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Abstract

Let ν be a positive Borel measure on Rn and pFq(a1, . . . , ap; b1, . . . , bq; s)

be a generalized hypergeometric series. We define a generalized hypergeomet-

ric measure, µp,q := pFq(a1, . . . , ap; b1, . . . , bq; ν), as a series of convolution

powers of the measure ν, and we investigate classes of probability distri-

butions which are expressible as such a measure. We show that the Kemp

family of distributions (Sankhyā, Ser. A, 30, (1968), 401–410) is an example

of µp,q in which ν is a Dirac measure on R. For the case in which ν is a Dirac

measure on Rn, we relate µp,q to the diagonal natural exponential families

classified by Bar-Lev, et al. (J. Theoret. Probab. 7 (1994), 883-929). For

p < q we show that certain measures µp,q can be expressed as the convo-

lution of a sequence of independent multi-dimensional Bernoulli trials. For

p = q, q + 1, we show that the measures µp,q are mixture measures with the

Dufresne and Poisson-stopped-sum probability distributions as their mixing

measures.
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1. Introduction

Let pFq(a1, . . . , ap; b1, . . . , bq; s) denote a generalized hypergeometric se-

ries (Rainville, 1960). Families of discrete random variables, X , on R which

have probability-generating function E(sX), expressible in the form

E(sX) = pFq(a1, . . . , ap; b1, . . . , bq;λs) (1.1)

for some λ ∈ R, were introduced by Kemp (1968) and studied later by Kemp

and Kemp (1974) and by Tripathi and Gurland (1977, 1979) (cf. Johnson,

Kotz, and Kemp, 1992). It was shown by those authors that the binomial,

negative binomial, hypergeometric, and Poisson distributions, and some mix-

tures of these four types, all have probability-generating functions expressible

in the form (1.1). The classification theory of these distributions was based

on an analysis of the underlying probability-generating functions.

In this paper, we provide an alternative approach to classifying distribu-

tions which satisfy (1.1). Our approach to the classification theory is based

on the idea of a generating measure. Families of distributions which satisfy

(1.1) and which are induced by the generating measure will retain certain

important properties of the underlying generating measure.

Let ν be an arbitrary positive Borel measure. In Section 2 we define a

generalized hypergeometric measure (GHM),

µp,q := pFq(a1, . . . , ap; b1, . . . , bq; ν). (1.2)

Whenever (1.2) is well-defined, we call ν the inducing measure for µp,q, or

we say that µp,q is induced by ν.

We show that if ν = αδ, where δ is the Dirac measure on R and α ∈ R, then

the family of distributions generated by the GHM µp,q is the Kemp family

(Kemp, 1968). For more general choices of ν, we show that the induced

GHM µp,q contains new types of discrete probability distributions.
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By applying properties of the Dufresne distributions (Dufresne, 1996;

Chamayou and Letac, 1999), we show that the confluent hypergeometric

distributions (Bhattacharya, 1966; Tripathi and Gurland, 1977, 1979), gen-

erated by µ1,1, are expressible as mixtures in which the Poisson-stopped-sum

and Dufresne distributions are the mixing distributions.

For the case in which ν is a linear combination of Dirac measures on

R
n, we relate the family µp,q to the discrete diagonal natural exponential

families (NEFs), which were classified by Bar-Lev et al., (1994) (see also

Lu and Richards, 1996). Using Hadamard’s factorization theorem (Titch-

marsh, 1939) we show that these discrete diagonal NEFs can be expressed as

convolutions of sequences of independent multi-dimensional Bernoulli trials.

2. Generalized hypergeometric measures

Let us review some facts about the natural exponential families. Let

θ = (θ1, . . . , θn) ∈ R
n, x = (x1, . . . , xn) ∈ R

n, and 〈θ, x〉 :=
∑n

j=1 θjxj be

the standard inner product. Suppose ν is an arbitrary positive Borel measure

on Rn, then we define

Lν(θ) :=

∫

Rn

exp(〈θ, x〉)ν(dx) (2.1)

to be the moment-generating function of ν. It is well-known that the set

D(ν) = {θ ∈ R
n : Lν(θ) < ∞} is non-empty and convex, and we denote by

Θ(ν) the interior of D(ν).

