the quantityVk @see Eq.
~46!#:

Vk5lVk
~1!1l2Vk

~2!1¯ . ~65!

C. Leading order solutions on the fast time scale

In the leading order, the point vortices move accordi
to Eq. ~56!. The solution is simply

Rm
~0!5Rm

~0!~t !, Um
~0!5Um

~0!~t !, ~66!

so to leading order the point vortices are stationary in
rotating frame on the fast time scale.

The amplitudes of the modes of the vortex patch evo
in leading order according to Eq.~60!. SinceVk

(1) only de-
pends on the leading order positions of the point vortic
which have no fast time dependence, the solution of
equation is

ek
~1!5bk~t!e2p iskt2

Vk
~1!

2p
, ~67!

wherebk(t) is the constant of integration that depends
slow time. Therefore,

e~1!~u,t,t!5b~u,t!1 (
kÞ0

bk~t!e2p iskt, ~68!

where
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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b~u,t!52 (
kÞ0

Vk
~1!

2p
eiku

5(
m

S Gm

4p2l D Rm
~0!2

2Rm
~0! cos~u2Um

~0!!

11Rm
~0!2

22Rm
~0! cos~u2Um

~0!!
, ~69!

where in the second line we have summed the Fourier se
using Eq.~63!. Notice thatlb~u, t! has the same form as th
image charge distribution induced by the point vortices
Rm

(0) on a circular free-slip boundary of radius 1. From E
~68! we see that in the leading order, the deformation of
vortex patch consists of two parts: one part isb~u, t!, the
‘‘image charge’’ deformation, which is determined by th
leading order positions of the point vortices; the other par
free-streaming Kelvin waves with amplitudesbk(t) which
are not affected~in fast time! by the point vortices.

D. Leading order solutions on the slow time scale

The slow time evolution of the leading order approxim
tions to the positions of the point vorticesRm

(0) and the con-
tour of the vortex patche (1)(u,t,t) must be determined with
the resonant conditions in the next order equations, E
~57!, ~58!, and~61!.

Substituting the leading order solutions@Eqs. ~66! and
~68!# into Eq. ~57!, we obtain

l
]Rm

~1!

]t
5H 2l

dRm
~0!

dt
1Vr8~Rm

~0!!1ur
~1!~Rm

~0! ;lb!J
1l(

kÞ0
2p iskbk~t!Rm

~0!uku21
eikUm

~0!
e2p iskt.

~70!

Quantities in the curly bracket in Eq.~70! depend only
on the slow time. They must sum to zero; otherwise
solution forRm

(1) will have a term that is linear int, and will
grow unbounded on the fast time scale. Therefore, we h

l
dRm

~0!

dt
5Vr8~Rm

~0!!1ur
~1!~Rm

~0! ;lb! ~71!

and

Rm
~1!5 (

kÞ0
bk~t!Rm

~0!uku21
eikUm

~0!
e2p iskt1cm~t!, ~72!

wherecm(t) is a constant of integration.
Similarly for theu motion of the point vortices, substi

tuting the leading order solutions@Eqs. ~66! and ~68!# into
Eq. ~58! implies

lRm
~0!

dUm
~0!

dt
5Vu8~Rm

~0!!1uu
~1!~Rm

~0! ;lb! ~73!

and

Um
~1!5 (

kÞ0
iskbk~t!Rm

~0!uku22
eikUm

~0!
e2p iskt1dm~t!, ~74!

wheredm(t) is a constant of integration.
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Equations~71! and~73! show that the leading order po
sitions of the point vortices evolve in the rotating frame
the slow time scale with a velocity induced by other po
vortices as well as the image charge partlb of the contour
deformation of the vortex patch. Therefore, the leading or
dynamics of the point vortices is the same as that of po
vortices under a circular free-slip boundary with radius eq
to that of the vortex patch. Also, Eqs.~72! and~74! show that
the free-streaming Kelvin waves excite oscillations of t
point vortices on the fast time scale.

To test this conclusion, we have compared the lead
order solutions with the results of a contour dynam
simulation24 for the case ofM52 andG15G250.0534p2

50.2p2 ~i.e., l50.05!, initially placed atR15(0.2,0) and
R25(0.4,p). The evolution of the radial position of the firs
point vortex is plotted in Fig. 1. As shown in the figure, th
leading order solution agrees well with the result of conto
dynamics.

