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Abstract

In this paper, we propose a stylized model of a basic remanufacturing shop that handles two remanufacturable

products. Product A is comprised of two components A1 and A2, whereas product B is a single entity. After disassembly,

component A1 is remanufactured at facility F1; component A2 and product B are remanufactured at facility F2. Both

remanufacturing facilities have limited capacity, and are modeled as M=G=1 queues. First, we argue that, under the

assumptions of our model, delaying a component to the shop after disassembly, which is a common release mechanism in

actual shops, never improves system performance, measured in terms of total weighted average sojourn time (TWAST).

Second, we show that the constrained optimal scheduling rule at facility F2 (constrained to simple non-preemptive static

priority rules) that minimizes TWAST depends on the processing time characteristics of A1, A2, and B, and can only be

found numerically, in general. Using an extensive numerical study based on a numerical approximation for product A�s
average sojourn time, we show, however, that using FCFS as a scheduling rule at F2 achieves similar TWAST per-

formance, with an average increase of only 7.5%. We also perform a simulation study and show that a two-moment

approximation for product A�s average sojourn time performs well except for a narrow utilization band.
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1. Introduction

Remanufacturing is the process of restoring

used products to like-new condition (Lund, 1983).

A generic remanufacturing shop is shown in Fig. 1;

this shop is representative of many commercial
products (as observed by the authors), such as

photocopiers, automotive parts, and ink jet

printers. Used products arrive at the system and
ed.
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Fig. 1. A generic remanufacturing shop.
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are disassembled at the disassembly shop; the
components are then released to the remanufac-

turing shop where the necessary operations are

done; the components are finally staged at the re-

assembly shop (see Guide and Srivastava (1998) for

a complete discussion of remanufacturing shops).

This research is motivated by the first author�s
experiences with the US Navy Industrial Capa-

bilities Division 2 where he studied jet turbine en-
gine remanufacturing, a process that resembles the

shop in Fig. 1. A jet turbine engine is an expensive

and complex mechanical item comprised of thou-

sands of components. The spares system used by

the US Navy flying programs is stocked with

remanufactured jet turbine engines. The longer the

remanufacturing time, the larger the number of

engines that must be maintained in the spares
system. Thus, the primary performance measure in

the remanufacturing shop is turn-around-time, or

sojourn time. The reassembly process requires

careful coordination to avoid delaying an engine

ship date for lack of a single part. To complicate

matters, parts for reassembly are usually serial

number specific––the components that are reas-

sembled must come from the same jet engine that
was previously disassembled, except if the com-

ponent is rendered useless and a new component
2 NAVAIR 6.0D and this group provided support for

previous research on remanufacturing scheduling.
must be used instead. Thus, there is strong man-
agerial interest and a need for developing simple,

transparent, and effective scheduling policies at the

shop to reduce remanufacturing time.

To address this scheduling issue, we consider a

stylized two-product/three-component system with

disassembly, processing, and reassembly, which

abstracts the shop in Fig. 1. Product A is com-

prised of two components A1 and A2, whereas
product B is a single entity. After disassembly,

component A1 is processed at facility F1; com-

ponent A2 and product B are processed at a

shared facility F2. Components A1 and A2 are

then reassembled in the reassembly area. For this

system, we propose a queuing approximation to

study the performance of non-preemptive, strict

priority scheduling rules for the shared facility F2;
we then assess the robustness of the approximation

using simulation. Our performance measure is to-

tal weighted average sojourn time (TWAST),

which is consistently used in remanufacturing

shops (Guide, 2000). We stress that our primary

goal is to assess the performance of strict priority

rules, not to extend existing queuing theory.

