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Comments

In thinking of possible authors to write a review of the area of L2 goodness-of-fit tests for

multivariate normality, it would be difficult to find authors who are better suited than

Professors Ebner and Henze. The authors’ joint experience in the area of goodness-of-

fit testing has “spanned four decades, covered broad classes of distributions, pioneered

numerous distinct approaches, were published across several continents, and motivated

the research of many co-authors”, to paraphrase Hadjicosta and Richards (2019). In

the present review, the authors repeatedly rise to the occasion, providing a review that

is detailed and comprehensive.

In each and every section of the review article, I learnt new results. For instance,

I was unaware of the results of Pudelko (2005), of the results of Manzotti and Quiroz

(2001) that involve spherical harmonics, of the projection pursuit approach to tests for

multivariate normality, and other many topics. Indeed, the review is so extensive that

it is likely to become required reading for those intending to work in the area.

In my view, the crowning feature of a good review article is its offerings of potential

research questions. In this regard, the Ebner-Henze review is superb. In each and every

section, a reader comes across questions and open problems that appeal for investiga-

tion. In providing below a partial list of such problems, I ask the reader to keep in

mind that this choice of problems reflect my own research interests:

Section 1: Here, the authors carefully delineate the limits of their review; in particular,

tests that are based on incomplete data are outside their purview. This raises in my

mind the hope for future investigations of L2 tests for situations in which the data are
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incomplete. Of particular importance in the case of incomplete data will be situations

in which the data are not monotone incomplete, and indeed it appears that little is

known about this particular area.

Section 2: In my second reading of the review article, I found myself thinking about

possible advantages and disadvantages of L4 tests, say, vis-a-vis L2 tests. At a mini-

mum, it would be interesting to investigate the properties of an L4 version of the BHEP

class of tests. Moreover, the results described in this section raise the idea of Lp tests

in which p is determined from the data and therefore is random.

The issue of Lp tests is interesting more broadly because, by letting p→∞, it may

be possible to resolve open problems for L∞, i.e., supremum, tests. Here, we have in

mind the problem of deriving explicit expressions for Pudelko’s test; in this regard, see

the comments below on Section 6 of the review.

With regard to the power of goodness-of-fit tests, Gorham and Mackey (2017) have

developed tests based on “kernel Stein discrepancy” methods. This approach, when

applied to testing multivariate normality, has resulted in tests that have very high power

for certain alternative hypotheses. I think it would be good for the L2 community to

ascertain the pros and cons of Gorham and Mackey’s results when compared to general

L2 tests of normality.

Section 3: The discussion in this section raises the issue of whether the alternative

representation derived by Henze and Zirkler (1990) for the BHEPn,β test statistic is

specific to L2 tests, or to tests of normality. Simply put, is there an analog for L4 tests,

say, of the integral representation (for the statistic BHEPn,β) that is stated at the start

of this section?

Also, can this integral representation be extended to non-normal distributions? As

a start, the stable distributions should be plausible candidates for such investigations.

Section 4: Professors Ebner and Henze note that “there are hitherto no results on the

behavior of En with respect to contiguous alternatives to H0.” This issue is part of the

general problem that no results appear to be available for the non-null distributions of

tests statistics based on the distance covariance or distance correlation coefficient.

Section 5: It remains an open problem to find an explicit expression, in terms of the

data, for Pudelko’s test statistic. The authors of the review indicate the test’s lack

of feasibility given that such an expression requires calculation of the supremum of a

function over Bd(r), the d-dimensional ball of radius r.

Section 6: It would be good to develop an approach to the Cox-Small test statistic TCS
which makes it immediately clear, even to a neophyte, “that the functional TCS vanishes

on the set Nd.” Such a representation may even reveal non-normal distributions PX
for which TCS(PX) = 0, leading perhaps to a classifications of all such distributions.

The authors comment that practical applications of the statistic TCS lead to the

“computationally extensive” problem of calculating the maximum of η2n(b) over b ∈



3

Sd−1. This problem literally begs to be investigated through cutting-edge numerical

optimization methods on Sd−1 (Townsend, et al., 2016).

The comment also raises the issue of whether that maximum can be calculated

explicitly. On investigating this problem, I obtained an explicit formula for the gradient,

with respect to the vector b, of the function log ηn(b); therefore, the stationary points

of ηn(b) satisfy an explicit polynomial equation. However, such an equation may not be

of much help in maximizing ηn(b), for the number of stationary points could be large,

in which case they may be located closely to each other. Then, as a practical manner,

gradient optimization methods may find it difficult to escape points of local maximum

or even to distinguish between local maxima or minima. Even if such efforts do not

result in explicit expressions for the statistic TCS, I expect that they will yield upper

and lower bounds for TCS, which would lead to lower and upper bounds on the level of

significance.

Section 8: It would be interesting to extend the results of Yamada, et al. (2015) to

obtain kurtosis tests of multivariate normality with non-monotone incomplete data.

Section 11: It is a fundamentally important problem in goodness-of-fit testing to deter-

mine explicitly the eigenfunctions and corresponding eigenvalues of the related Fred-

holm integral equations. These problems are largely unsolved, even in cases in which

much is known about the corresponding test statistics. We note the still-unsolved prob-

lem raised by Henze and Wagner (1997, pp. 13-14); further, it should be noted that

the Fredholm kernel in the Henze-Wagner paper is substantially simpler than the ker-

nel in the paper of Henze and Zirkler (1990), so that the eigenfunction and eigenvalue

problems in the latter article are likely to be more difficult than in the former.

In L2 goodness-of-fit tests for the exponential and gamma distributions, explicit

Laguerre function expansions for the solutions of the related Fredholm equations led

to some surprising interlacing properties of the eigenvalues; see Baringhaus and Taher-

izadeh (2010) and Hadjicosta and Richards (2019). It would be interesting to determine

whether those interlacing properties remain valid for any tests of normality.

There is also the paper of Baringhaus (1996), which established an intriguing connec-

tion between the famous Fibonacci numbers and goodness-of-fit testing. The Fibonacci

connection appeared again in the paper of Baringhaus and Taherizadeh (2010), and

more recently the dissertation of Hadjicosta (2019) encountered generalizations of the

Fibonacci numbers and the classical Lambert series of analytic number theory. I sus-

pect that these combinatorial connections will lead eventually to deeper consequences

for the subject of goodness-of-fit testing.

In conclusion, I reiterate that this review paper is likely to become required reading

for researchers who wish to work in the area of goodness-of-fit testing. The many leads

provided by the review to open problems will be a boon for future research. I learnt

much in reading the article twice, and I dare say that I would learn more were I to read
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it again.

Acknowledgments: I thank the authors and the editor for the opportunity to com-

ment on the manuscript by Ebner and Henze.
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