The difference between the leading order solution a
the result of the contour dynamics is of orderl50.05, and
has two features that can be understood from the solution
the Rm

(1) and Um
(1) , Eqs.~72! and ~74!. First, there is a fast

time scale oscillation with period 1~the rapid wiggles in the
solid line of Fig. 1! that is missing from the leading-orde
solution ~the dashed line!. This oscillation comes from the
effect of free-streaming Kelvin waves on the vortices; s
Eqs.~72! and ~74!. Second, there is a deviation that evolv
on the slow time scale: the slow oscillation frequency in t
contour dynamics solution is evidently not quite the same
the leading-order solution. This discrepancy comes fr
slow-time evolution in the constants of integrationcm(t) and
dm(t) in Eqs. ~72! and ~74!. The slow time evolution of
these small quantities cannot be determined at our orde
approximation; they are determined by higher order eq
tions.

The equivalence at lowest nontrivial order of the dyna
ics of the point vortices to the classical problem of po
vortices inside a circular free-slip boundary enables us
apply all of the results of the classical problem to our mod
For example, we know the equilibrium patterns of the po
vortices and their stability from the works of Havelock,17

Campbell and Ziff,18 and others. We also know that the d
namics of the point vortices is Hamiltonian and is chaotic
general.19

We now turn to the slow time evolution of the vorte
patch. The slow time evolution of the image charge part
the contour deformationlb is simply determined by the
leading order positions of the point vortices, as given by E
~69!. The slow time evolution of the Kelvin waves, on th
other hand, is obtained by the resonant condition of the s
ond order termek

(2) in Eq. ~61!. Since the right hand side o
the equationhk does not depend onek

(2) , we have

ek
~2!5e2p isktE

0

t

dt8hk~ t8,t!e22p iskt81 f k~t!e2p iskt, ~75!

wheref k(t) is the constant of integration. Furthermore, sin
the fast time behavior ofhk is determined bye (1), Rm

(1) , and
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 1. Time evolution of the radial
positions of the first of two point vor-
tices, initially placed atR15(0.4,p)
and R25(0.2,0). The unit of time is
the rotation period of the unperturbe
circular patch, and that of the length i
the radius of the unperturbed circula
patch. The circulations of the poin
vortices areG15G250.2p2 ~i.e., l
50.05!. The dashed line is the resu
of the leading order two time scale so
lutions, Eqs.~71! and ~73!. The solid
line is the result of contour dynamics
The shape of the vortex patch is ini
tially circular. At t540.22, the con-
tour of the vortex patch filaments.
-

i-
or

n

s
o
e

lv
ib
n

ion
lla-

de

n

he
em,
the
tion
part,
rgy
of
of
to a
rgy
the
av-

tely

e
art
he
e-
t

on-
he

he
e,
ly
po-
Um
(1) , which are all periodic functions of the fast timet with

period 1, we can expresshk in terms of the Fourier transfor
mation

hk5(
n

ĥk~n,t!e2p int, ~76!

where thenth Fourier coefficient is defined as

ĥk~n,t!5E
0

1

dthk~ t,t!e22p int. ~77!

Substituting this transformation into Eq.~75!, we find that in
order to avoid secular growth ofek

(2) in fast time we require

ĥk~sk ,t!50, ~78!

or in other words, the resonant driving term in Eq.~61! must
vanish.

Substituting Eqs.~62!–~64! into Eq.~77!, and using Eqs.
~67!, ~72!, and ~74!, we find that the above resonant cond
tion leads to the following slow time evolution equations f
the amplitudes of the Kelvin waves:

dbk

dt
5 ik (

kq.0
Wk,qbq , ~79!

where the nonlinear coupling matrixWk,q is defined as

Wk,q5(
m

Gm

2pl
~Rm

~0!uku1uqu22
2Rm

~0!uk2qu
!ei ~q2k!Um

~0!
. ~80!

The details of the derivation are complex and may be fou
in Ref. 26. Notice that in Eq.~79!, only modes with wave
numbers of the same sign are coupled. The form ofWk,q can
be understood by examining the nonlinear terms inhk @see
Eq. ~62!#. There are three interactions in the nonlinear term
interaction between the Kelvin waves and the oscillations
the point vortices, the interaction between the Kelvin wav
and the image charge part, and the interaction of the Ke
waves with other Kelvin waves. The first interaction contr
utes to the first term in Eq.~80!, and the second interactio
contributes to the second term in Eq.~80!. The third interac-
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tion does not contribute, since the sum of the oscillat
frequencies of two Kelvin waves does not equal the osci
tion frequency of any other Kelvin wave.