It is well known that for a multi-class M=G=1
priority queue TWAST is minimized using the

shortest weighted expected service time rule (see

e.g. Harrison, 1975). This rule is not necessarily

optimal in our model, because of the dependency

structure––at F2, component A2 must wait for

component A1 to be remanufactured at a different
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facility, F1. Indeed, we show that the best strict
non-preemptive priority rule at facility F2 that

minimizes TWAST depends on the processing time

characteristics of A1, A2, and B, and can only be

found numerically, in general. We show, however,

that using first-come-first-serve (FCFS) at facility

F2 achieves similar TWAST performance, with an

average increase of only 7.5%.

This paper is organized as follows. In Section 2
we review the relevant literature. In Section 3 we

present our analytic model and analytic results. In

Section 4, we present the results of an extensive

numerical study, and we conclude the paper in

Section 5.
2. Research literature

Given that the arrivals at facilities F1 and F2 in

our model are correlated, our model is related to

the literature on queuing systems with correlated

arrivals. Xu (1999) provides an overview of these

systems and studies a general Markovian system.

In contrast, our model considers general process-

ing time distributions because we have empirical
evidence that remanufacturing processing times

may be considerably more variable than suggested

by the exponential distribution.

In a fork-join queuing system, a job is split into

K distinct tasks at a fork node; the tasks are pro-

cessed in parallel servers and then go to temporary

storage in a join node; the job is completed when

all tasks are completed. Papers addressing fork-
join queuing system include Flatto and Hahn

(1984), who study a single-class, simple Markovian

system with two heterogeneous servers; Nelson

and Tantawi (1988), who study a single-class

Markovian system with several (K > 2) homoge-

neous servers; and Baccelli et al. (1989), who de-

rive bounds for performance of a single-class

system with general processing and interarrival
distributions. From a queuing perspective, our

paper essentially proposes an approximation for a

two-class fork-join queuing system with two het-

erogeneous servers, general processing times,

under a non-preemptive priority rule.

There are a number of studies of production

planning and control for remanufacturing re-
ported in the literature (for reviews, see Guide,
2000; Fleischmann, 2000). Research focused on

assembly–disassembly coordination issues is based

largely on simulation studies of real shops (Guide

et al., 1997a,b; Guide and Srivastava, 1997, 1998).

Referring back to Fig. 1, these studies focus pri-

marily on release mechanisms at the disassembly

shop and do not provide a comprehensive analysis

of scheduling rules at the remanufacturing shop,
which is our focus.

Finally, we acknowledge the research on kitting

models by Som et al. (1994). The shop structure of

the kitting model research is an assembly-type

shop, but arrivals to the assembly shop must fol-

low a Poisson process. The output streams from

servers that follow general service time distribu-

tions, as in our model, will certainly not be Poisson
distributed.

To summarize, this research fills a gap in the

existing remanufacturing literature by developing

an analytic model to examine simple scheduling

rules for components that share resources with

other components, but must be reassembled after

remanufacturing operations are completed. In the

following section we develop the analytic model.
3. Analytic model

We propose a stylized model of the generic

remanufacturing shop of Fig. 1. Despite its sim-

plicity, our model presents important characteris-

tics of the generic remanufacturing shop of Fig. 1.
Specifically, these are: disassembly and assembly

servers, multiple product types and components,

general processing time distributions (as argued

before, processing times of remanufacturing

operations are much more variable, usually, than

the exponential distribution assumed in Markov-

ian systems), and shared resources. Our model is

illustrated in Fig. 2.
The input to the remanufacturing system is

comprised of two independent random streams of

used products, A and B, arriving according to

Poisson processes with rates kA and kB, respec-

tively. Product A is comprised of components A1

and A2, whereas product B is a single entity.

Disassembly of product A occurs at facility F0.
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Fig. 2. Model.
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After disassembly, component A1 is remanufac-

tured at facility F1, which is modeled as a single-

class M=G=1 queue; component A2 and product B

are remanufactured at facility F2, which is mod-

eled as a two-class M=G=1 queue. (The results

herein do not change if facility F1 is modeled as an

M=G=1 queue, and we illustrate this later with an

example.) After remanufacturing, A1 and A2 are
(re) assembled into product A.