Let Mn denote the set of measures ν which are not concentrated on any

affine, proper subspace of Rn and such that Θ(ν) is nonempty. For ν ∈ Mn

and θ ∈ Θ(ν),

P (θ; ν)dx := (Lν(θ))−1 exp(〈θ, x〉)ν(dx) (2.2)

defines a probability measure on Rn, and the family of probability measures

F(ν) := {P (θ; ν) : θ ∈ Θ(ν)} is called the natural exponential family (NEF)
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generated by ν. For θ ∈ Θ(ν) and Lν(θ) defined as in (2.1), let κν(θ) :=

logLν(θ) be the cumulant-generating function of ν, so that

∇κν(θ) =
(∂κν

∂θ1
, . . . ,

∂κν

∂θn

)

is a function from Θ(ν) into Rn. It is well-known that the function ∇κν is

injective, and we denote its inverse mapping by ψν .

The mean domain of the NEF F ≡ F(ν), denoted by MF , is the image

of ∇κν . The variance function VF of the NEF F is the mapping from MF

into the set of positive definite symmetric n×n matrices such that, for each

m ∈MF , VF (m) is the covariance matrix of P (ψν(m); ν).

An NEF F on Rn is called diagonal if there exist n functions, a1, . . . , an,

each defined on some interval of R, such that the covariance matrix VF (m)

of F has diagonal elements (a1(m1), . . . , an(mn)) for all m = (m1, . . . , mn)

in MF . The family F is called irreducible if F is not the product of two

independent NEFs in Rk and Rn−k, for some k = 1, . . . , n− 1. Bar-Lev, et

al. (1994) characterized the class of irreducible, diagonal NEFs on Rn; they

proved that, up to affine transformations on R
n of the form

(x1, . . . , xn) 7→ (α1x1 + β1, . . . , αnxn + βn)

where αj 6= 0 for all j = 1, . . . , n, there are exactly six classes of irreducible

NEFs on Rn. These classes are the normal, Poisson, multinomial, negative

multinomial, gamma and hybrid types.

We turn now to the generalized hypergeometric measures. For any a ∈ C,

let (a)k = a(a + 1) · · · (a + k − 1), k = 0, 1, 2, . . . , denote the usual rising

factorial. The generalized hypergeometric function, pFq, (Rainville, 1960) is

defined to be the real-analytic function on R given by the series expansion

pFq(a1, . . . , ap; b1, . . . , bq; x) =

∞
∑

n=0

∏p
k=1(ak)n

∏q
k=1(bk)n

xn

n!
(2.3)
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where the bi (1 ≤ i ≤ q), are not non-positive integers. It is clear that if any

of the ai (1 ≤ i ≤ p), are non-positive integers then the series terminates.

The convergence properties of the series (2.3) are as follows:

a. If p ≤ q then (2.3) converges for all x ∈ R;

b. If p = q+1 then (2.3) converges for |x| < 1; and it converges for cdots|x| =

1 if
∑p

i=1 ai <
∑q

i=1 bi.

c. If p > q + 1 then the series diverges unless it is terminating.

For a positive finite measure ν on Rn, let ν∗k := ν ∗ · · · ∗ ν denote the

convolution of k copies of ν, and let ||ν|| := ν(Rn). Then the measure

µp,q : = pFq(a1, . . . , ap; b1, . . . , bq; ν)

=
∞
∑

k=0

(a1)k · · · (ap)k

(b1)k · · · (bq)k

ν∗k

k!
(2.4)

is defined to be the generalized hypergeometric measure corresponding to ν.

If the parameters a1, . . . , ap are such that pFq(a1, . . . , ap; b1, . . . , bq; x) is a

terminating series then µp,q is an everywhere finite measure. Otherwise, it

follows from the convergence properties of the generalized hypergeometric

series that:

a. If p ≤ q then µp,q is finite;

b. If p = q + 1 then µp,q is finite for ||ν|| < 1, and µp,q is finite for ||ν|| = 1

if
∑p

i=1 ai <
∑q

i=1 bi. Further, µp,q is unbounded if ||ν|| > 1;

c. If p > q+1 and the series (2.3) is non-terminating then µp,q is unbounded

for every non-null measure ν.

The conditions above imply, as long as p ≤ q, that µp,q is a well-defined

finite measure. Further, if p = q + 1 and
∑p

i=1 ai <
∑q

i=1 bi then µp,q is

finite if ν is a probability measure.