A conserved quantity can be derived from the mo
equations. From Eq.~80! we see thatWk,q* 5Wq,k . There-
fore, it is easy to verify with Eq.~79! that

d

dt S (
k

ubku2

uku D 5(
k

S bk*

uku
dbk

dt
1

bk

uku
dbk*

dt D 50. ~81!

Hence, the sumSkubku2/uku is a conserved quantity. We ca
prove that this sum multiplied by 8p3l2 is the self-energy of
the Kelvin waves in the rotating frame~see the Appendix!.
The conservation of this quantity is not surprising. In t
rotating frame, the fast-time averaged energy of the syst
which is conserved on the slow time scale, is the sum of
interaction energy between the point vortices, the interac
energy between the point vortices and the image charge
the self-energy of the image charge part, and the self-ene
of the Kelvin waves. On the slow time scale the dynamics
the point vortices in the rotating frame under the influence
the image charge part is the same as if they are subject
circular free-slip boundary, so the fast-time averaged ene
of the subsystem consisting of the point vortices and
image charge part is conserved. Therefore, the fast-time
eraged self-energy of the Kelvin waves is also separa
conserved.

Equation~79! describes the slow time evolution of th
amplitudes of the Kelvin waves. With the image charge p
lb of the contour deformation slaved by the position of t
point vortices, the leading order solution for the contour d
formation, Eq.~68!, is completely determined. To verify tha
this solution is indeed correct, we again compare with c
tour dynamics. In particular, we study the evolution of t
contour for the case ofM51, G150.0534p250.2p2 ~i.e.,
l50.05!. Initially, the point vortex is placed atR
5(0.5,0), and the initial shape of the contour is circular. T
leading order motion of the point vortex is quite simpl
since the point vortex is moving in the rotating frame on
under the influence of its own image charge. The radial
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 2. The evolution of the contour of the vortex patc
for the case of one point vortex with circulationG1

50.2p2 ~i.e., l50.05! placed at (r ,u)5(0.5,0). The
deviatione from the initial circular shape is plotted a
t50, 0.3, 3, and 6. The dashed lines are the results
contour dynamics. The solid lines are the results of t
mode equations with280<k<80.
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sition R of the point vortex does not change, but its angu
position increases in slow time asU5Vt, where

V5
2

12R2 . ~82!

With the position of the point vortex known, the imag
charge partb is determined by Eq.~69!. The evolution of the
Kelvin waves is then calculated by evaluating the mode a
plitudes, Eqs.~79!, up to k5680. We plot the resulting
contour deformation in the rotating frame in which the po
vortex in stationary in the leading order approximation. T
comparison with the result of contour dynamics is quite go
at early times, as shown in Fig. 2. However, at late times
contour of the vortex patch steepens and the approximat
used in our analysis break down. This is discussed in de
in the next section.
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E. Filamentation

For some initial positions of the point vortices, the co
tour of the vortex patch evolves into a shape that violates
assumptions of the perturbation limit, as seen in Fig. 2. S
sequently, strong nonlinearity takes over and the cont
filaments, leading to the breakdown of the leading order
lutions. Depending on the positions of the point vortice
filamentation can take place on fast or slow time scales.

The fast time scale filamentation happens when som
the point vortices are very close to the boundary of the v
tex patch. In this case, the image charge part of the con
deformationlb~u, t! can be very large. We can estimate t
maximum of ulbu from the contribution of the point vortex
that is closest to the boundary of the vortex patch. IfGm and
(Rm

(0) ,Um
(0)) are its circulation and leading order positio

respectively, then the contribution tolb is
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



686 Phys. Fluids, Vol. 13, No. 3, March 2001 D. Z. Jin and D. H. E. Dubin
FIG. 3. Fast time point vortex strength
filamentation: the relation betweenl
and R/(12R), whereR is the radial
position of a single point vortex for
which an initially circular contour fila-
ments at timet5160.02. The dashed
line, which has a slope20.566, is the
best fit to the data.
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Gm~Rm
~0!2

2Rm
~0! cos~u2Um

~0!!!