For the remainder of the paper, we assume for

presentation parsimony that disassembly and

assembly occur instantaneously. Relaxing this

assumption has no impact on the results presented

herein as follows. If we model disassembly as an

M=G=1 queue, then the disassembly output pro-

cess would still be a Poisson process with rate kA.
Consequently, we would only add a constant (ex-

pected disassembly time) to product A�s expected

sojourn time. This constant does not impact the

optimal priority rule at facility F2; we elaborate on

this later. A similar reasoning holds for assembly.

From a practical perspective, we have empirical

evidence that disassembly and reassembly times

are considerably less variable than the remanu-
facturing process itself, and thus they only add a

constant to average product sojourn times.

We use the following notation:

E½X i� ith moment of random variable X ,

WY waiting time in queue of component or

product Y 2 fA;A1;A2;Bg,
SY remanufacturing processing time of com-

ponent or product Y ,
TY sojourn or flow time of component or

product Y .

We consider only static, non-preemptive prior-

ity (NPP) rules for facility F2. Dynamic scheduling
rules (i.e., those dependent on the state of the
system) are a subject of future research. Sojourn

times for components A1 and A2, and for product

B are given in closed form as a function of the first

two moments of their processing times as follows.

First, note that the arrival process of components

A1 and A2 are Poisson with rate kA. For an

M=G=1 queue with two classes, define kðkÞ and SðkÞ

as the incoming rate and processing time for class
with priority k ¼ 1, 2, and let k ¼ kð1Þ þ kð2Þ. De-

fine the load of class k as qðkÞ ¼ kðkÞE½SðkÞ�. The ith
moment of processing time for the overall system

is E½Si� ¼ ð1=kÞ
P2

k¼1 k
ðkÞE½ðSðkÞÞi�. The expected

waiting time in queue for classes 1 and 2 are,

respectively (Jaiswal, 1968):

E½W ð1Þ� ¼ kE½S2�
2ð1� qð1ÞÞ ;

E½W ð2Þ� ¼ kE½S2�
2ð1� qð1ÞÞð1� qð1Þ � qð2ÞÞ :

ð1Þ

The second moments of waiting time in queue are:

E½ðW ð1ÞÞ2� ¼ kE½S3�
3ð1� qð1ÞÞ þ

kE½S2�kð1ÞE½ðSð1ÞÞ2�
2ð1� qð1ÞÞ2

;

E½ðW ð2ÞÞ2� ¼ kE½S3�
3ð1� qð1ÞÞð1� qð1Þ � qð2ÞÞ

þ kE½S2�kð1ÞE½ðSð1ÞÞ2�
2ð1� qð1ÞÞ3ð1� qð1Þ � qð2ÞÞ

þ 2ðE½W ð2Þ�Þ2:
ð2Þ

Under a FCFS scheduling discipline, the first two

moments of waiting time in queue are identical

across classes, and given by:

E½W � ¼ kE½S2�
2ð1� qð1Þ � qð2ÞÞ ;

E½W 2� ¼ kE½S3�
3ð1� qð1Þ � qð2ÞÞ þ

ðkE½S2�Þ2

2ð1� qð1Þ � qð2ÞÞ2
:

ð3Þ
The expected sojourn time for product B when

facility F2 runs under A2-priority is given by

E½TB� ¼ E½W ð2Þ� þ E½SB�; similarly for other priority

rules. For product A, however, E½TA� ¼ E½maxfTA1;
TA2g�. Given that TA1 and TA2 are statistically cor-

related (since the arrival times of components A1



V.D.R. Guide Jr. et al. / European Journal of Operational Research 164 (2005) 341–353 345
and A2 are identical), it becomes quite difficult to

obtain a closed form expression for E½TA�. We pro-

pose Approximation 1:

Approximation 1. Approximate TA1 and TA2 as

independent random variables. Thus,

E½TA� ¼ E½maxfTA1; TA2g�

�
Z 1

0

Z 1

0

zdGA1ðyÞdGA2ðzÞ

þ
Z 1

0

Z 1

z
ðy � zÞdGA1ðyÞdGA2ðzÞ

¼ E½TA2� þ
Z 1

0

ð1� GA1ðzÞÞGA2ðzÞdz; ð4Þ

whereGAiðzÞ ¼ PrfTAi 6 zg is the cumulative density

function (cdf) of sojourn time for component Ai.
Even the computation of approximation (4) is

not straightforward, since an explicit expression

for GAið�Þ is not available in general. To address
this, we propose Approximation 2:

Approximation 2. Approximate GAið�Þ by the cdf

of a gamma distribution, using a two-moment fit.

For example, the distribution of sojourn time for

component A2 when facility F2 runs under B-

priority is

GA2ðzÞ �
Z z

0

b�axa�1e�x=b

CðaÞ dx; a ¼ l2

r2
; b ¼ r2

l
;

ð5Þ

where l ¼ E½W ð2Þ�, and r2 ¼ E½ðW ð2ÞÞ2� � E2½W ð2Þ�.
We show in Section 4.3 that the cumulative

effect of Approximations 1 and 2 is very reason-

able, that is, they perform relatively well.
3.1. Minimizing TWAST under admissible static

NPP rules

The primary performance measure we consider

is TWAST, defined as

TWAST ¼ cAkAE½TA� þ cBkBE½TB�; ð6Þ

where the weights cA and cB reflect the importance

of the respective average sojourn times (for
example, if product A customers are more lead-
time sensitive than product B�s, then cA > cB). We

minimize TWAST over the admissible NPP rules

including FCFS. We use the name constrained

optimal policy throughout the paper (i.e., con-

strained to admissible ‘‘static’’ NPP rules).

We first point out that, under our assumptions,

delaying the release time of a component to the

remanufacturing shop never leads to a lower
TWAST. This is an interesting result, given that

some remanufacturing facilities use delay-type

mechanisms for releasing components from the

disassembly area to the floor (Guide and Srivast-

ava, 1998). Modified material requirements plan-

ning (MRP) systems were reported as being used

in 75% of remanufacturing shops (Guide, 2000)

and MRP systems are based on lead-time off-set-
ting, including the release of parts from the dis-

assembly area to the remanufacturing shops. Our

findings have particular relevance given the wide-

spread use of such policies. To see this, let E½T ðdÞ
A �

denote the expected sojourn time of product A

when one of its components (A1 or A2) is not

immediately released to the remanufacturing shop

after disassembly, but is subject to a delay d > 0.
Then E½T ðdÞ

A � ¼ E½maxfTA1; d þ TA2gPE½maxfTA1;
TA2g� ¼ E½TA�. We recognize that our stylized

model ignores several complexities present in real

remanufacturing systems; such as finite buffers,

and complex shop, routing and product structures,

among others. Future research, most likely

through simulation, is needed to test the robust-

ness of these findings in more complex scenarios.
To determine the constrained optimal priority

rule at facility F2, we first consider the simple case

E½SA1� ¼ 0. In this case, the sojourn time of prod-

uct A is equal to the sojourn time of component

A2. For a multi-class M=G=1 queue with non-

preemptive priority the optimality of the cl rule is

well-known (see e.g. Buzacott and Shanthikumar,

1993). Denote by T ðY Þ
X the sojourn time of product

or component X if priority is given to product or

component Y , and by GðY Þ
X ð�Þ its cdf. Applied to

our scenario, this rule implies:
E½SA2�
cA

P
E½SB�
cB

() cAkAE½T ðBÞ
A2 � þ cBkBE½T ðBÞ

B �

6 cAkAE½T ðA2Þ
A2 � þ cBkBE½T ðA2Þ

B �: ð7Þ
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When E½SA1� > 0, we suggest in Proposition 1

below that the constrained optimal priority rule is

to give priority to component B if E½SA2�=cA P
E½SB�=cB; otherwise the constrained optimal pri-

ority rule can only be determined numerically.