Let us introduce some notation required in the sequel. For fixed n ∈ N,

let F be the set of all nonempty subsets of {1, 2, . . . , n} and F∗ := F ∪ {∅}
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be the set of all subsets of {1, 2, . . . , n}. Let e1, . . . , en denote the canonical

basis for Rn, and

et :=
∑

j∈t

ej , t ∈ F ; e∅ = 0.

Let α : F → [0,∞), α(t) ≡ αt, t ∈ F , and consider the measure

ν :=
∑

t∈F

αtδet
, (2.5)

where δσ is the Dirac measure at σ ∈ R
n. Define zt :=

∏

j∈t zj for nonempty

t ⊂ {1, . . . , n}, and z∅ := 1. Clearly, the moment-generating function of the

measure ν is

Lν(θ) :=

∫

Rn

exp(〈θ,x〉)ν(dx) =
∑

t∈F

αtz
t (2.6)

where zj = eθj , j = 1, . . . , n.

Let µ := (δ0 + ν)∗N , an N -fold convolution. By the convolution property

of the moment-generating function, we have

Lµ(θ) =
(

Lδ0+ν(θ)
)N

=
(

1 + Lν(θ)
)N

=
(

1 +
∑

t∈F

αtz
t
)N

. (2.7)

3. The elementary GHM families in Rn

In this section we characterize the GHM measures for which p+ q ≤ 1 in

terms of distributions belonging to the diagonal NEF class. We show that

µ0,0 generates families of multivariate distributions of Poisson type. For

terminating series, the GHM µ1,0 generates families of multivariate distribu-

tions of multinomial type; and for non-terminating series, the measure µ1,0

generates families of multivariate distributions of negative multinomial type.

All three of these families belong to the diagonal NEF families characterized

by Bar-Lev, et al. (1994). In the case of µ0,1, we show that the corresponding

generated class of distributions can be expressed as convolutions of sequences

of independent multi-dimensional Bernoulli trials.
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Theorem 1. Let ν be the measure in (2.5). Then

(a) The measure 0F0(ν) generates the diagonal NEFs of Poisson type.

(b) For a positive integer N , the measure 1F0(−N ;−ν) generates the diagonal

NEFs of multinomial type.

(c) For λ > 0, the measure 1F0(λ; ν) generates the diagonal NEFs of negative

multinomial type.

Proof. Since 0F0(x) = exp(x) then, for the measure ν given in (2.5), the

moment-generating function of µ0,0 = 0F0(ν) is

Lµ0,0
(θ) = exp

(

∑

t∈F

αt

∏

j∈t

eθj

)

.

By Theorem 3.2 of Bar-Lev, et al. (1994), NEF (µ0,0), the NEF generated by

µ0,0, is a diagonal NEF and corresponds to the class of multivariate Poisson

distributions. The covariance matrix VF0,0
(m) has diagonal entries

Diag VF0,0
(m) = (m1, . . . , mn).

To prove (b), note that µ1,0 = 1F0(−N ;−ν) is the GHM corresponding to

a terminating binomial series. By the binomial theorem, µ1,0 = (δ0 + ν)∗N .

Hence, by (2.7), µ1,0 has moment-generating function

Lµ1,0
(θ) =

(

1 +
∑

t∈F

αtz
t
)N

.

Let NEF (µ1,0) denote the NEF generated by µ1,0. By Theorem 3.1 of Bar-

Lev, et al. (1994), NEF (µ1,0) corresponds to the diagonal NEF in which

each member has covariance matrix with diagonal elements of the form

Diag VF1,0
(m) =

(

m1 −
m2

1

N
, . . . ,mn −

m2
n

N

)

.

This variance function corresponds to the class of multivariate distributions

of multinomial type.



8 I. LU AND D. RICHARDS

In the case of (c), the measure µ1,0 is a non-terminating series 1F0(λ; ν),

and has moment-generating function

Lµ1,0
(θ) =

(

1 −
∑

t∈F

αtz
t
)−λ

.

Therefore, by Theorem 3.3 of Bar-Lev, et al. (1994), F1,0 = F (µ1,0) is a di-

agonal NEF and its members have covariance matrix with diagonal elements

Diag VF1,0
(m) =

(

m1 +
m2

1

λ
, . . . ,mn +

m2
n

λ

)

.

This variance function corresponds to the class of multivariate distributions

of negative-multinomial type. �

The next family of generalized hypergeometric measures is the case in

which p = 0 and q = 1, viz.,

µ0,1 = 0F1(b; ν) :=

∞
∑

k=0

1

(b)kk!
ν∗k.