4p2~11Rm
~0!2

22Rm
~0! cos~u2Um

~0!!!
~83!

@see Eq.~69!#. The maximum of the absolute value of th
above quantity is

GmRm
~0!

4p2~12Rm
~0!!

. ~84!

Therefore, if

Rm
~0!;12lj, ~85!

where j.0 is a constant, then the maximum oflb is of
order l12j@l sincel!1. In this case, the contour defo
mation, which is the sum of the Kelvin waves and the ima
charge part, will develop a maximum deformation of ord
l12j within one rotation time of the vortex patch, althoug
initially the deformation is of orderl. As a consequence, th
assumption of the perturbation limit will break down with
one rotation time of the vortex patch, leading to fast tim
scale filamentation of the contour. Equation~85! is the crite-
rion for onset of fast time scale filamentation.

We can estimate the value of the constantj with contour
dynamics simulations for the simple case of one point vor
placed in a initially circular vortex patch. For a given circ
lation G154p2l, the position of the point vortexR1 , for
which the contour of the vortex patch filaments att51
60.02, is obtained. From several values ofl and the corre-
sponding values ofR1 , we find thatj'0.566, as shown in
Fig. 3.

If none of the point vortices is close enough to the ed
of the vortex patch, the contour does not filament on the
time scale. However, it can still filament on a slow tim
scale. To investigate this possibility, we study the evolut
of the ‘‘envelope’’ of the Kelvin waves, defined as

x~u,t!5 (
kÞ0

bk~t!eiku. ~86!
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The evolution of this envelope function is determined by t
mode equations of the Kelvin waves, Eq.~79!.

The filamentation of the Kelvin waves on the slow tim
scale is tied to the development of a singularity in the en
lope function from a smooth initial condition. Sinc
Skubku2/uku is conserved, mode amplitudes of the Kelv
waves cannot become unbounded; therefore, the only wa
develop a singularity inx~u, t! is to excite highk modes and
form a large gradient.

We argue that the nature of the singularity formation
x is the same as that in the ‘‘pseudoenvelope’’x8~u, t!,
which evolves according to the following simple differenti
equation:

]x8

]t
12S U~u,t!2(

m

Gm

4pl D ]x8

]u
50, ~87!

whereU is obtained from Eq.~30! by replacing the positions
of the point vortices with their leading order values, i.e.,

U~u,t!5(
m

Gm~12Rm
~0! cos~u2Um

~0!!!

2pl~11Rm
~0!2

22Rm
~0! cos~u2Um

~0!!!
.

~88!

The pseudoenvelope can be decomposed into Fourier mo

x8~u,t!5(
k

bk8~t!eiku, ~89!

wherebk8 is the amplitude of thekth mode. From Eq.~87! we
obtain

dbk8

dt
5 i(

q
Wk,q8 bq8 , ~90!

where

Wk,q8 52(
m

q
Gm

2pl
Rm

~0!uk2qu
ei ~q2k!Um

~0!
. ~91!

The mode equations~90! are different from the mode equa
tions~79!, therefore, the details of the pseudoenvelopex8 are
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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different from the envelopex for the Kelvin waves. How-
ever, foruku@1, sinceRm

(0),1, Eqs.~91! and ~80! imply

Wk,q8 'H kWk,q , kq.0

0, kq,0
. ~92!

Furthermore, in both cases modes are coupled most e
tively only to nearby modes, i.e.,uq2ku must be small. Thus
the highuku modes are not effectively coupled to the lowuku
modes, which presumably behave quite differently forx8
andx sinceWk,q8 are quite different fromkWk,q for small uku.
Therefore, highuku modes are excited in the same way in bo
x andx8, and we can hope to understand the developmen
the singularity inx by studying the behavior ofx8, which is
much simpler.