Proposition 1 is based on Approximation 1.

Again, our simulation results of Section 4.3 sug-

gest that Approximation 1 performs reasonably
well.
Proposition 1. Under Approximation 1, if E½SA2�=
cA PE½SB�=cB then

cAkAE½T ðBÞ
A � þ cBkBE½T ðBÞ

B �
6 cAkAE½T ðA2Þ

A � þ cBkBE½T ðA2Þ
B �:
Table 1

TWAST under NPP rules for various values of E½SA1�, for

Example 1

E½SA1� TWAST

A2 priority FCFS B priority

0.0 1.4750 1.5100 1.5567

0.5 1.5316 1.5629 1.6163

1.0 1.6836 1.6882 1.7328

1.5 1.8879 1.8580 1.8830

2.0 2.1169 2.0562 2.0567

2.5 2.3575 2.2727 2.2475

3.0 2.6033 2.5008 2.4514

3.5 2.8515 2.7366 2.6651
Proof

cAkAE½T ðBÞ
A � þ cBkBE½T ðBÞ

B �6 cAkAE½T ðA2Þ
A �

þ cBkBE½T ðA2Þ
B � () cAkA E½T ðBÞ

A2 �
�

þ
Z 1

0

ð1� GA1ðzÞÞdGðBÞ
A2 ðzÞ � E½T ðA2Þ

A2 �

�
Z 1

0

ð1� GA1ðzÞÞdGðA2Þ
A2 ðzÞ

�

þ cBkBðE½T ðBÞ
B � � E½T ðA2Þ

B �Þ6 0 () cAkAE½T ðBÞ
A2 �

þ cBkBE½T ðBÞ
B � � cAkAE½T ðA2Þ

A2 � � cBkBE½T ðA2Þ
B �

þ
Z 1

0

ð1� GA1ðzÞÞðGðBÞ
A2 ðzÞ � GðA2Þ

A2 ðzÞÞdz6 0:

ð8Þ

The top part of (8) is smaller than or equal to zero

if E½SA2�=cA PE½SB�=cB because of the cl rule (see

(7)). The bottom part is always smaller than or

equal to zero since 1� GA1ðzÞ is non-negative for

all z and GðBÞ
A2 ðzÞ � GðA2Þ

A2 ðzÞ is non-positive for all z
(the sojourn time for component A2 is always

smaller if priority is given to component A2 rather
than to component B; this can be argued from a

simple work-conservation argument––see e.g.

Gross and Harris, 1998). Thus Eq. (8) holds under

the condition that E½SA2�=cA PE½SB�=cB. h

As argued before, adding a positive constant sad
(expected disassembly time plus assembly time) to
E½TA�, given by (4), does not alter (7) or Proposi-
tion 1, since the same positive constant cAkAsad is

added to both sides of the inequality. If

E½SA2�=cA < E½SB�=cB, then the example below

shows that the cl rule does not hold. We provide a

more extensive numerical study in Section 4.

Example 1. Consider facility F1 as an M=D=1
queue, facility F2 as an M=M=1 queue, kA ¼ 0:5,
kB ¼ 0:8, E½SA2� ¼ 0:4, E½SB� ¼ 0:5, and cA ¼ cB ¼
1. Table 1 shows TWAST for various values of

E½SA1�, for each of the three priority rules. Note

that, among the three priority rules, giving priority

to A2 is optimal when E½SA1�6 1:0, FCFS is opti-

mal when 1:56E½SA1�6 2:0, and giving priority to

B is optimal when E½SA1�P 2:5.
4. Numerical study

4.1. Experimental design

In this section, we perform a numerical study,

which has two objectives. First, we study in Sec-

tion 4.2 how processing time distributions and
arrival rates across products A and B affect the

constrained optimal priority rule(s) that minimizes

TWAST. Second, through simulation, we deter-

mine in Section 4.3 how adequate Approximations

1 and 2 are for the distribution of sojourn times

when computing TWAST, and thus assess the

robustness of our insights from Section 4.2.