The properties of the measure µ0,1 are provided in the following result.

Theorem 2. Let ν be the measure in (2.5), and jr,1, jr,2, . . . , be the positive

zeros of the Bessel function s−rJr(s). For k = 1, 2, . . . , define the measures

τk = δ0 +
4

j2b−1,k

ν.

then

µ0,1 =
∞

⋆
k=1

τk := τ1 ∗ τ2 · · · . (3.1)

Proof. We note first that the convolution (3.1) converges in distribution; this

follows from a well-known criterion (cf. Wintner, 1938, Theorem 7.1) for the

convergence of infinite convolutions.

Next, it follows from (2.6) that the moment-generating function of µ0,1 is

Lµ0,1
(θ) =

∞
∑

k=0

1

(b)kk!
[Lν(θ)]k = 0F1(b;Lν(θ)). (3.2)
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Using the well-known formula (Watson, 1966; Rainville, 1960)

0F1(b+ 1;−
1

4
s2) = Γ(b+ 1)

(s

2

)−b

Jb(s),

which relates the 0F1 series and Jb(·), the Bessel function of order b; and the

infinite product representation (Watson, 1966, p. 498)

Jb(s) =
(s/2)b

Γ(b+ 1)

∞
∏

k=1

(

1 −
s2

j2b,k

)

;

we obtain

Lµ0,1
(θ) =

∞
∏

k=1

(

1 +
4

j2b−1,k

Lν(θ)
)

=
∞
∏

k=1

Lτk
(θ). (3.3)

By the uniqueness of the moment-generating function, the proof of the the-

orem is complete. �

Corollary 3. The NEF F (µ0,1), generated by µ0,1, is contained in the class

of distributions which are limits of convolutions of diagonal NEFs.

Proof. Since the moment-generating function of τk is

Lτk
(θ) = 1 +

4

j2b−1,k

Lν(θ),

which is the moment-generating function of a multi-dimensional Bernoulli

trial, then Theorem 2 expresses µ0,1 as the convolution of a sequence of

independent multi-dimensional Bernoulli trials. Since each Bernoulli trial is

a diagonal NEF then the result follows. �

4. Mixture Representations for the GHM Measures

For nonnegative integers p and q, let a = (a1, . . . , ap) and b = (b1, . . . , bq)

be two sequences of positive numbers. Define the generalized rising factorial

[a]s :=

p
∏

j=1

(aj)s, s = 0, 1, 2, . . . .
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The Dufresne distribution Da;b (Dufresne, 1996; Chamayou and Letac,

1999) on R+, if it exists, is defined by its Mellin transform,
∫ ∞

0

xsDa;b(dx) =
[a]s
[b]s

.

For p ≤ q + 1 the moment-generating function LDa;b
of Da;b exists on

(−∞, 1) (Chamayou and Letac, 1999) and, at least for θ ∈ (−1, 1), we have

LDa;b
(θ) :=

∫ ∞

0

eθxDa;b(dx)

=
∞
∑

k=0

θk

k!

∫ ∞

0

xkDa;b(dx)

=
∞
∑

k=0

[a]k
[b]k

θk

k!

= pFq(a;b; θ). (4.1)

If p = q = 0 then it follows from (4.1) that the corresponding Dufresne

distribution is δ1, the Dirac distribution at 1. If p = 1 and q = 0 then, by

(4.1),

LDa1;−
(θ) = (1 − θ)−a1 , |θ| < 1;

hence Da1;− corresponds to the gamma distribution with index parameter

a1.

An interesting consequence of (4.1) is the following result.

Theorem 4. Let X be a random variable which has the Dufresne distri-

bution Da;b, and let the measure ν in (2.5) be a probability measure. Let

Y be a random variable such that for each x > 0, the conditional distri-

bution of Y , given X = x, belongs to the NEF generated by exν . Then

the marginal distribution of Y belongs to the NEF generated by the GHM

µp,q = pFq(a;b; ν).

Proof. Denote by Gx the conditional distribution of Y . Since Gx belongs to

NEF (exν) then, by (2.2), the exponential measure corresponding to Gx is

Gx(θ; dy) ∝ eθy exp(xν)dy.
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By integrating over x, we deduce that the marginal distribution of Y is

proportional to

eθyLX(ν)dy,

where LX denotes the moment-generating function of X . By (4.1) it fol-

lows that the marginal distribution of Y is proportional to eθy
pFq(a;b; ν)dy.