To illustrate these points, we numerically integrate t
mode equations forx, Eq. ~79!, and the mode equations fo
x8, Eq. ~90!. The calculation is again for the case of o
point vortex with G150.0534p250.2p2 placed at R1

5(0.5,0) in an initially circular vortex patch. We plot i
Figs. 4~a! and 4~b! x andx8 at t56, right before the contou
filaments, in the rotating frame in which the point vortex
stationary. As can be seen in the figures, the overall sha
of x and x8 are different. However, there are similaritie

FIG. 4. Comparison of the envelope of Kelvin waves,x(u,t), and the
pseudoenvelope,x8(u,t), at t56 for the case of one point vortex withG1

50.2p2 ~i.e.,l50.05! placed at (r ,u)5(0.5,0). Initially the vortex patch is
circular. Mode equations with280<k<80 are integrated.~a! x; ~b! x8; ~c!
part of x that only include contributions from modes withuku>30; ~d! part
of x8 that only include contributions from modes withuku>30.
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which can be most easily observed if we plot only the higk
mode contributions tox andx8. In Figs. 4~c! and 4~d!, we
plot the parts ofx andx8 that include only modes withuku
>30. Although the absolute magnitudes are different,
two curves are very similar in shape, indicating that the ps
doenvelope equation has captured the important high-k cou-
pling responsible for filamentation.

Equation~87! is amenable to the method of character
tics. Defining characteristics according to

du

dt
52S U~u,t!2(

m

Gm

4pl D , ~93!

Eq. ~87! becomesdx8(u(t),t)/dt50. We observe from this
equation that the value ofx8 on a pseudoenvelope poin
remains constant for all time. Therefore, the singularity c
form only if the pseudoenvelope points converge within
bitrarily small distances, which makes the gradient of t
pseudoenvelope with respect to the angle very large. If
angular distancedu~t! between two pseudoenvelope poin
originally separated by a distancedu0 of order unity, come
close to each other within a distance of orderdu0lh, where
h.0 is a constant, then the gradient of the pseudoenve
will be amplified by a factor of orderl/lh5l12h@l since
l!1. At this point, the pseudoenvelope is not smooth, an
singularity forms. Equation~93! shows that the angular po
sition of a point on the pseudoenvelope evolves accordin
a first order differential equation in slow time. This implie
that when two points on the pseudoenvelope converge, t
angular distance can only decrease exponentially in s
time. We will soon see that such exponential convergenc
boundary points is associated with an attractive fixed poin
the u dynamics of the pseudoenvelope. Therefore, the t
tB at which the singularity forms on the pseudoenvelope
be estimated as follows:

du~t!'du0e2gtB'du0ln, ~94!

or equivalently,

tB[
tB

l
'

h

g
l21 ln l21. ~95!

Hereg is a constant, determined from the characteristics
Eq. ~93! and depending on the dynamics of the point vor
ces.

Since the nature of singularity formation inx is the same
as that inx8, tB is also the time at which the singularit
forms in x. At this point, our perturbation solution for th
Kelvin waves breaks down, and strong nonlinearity tak
over. We can assume that filamentation follows very quic
after this point, since the gradient is already high, and str
nonlinear interaction occurs. Therefore,tB is also the fila-
mentation time for the Kelvin waves in our model.

The constanth is an exponent that measures the stren
of nonlinearity needed for the breakdown of the perturbat
equations. Since its role is similar to that of the exponenj
that we previously determined for the case of fast time sc
filamentation@see the discussion that follows Eq.~85!#, we
assume thath'j50.566. Note that the precise value ofh is
not important for the scaling oftB with l.
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 5. The dependence of the filamentation timetB on
point vortex strengthl. Initially, the point vortex is at
(r ,u)5(0.5,0), and the contour of the vortex patch
circular. The dashed line, which is for visual aid, has
slope21.
e
in
le
e
io

ith

e
th

p

a

f

e

xe

e

his
e
en

or-
ays
on-
al-

d,
the
all.

ur
is

u-
ion
To show that the above approach is useful for und
standing the slow time scale filamentation of the Kelv
waves, we present two simple examples. In both examp
we study the formation of singularity in the pseudoenv
lopes, and infer from the results the nature of filamentat
of the Kelvin waves.

The first example is the case of one point vortex w
circulationG154p2l placed at radial positionR. The lead-
ing order solution of the point vortex is very simple, as w
have shown in the previous section: the radial position of
point vortex does not change, and its angular position
given by Eq. ~82!. With the motion of the point vortex
known, the equation for the points on the pseudoenvelo
Eq. ~93!, becomes

du8

dt
5

2~12R2!

11R222R cos~u8!
1V, ~96!

where u8[u2Vt, indicating that Eq.~96! is written in a
rotating frame, chosen so that the point vortex is station
@see Eq.~82!#. The fixed pointsufix8 of Eq. ~96! are given by
du8/dt50, and the solution is

cos~ufix8 !5
R~32R2!

2
. ~97!