Hence, the proof is complete. �

This result shows that some GHMs may be represented as mixture distri-

butions with the Dufresne distributions as the mixing measures.

We now illustrate this mixture representation through some examples.

Example 5. Let ν = αδ1, where α > 0 and δ1 denotes the Dirac measure

at 1. Suppose X has the Dufresne distribution D(a;b) and, conditional on

X = x, let Y have a distribution which is generated by µx := exν . By

Theorem 1, µx generates the Poisson family of diagonal NEFs. By Theorem

4, the marginal distribution of Y belongs to the NEF generated by the GHM

pFq(a;b; ν).

For example, if p = 1 and q = 0 then the resulting Dufresne distribution

is the gamma distribution with shape parameter a > 0. By Theorem 1, the

resulting GHM 1F0(a;b; ν), generates a binomial or negative binomial family

of diagonal NEFs. Further, by Theorem 4, the marginal distribution of Y

belongs to the NEF generated by the GHM 1F0(a;b; ν); hence the marginal

distribution of Y belongs to the binomial or negative binomial family of

diagonal NEFs.

In the next example we show that µp,q generates mixture families that have

the Poisson-stopped-sum distributions (Johnson, Kotz, and Kemp, 1992) and

Dufresne distribution as their mixing distributions.

Example 6. Suppose that the measure ν in (2.5) is a probability measure.

Conditional on a hyper-parameter λ, let Nλ be a Poisson random variable
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with rate λ > 0. Conditional on Nλ, suppose that X1, . . . , XNλ
are indepen-

dent, identically distributed random variables, each having the distribution

ν, and let Y =
∑Nλ

i=1Xi. Then the conditional distribution of Y , given Nλ,

is ν∗Nλ . Conditional on λ, the mixture measure is

µY |λ =

∞
∑

k=0

ν∗k e
−λλk

k!
= eλ(ν−δ0),

where δ0 is the Dirac measure at the origin. Suppose that λ ∼ Da;b; then by

Theorem 4, Y is the mixture distribution having the Poisson-stopped-sum

and Dufresne distributions as its mixing distributions.

In light of the examples above we know that there exists mixture distri-

bution that have the Dufresne distributions as its mixing distribution. In

the next section, we will show that under mild conditions there are, in fact,

many families of distributions that can be generated by the class of GHMs.

5. GHM and Convolution Families

In this section we will show that the families of distributions induced by

µp,q can be represented by convolutions of sequences of independent random

variables.

Theorem 7. Suppose that p < q, k1, . . . , kp are positive integers, and

b1, . . . , bq are positive. Then

µp,q := pFq(b1 + k1, . . . , bp + kp; b1, . . . , bq; ν) =
∞

⋆
j=1

τj (5.1)

where τj := δ0 + λjν, with λj > 0, j = 1, 2, . . . .

Proof. By Richards (1990), eq. (4.7),

pFq(b1 + k1, . . . , bp + kp; b1, . . . , bq; s) =

∞
∏

j=1

(1 + λjs), (5.2)
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where −1/λj , j = 1, 2, . . . are the zeros of the generalized hypergeometric

function pFq(b1 + k1, . . . , bp + kp; b1, . . . , bq; s). It is also known (Richards,

1990, p. 478) that λj > 0 for all j = 1, 2, . . . and

∞
∑

j=1

λj =

∏p
j=1(kj + bj)
∏q

j=1 bj
<∞;

hence, by Wintner’s criterion, the infinite convolution, τ1∗τ2∗· · · , converges.

By (5.2) it follows that the Laplace transform of µp,q is

Lµp,q
(θ) =

∞
∏

j=1

(1 + λjLν(θ)) =

∞
∏

j=1

Lτj
(θ);

this completes the proof of (5.1) �

Remark 8. For q ≤ p ≤ q + 1 and ai < bi, i = 1, 2, . . . , q, the existence of

the Dufresne distributions has been proved (cf. Dufresne, 1996; Chamayou

and Letac, 1999). Together with Example 6, Theorem 4 above thus implies

the existence of mixture distributions generated by the GHM µp,q. Example

6 shows that this family can be expressed as mixtures in which the Dufresne

and Poisson-stopped-sum distributions are the mixing distributions. Further,

if p < q then Theorem 7 implies that µp,q can be identified as the measure

arising from the convolution of an infinite sequence of multi-dimensional

Bernoulli trials.