It is easy to see that for all 0,R,1, the right hand side o
the above equation is always positive and smaller than
Therefore, the equation always has two fixed points, on
between 0 andp/2, the other is between 3p/2 and 2p. To see
the behavior of the pseudoenvelope points nearby the fi
points, we Taylor expand the right hand side of Eq.~96! near
the fixed point and get

d~u82ufix8 !

dt
52g~u82ufix8 !, ~98!

where
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g5
4R sin~ufix8 !

~12R2!3 . ~99!

Therefore,

u8~t!2ufix8 5~u082ufix8 !e2gt, ~100!

whereu08 is the initial position of the boundary point. For th
fixed point between 0 andp/2, Eq. ~99! shows thatg.0;
therefore, the boundary points nearby will converge to t
fixed point exponentially in time. This fixed point is th
stable fixed point. For the other fixed point, which is betwe
3p/2 and 2p, Eq. ~99! shows thatg,0; therefore, this fixed
point is unstable.

These results indicate that for the case of one point v
tex placed off the center of the vortex patch, there is alw
one boundary point to which the other boundary points c
verge in slow time. Therefore, the perturbation solutions
ways break down in finite timetB . We can estimatetB using
Eqs.~95!, ~99!, and~97!:

tB'
h

g
l21 ln l215

h~12R2!2

2RA42R2
l21 ln l21. ~101!

From the equation above we see that whenR is small it takes
a long time to filament the Kelvin waves; on the other han
when R approaches 1, i.e., the point vortex approaches
boundary of the vortex patch, the filamentation time is sm
However, Eq.~101! is only valid provided thattB@1; oth-
erwise fast time filamentation sets in.

We have tested Eq.~101!, which is inferred from the
singularity formation in the pseudoenvelope, with conto
dynamics simulations. In the simulations, a point vortex
placed atR and the initial shape of the vortex patch is circ
lar. In Fig. 5, we plot the dependence of the filamentat
time in the simulations withR50.5 onl. The figure shows
that thel21 ln l21 scaling oftB in Eq. ~101! is well satisfied.
P license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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In Fig. 6, we plot the dependence of the filamentation time
the simulations withl50.05~i.e., the circulation of the poin
vortex isG150.2p2) on the positionR of the point vortex.
The figure shows that Eq.~101! agrees qualitatively with the
results of the contour dynamics.

The second example is the case of two point vortic
with circulationsG15G254p2l, initially placed at (R,0)
and (R,p). Evaluating Eqs.~71! and ~73! for this case, we
find that the leading order solution of the positions of t
point vortices are given by

R1
~0!5R5R2

~0! , ~102!

U1
~0!5Vt, U2

~0!5p1Vt, ~103!

where

V5
113R4

R2~12R4!
. ~104!

In other words, the point vortices are in equilibrium in th
rotating frame with angular frequency 2p1lV. Therefore,
the equation of motion for the envelope points, Eq.~93!,
becomes
on
tio

lt
fo
ct

l
ol
E
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du8

dt
52V1

4~12R4!

~11R2!224R2 cos2~u8!
, ~105!

whereu85u2Vt. The fixed point of the above equation
given by

cos2~ufix8 !5
~11R2!2

4R2 2
~12R4!2

113R4 . ~106!

For 1.R.Rc50.44, there are four solutions forufix , two of
which are stable fixed points. As in the previous examp
Taylor expansion of the right hand side of Eq.~105! near the
stable fixed points reveals exponential convergence of
pseudoenvelope points to the fixed points with

g5
16R2~12R4!sin~2ufix8 !

@~11R2!224R2 cos2~2ufix8 !#2 . ~107!

Because of symmetry,g is the same for the two stable fixe
points. As in the previous example, the pseudoenvelope
velops singularity at timetB , which can be inferred as th
time at which the Kelvin waves filament. We can estimatetB

using Eqs.~95!, ~107!, and~106!:
tB'
h

g
l21 ln l215

2h~12R4!2R4l21 ln l21

~113R4!A~2114R215R414R6!~124R2111R424R6!
. ~108!
ion

ime

ta

e

For R,Rc50.44, there is no solution forufix8 and, therefore,
there is no fixed point for the pseudoenvelope points to c
verge to. This suggests that the slow time scale filamenta
of the Kelvin waves is suppressed forR,Rc .

Contour dynamics is again used to verify these resu
In Fig. 7 we have plotted the results of contour dynamics
the dependence of the filamentation time, scaled by a fa

FIG. 6. The dependence of the filamentation timetB on the positionR of the
point vortex. The point vortex has a circulationG150.0534p250.2p2,
and is placed initially at (r ,u)5(R,0) in a circular vortex patch. The symbo
~L! indicates the results of the contour dynamics simulation, and the s
line is the prediction inferred from the evolution of the pseudoenvelope,
~101!.
-
n

s.
r
or

of l21 ln l21, on R for severall. The initial shape of the
contour is circular. As we can see, thel21 ln l21 scaling of
tB , suggested by Eq.~108!, works quite well forR,0.7, as
indicated by the coincidence of the scaled filamentat
times for different values ofl. For R.0.7, the scaling does
not work well for relatively largel. This is because asR
goes close to the edge of the vortex patch, the fast t

id
q.

FIG. 7. Dependence of filamentation timetB on R for the case of two point
vortices with equal circulations 4p2l initially placed at (r ,u)5(R,0) and
(r ,u)5(R,p). The shape of the vortex patch is initially circular. The da
for five values of l are presented by the symbols, withtB scaled by
l21 ln l21. The solid line is the prediction inferred from the evolution of th
pseudoenvelope, Eq.~108!, scaled byl21 ln l21.
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filamentation, as discussed in the beginning of this sect
takes over and the Kelvin waves filament within one rotat
of the vortex patch. ForR,Rc , the filamentation times in-
crease dramatically asR decreases, indicating the suppre
sion of the slow time filamentation for smallR. The depen-
dence oftB on R agrees qualitatively with the formula give
by Eq. ~108!, as in the first example.

The two examples we have discussed above show
dynamics of the slow time filamentation of the Kelvin wav
can be understood from the singularity formation in the ps
doenvelopex8. These examples confirm that the filamen
tion of the Kelvin waves happens due to the excitation
high k modes, and the filamentation timetB scales withl as
shown in Eq.~95!. They also show that dependence oftB on
the dynamics of the point vortices can be qualitatively d
duced from the dynamics ofx8.

The use of the pseudoenvelope greatly simplifies
study of the slow time scale filamentation of the Kelv
waves. However, when the point vortices are in generic
sitions, the analysis of the slow time filamentation of t
Kelvin waves becomes quite complicated since the dynam
of the point vortices are chaotic in most cases. So far,
have not been able to work out the conditions for slow ti
filamentation for the most general initial positions of t
point vortices. Contour dynamics simulations seem to s
gest that the slow time filamentation of the Kelvin waves
the most general cases resembles that of a single point vo
placed at the center of charge of the point vortices, off
center of the vortex patch, as studied in the first exam
Also, the suppression of the slow time filamentation wh
the point vortices are clustered near the center of the vo
patch, as studied in the second example, seems to ho
general. These numerical results should be investigated m
fully in future studies.

V. DISCUSSION

In this paper, we have studied the dynamics of po
vortices inside a nearly circular vortex patch. We first d
rived general nonlinear equations of motion for the po
vorticies and the contour of the vortex patch. Next, we T
lor expanded these equations in powers of the point vo
strengthl, defined as the ratio of the average circulation
the point vortices to the circulation of the patch. We th
performed a two time scale analysis of the resulting non
ear dynamics. The fast scale was determined by the
quency of Kelvin waves on the patch, and the slow tim
scale was determined by the slow motion of the point vo
ces in their mutual velocity fields as well as the field of t
patch. We showed that in the rotating frame of the vor
patch, the slow time dynamics of the point vortices is equi
lent to that of point vortices inside a circular free-slip boun
ary. The Kelvin waves on the vortex patch cause the po
vortices to oscillate on the fast time scale around their s
time scale trajectory.

We also showed that the Kelvin waves break in fin
time due to the nonlinear interaction between the point v
tices and the vortex patch. When the point vortices are c
to the edge of the patch, the filamentation occurs rapi
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within one rotation period of the patch. This fast filamen
tion was found to occur when a vortex is on the order oflj

from the patch edge, withj'0.566 determined from contou
dynamics simulations.