Remark 9. In the general case, let ν in (2.5) be a positive measure on R.

Then the family of distributions generated by the GHM µp,q has Laplace

transform of the form pFq(Lν(θ)) where Lν(θ) is the Laplace transform of

ν. Equivalently, the probability generating function of µp,q is proportional

to pFq(Lν(log s)), s ∈ R+.

Therefore, the GHM family on R is equivalent to Kemp’s generalized

hypergeometric families (cf. Johnson, Kotz, and Kemp, 1992, p. 88 ff.). For

example, the Neyman Type B distributions arise from the case in which p =
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q = 0 and Lν(θ) = 1F1(1; 2; 2α(eθ − 1)), where α > 0. Then it follows that ν

is a probability measure; in fact, ν is known as the generalized hypergeometric

factorial moment distribution (cf. Johnson, Kotz, and Kemp, 1992, p.91 ff.).

By Kummer’s second formula (Rainville, 1960, p. 126),

1F1(1; 2; s) = es/2
0F1(3/2; s2/16) = es/2

∞
∏

k=1

(

1 +
s2

4j21/2,k

)

,

where the second equality follows from (3.2) and (3.3). Since J1/2(s) =

(2/πs)1/2 sin s, then we even have j1/2,k = kπ, k ≥ 1. Therefore,

Lν(θ) = eα(eθ−1)
∞
∏

k=1

(

1 +
α2

k2π2
(eθ − 1)2

)

.

This shows that ν is an infinite convolution,

ν = Pα ∗
∞
⋆

k=1
τk,

where P2α is a Poisson distribution with rate α, and τk has Laplace transform

Lτk
(θ) = 1 +

α2

k2π2
(eθ − 1)2

=
(

1 +
α2

k2π2

)

−
2α2

k2π2
eθ +

α2

k2π2
e2θ.

This shows that τk is a signed measure on the set {0, 1, 2}, with corresponding

weights
{

1 +
α2

k2π2
, −

2α2

k2π2
,

α2

k2π2

}

,

respectively.

Example 10. Consider the confluent hypergeometric distribution (Hall,

1966; Bhattacharya, 1966) with moment-generating function

Lµ1,1
(θ) =

1F1(a; 2a;αe
θ)

1F1(a; 2a;α)
,
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where a > 0, α > 0. By Kummer’s second formula,

1F1(a; 2a;αe
θ) = eαeθ/2

0F1(a+
1

2
;
α2

16
e2θ)

= eαeθ/2
∞
∏

k=1

(1 +
α2

4j2
a− 1

2
,k

e2θ); (5.3)

then it follows from (5.3) that

Lµ1,1
(θ) =

eαeθ/2
∏∞

k=1

(

1 + α2

4j2

a−

1
2

,k

e2θ
)

eα/2
∏∞

k=1

(

1 + α2

4j2

a−

1
2

,k

)

= eα(eθ−1)/2
∞
∏

k=1

(ck + (1 − ck)e2θ)

where

ck =
(

1 +
α2

4j2
a− 1

2
,k

)−1

.

Therefore

µ1,1 = Pα/2 ∗
∞

⋆
k=1

τk,

where Pα/2 has a Poisson distribution with rate α/2 and τk has a Bernoulli

distribution with mass at 0 and 2 and corresponding weights ck and 1 − ck.

6. Families of GHMs on R

Denote by Fa the NEF F(θ;µ0,1(a)) generated by µ0,1 with parameter

a. Let X and Y be random vectors independently distributed as Fa and Fb,

respectively. Then the convolution ofX and Y has the distribution generated

by the GHM µ23. To show this, set W = X + Y , and recall that

0F1(a; t) 0F1(b; t) = 2F3

(a+ b

2
,
a+ b− 1

2
; a, b, a+ b− 1; 4t

)

, (6.1)

(see Rainville, 1960, p. 105). Since the moment-generating functions of X

and Y are 0F1(a; z) and 0F1(b; z) respectively, then it follows from (6.1) that
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W has a distribution generated by µ23, and with parameters a1 = (a+ b)/2,

a2 = (a + b − 1)/2, b1 = a, b2 = b, and b3 = a + b − 1. Since 0F1 has

the infinite product representation given in Section 3, we may represent the

moment-generating function of W as

Lµ23,w(θ) =

∞
∏

k=1

{

1 +
4

j2a−1,k

ϕ(z)
}

∞
∏

m=1

{

1 +
4

j2b−1,m

ϕ(z)
}

.

where ja,1, ja,2, . . . , are the zeros of the Bessel function s−aJa(s). We have

the following proposition.

Proposition 11. Let ν be the measure in (2.5) and for k = 1, 2, . . . , define

the measures

τr,k = δ0 +
4

j2r−1,k

ν

where r > 0. Then

µ23

(a+ b

2
,
a+ b− 1

2
; a, b, a+ b− 1

)

=
∞

⋆
k=1

(τa,k ∗ τb,k).

We remark that there are many hypergeometric identities similar to (6.1)

(cf. Andews, Askey, and Roy, 1999). From those identities, we can derive

results for GHMs similar to Proposition 11.

7. Simulation results for GHMs

To summarize, we list these families of distributions in Table 1 and indi-

cate the new findings and representations for the generalized hypergeometric

measures. Note that since the roots of the Bessel function are asymptoti-

cally of order n, when µ0,1 is represented as an infinite convolutions of multi-

dimensional Bernoulli trials, the distributions identified by it have most of

their point mass concentrated at or near the origin 0.

We illustrate these development using our new representation of confluent

hypergeometric distribution discussed in Example 10, where we showed that
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the confluent hypergeometric distribution is the convolution of a Poisson dis-

tribution and an infinite convolution of Bernoulli trials with mass at 0 and

2. Figures 1 and 2 provide graphical validations of this new representation.

In these graphs the first histogram, with label “ConfluentHyperGeometric,”

depicts the probability distribution obtained directly from the confluent hy-

pergeometric distribution using original definition. The second histogram is

that of a Poisson at the appropriate rate.

The third histogram, labeled “SimulatedConfluentHyperG,” provides sim-

ulated histograms of the confluent hypergeometric distributions using the

representations derived from the generalized hypergeometric measures; in

carrying out the computations underlying this histogram, we used the com-

puter software Mathematica to compute the zeros of the confluent hypergeo-

metric function. Since this infinite convolution of Bernoulli trials has weights

that are heavily concentrated on the origin for large Bessel roots, it is not

surprising to see in Figures 1 and 2 that, for small values of α > 0, the dis-

tribution may be accurately approximated by a single Poisson distribution.

On the other hand, if α is large, then the confluent hypergeometric dis-

tribution displays markedly different behavior from a Poisson distribution.

Not only does the mean-to-variance ratio of the confluent hypergeometric

distribution shift away from 1, but also the effect of the infinite convolution

is to introduce additional spread to the distribution in the form of increased

weight to the right tail of the distribution. Indeed, in the bottom panels of

these graphs, we see that the confluent hypergeometric distribution is dis-

tributed with a much longer right tail and larger mean than those of the

Poisson distribution.

In conclusion, the newly-developed representations of distributions using

GHMs provide simple but powerful ways to simulate the densities and rep-

resents an intuitive method for investigating the properties of these families

using zeros of the Bessel or generalized hypergeometric functions.
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and generalized hypergeometric series, Linear Alg. Appl., 137/138, 467

- 478.

Titchmarsh, E. C. (1939). The Theory of Functions, 2nd. ed., Oxford Uni-

versity Press, London.

Tripathi, R. C., and J. Gurland, (1977). A general family of discrete distri-

butions with hypergeometric probabilities, J. Royal Statist. Soc., Ser. B,

39, 349 - 356.

Tripathi, R. C., and J. Gurland, (1979). Some aspects of the Kemp families

of distributions, Commun. Statist. - Theory & Methods, 8, 855 - 869.

Watson, G. N. (1966), A Treatise on the Theory of Bessel Functions, 2nd ed.,

Cambridge Univ. Press, Cambridge.

Wintner, A. (1938). Asymptotic Distributions and Infinite Convolutions, Ed-

wards Brothers, Ann Arbor, MI.



20 I. LU AND D. RICHARDS

Table 1: Families of Distributions Generated by GHMs
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Figure 1: Comparison of the Poisson and Confluent Hypergeometric Distributions
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Figure 2: Comparison of the Poisson and Confluent Hypergeometric Distributions