On the other hand, when the vortices are far from
patch edge, filamentation occurs on the slow time scale.
ing an analysis based on a novel pseudoenvelope formula
of the slow-time nonlinear dynamics of the patch, we fou
that filamentation occurs when perturbations on the pa
steepen as they are attracted to fixed points whose loca
are determined by the point vortex positions. The time
quired for filamentation was shown to scale asl21 ln l21.
This scaling has been verified in recent experiments.25

We then studied the slow filamentation time scale
more detail for two cases: a single point vortex, and t
point vortices in equilibrium positions. For the first case, w
found that the slow time scale filamentation of the vort
patch always occurs, with the expected time scale, given
Eq. ~101!. For the latter case, we found that the filamentat
can only happen when the radial position of the point vo
ces is greater thanRc50.44, with a time scale given by Eq
~108!. Contour dynamics simulations suggest that in the g
eral case of many point vortices moving chaotically, the fi
mentation of the vortex patch resembles the case of one p
vortex. In future work, this should be investigated in mo
detail with both theory and simulations.

In this paper the patch was given a uniform vorticit
However, in any real system the vorticity must fall smooth
to zero at large distances from the center of the patch. T
could cause spatial Landau damping of the Kelvin wav
which may suppress filamentation. The influence of spa
variation in the background on the dynamics will be the su
ject of future work.

Finally, a few words about late-time behavior of the sy
tem. Our analysis breaks down after the patch filaments.
complex nonlinear processes responsible for subseq
mixing and stretching of the filamentary structures, and
effect of this mixing on the motion of the point vortices, a
beyond the scope of this paper. However, preliminary w
using vortex-in-cell simulations indicates that the filamen
tion eventually leads to chaotic and irreversible mixing of t
entire vortex patch as the edge contour is mixed into
interior of the patch,26 and that this mixing can occur eve
for the simplest possible case of a single point vortex ins
the patch. Thus, this relatively simple system displays m
of the features of more complex physical systems that
volve interactions between vortices and extended vortic
regions, such as atmospheric cyclones interacting with zo
flows, eddies interacting with oceanic currents, vortex crys
experiments, etc. It is hoped that future work on the chao
dynamics of this simple point vortex/patch system will pr
vide more useful insights into the complex interplay betwe
strong vortices and a background vorticity region.27
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APPENDIX

Here we outline the proof that the su
8p3l2Skubku2/uku is the self-energy of the Kelvin waves i
the rotating frame. We first derive an expression for the
gular momentumL of the patch:

L52
1

2 E0

2p

duE
0

11e

dr4pr 3

52p222pE
0

2p

due23pE
0

2p

due21O~l3!

5L022pE
0

2p

due21O~l3!, ~A1!

where in the third line we have used Eq.~34!, and where
L052p2 is the angular momentum of the unperturb
patch. Replacinge by its Fourier series, Eq.~43!, the angular
momentumLe5L2L0 due to the contour deformation i
found to be

Le524p2(
kÞ0

ueku2 ~A2!

correct toO(l2).
We now turn to the self-energy of the patch as viewed

the laboratory frame:

H522pE
0

2p

duE
0

2p

du8E
0

11e

r dr E
0

11e8
dr8r 8

• ln~r 21r 8222rr 8 cos~u2u8!!, ~A3!

where the Green’s function, Eq.~12!, has been employed
These integrals can be evaluated analytically by Taylor
panding toO(l2); details may be found in Ref. 26. Th
result is

H5H024p2E
0

2p

e222pE
0

2p

e duE
0

2p

e8 du8

3 ln~222 cos~u2u8!!1O~l2!

5H028p3(
kÞ0

S 12
1

uku D ueku21O~l3!, ~A4!

whereH05p3 is the energy of the unperturbed patch, and
the second line we have substituted the Fourier series foe,
Eq. ~43!.

Next, we define the perturbed self-energyHe5H2H0

due to the contour deformation. Going to the rotating fra
~rotating with angular frequency 2p! the self-energy trans
forms to

He22pLe58p3(
kÞ0

ueku2

uku
, ~A5!

correct toO(l2). Substituting Eqs.~53! and~67!, we obtain
the fast-time averaged self-energy of the contour distorti
Downloaded 29 Aug 2001 to 18.42.1.161. Redistribution subject to AI
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^He22pLe&58p3l2(
kÞ0

ubku2

uku
18p3l2(

Þ0

uVk
~1!u2

4p2uku
.

~A6!

In Eq. ~A6!, the first term is the self-energy of the Kelvi
waves; the second term is that of the image charge.
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