Both facilities F1 and F2 are modeled as
M=G=1 queues. Define the total arrival rate
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k ¼ kA þ kB. We normalize k ¼ 1, and thus kA (kB)
also represents the proportion of product A

(product B) in the production mix. Since cA and cB
do not affect average sojourn time in each facility

(see Conway et al., 1967), we consider that both

products have the same sojourn time weight for

the computation of TWAST, that is, cA ¼ cB ¼ 1.

Further, this models a situation where both

products have the same lead-time service level
requirement. We discuss the effects of assuming

cA 6¼ cB at the end of Section 4.2.

We study various combinations of processing

time characteristics for A1, A2 and B. Because

average sojourn time in an M=G=1 queue depends

only on the first two moments of processing time

(3), we study different combinations of standard-

ized mean and variability of processing times for
A1, A2, and B, as follows. For processing time

mean, we use utilization qi at facility i, where

q1 ¼ kAE½SA1� and q2 ¼ kAE½SA2� þ kBE½SB�. So,

given a value of kA, q1 determines E½SA1�; q2, along

with a fixed value for E½SB� ¼ 0:75, determines

E½SA2�. For processing time variability, we use the

squared coefficient of variation (scv¼ variance/

mean2). Define C2
s;X as the scv of processing time

for product or component X . To allow flexibility

in the choice of scv values, we use the gamma

distribution for all processing times; we later assess

in Section 4.3 the influence of different probability

distributions on TWAST using simulation.

We consider a full-factorial experimental design

as shown in Table 2, which we justify as follows.

The five levels for factors C2
s;A1, C

2
s;A2, and C2

s;B are
numbers that we have observed in remanufactur-

ing practice. We consider three levels of kA, rep-
resenting various scenarios of product mix. We

consider four levels of utilization at facility F1

from very low (0.25) to high (0.85). We also con-
Table 2

Experimental design for numerical study

Factor Factor levels

C2
s;A1 0.5, 1.0, 1.5, 2.0, 2.5

C2
s;A2 0.5, 1.0, 1.5, 2.0, 2.5

C2
s;B 0.5, 1.0, 1.5, 2.0, 2.5

kA 0.25, 0.50, 0.75

q1 0.25, 0.45, 0.65, 0.85

q2 0.65, 0.75, 0.85, 0.95
sider four levels of utilization at facility F2, how-
ever, from medium (0.65) to very high (0.95).

Facility F2 produces both A2 and product B,

however, facility F1 only produces A1, and thus it

is plausible that facility F1 could run at lower

levels of utilization than facility F2.

We have carefully chosen E½SB� ¼ 0:75 because,

in combination with different levels of kA, q1, and

q2, it results in several possible values for E½SA1�
(from 0.33 to 3.40) and E½SA2� (from 0.35 to 1.55).

The experimental design results in 6000 experi-

mental cells. We use Approximations 1 and 2 for

both facilities 1 and 2. (In Section 4.3, we confirm

using simulation that these approximations per-

form relatively well.) We use MATLAB (MAT-

LAB, 1996) to perform all computations, and the

integral in (4) is solved numerically using MAT-
LAB�s function QUAD.

4.2. Numerical results

For the discussions that follow, define ‘‘Percent

Improvement Over FCFS’’ (PIOFCFS) as the

percent improvement in TWAST of using the

constrained optimal priority rule at station 2 over
FCFS. As we saw in example 1, the constrained

optimal priority rule can only be determined

numerically when E½SA2� < E½SB� (since cA ¼
cB ¼ 1), so it is of interest to know by how much, if

any, TWAST increases if one uses a simple priority

rule such as FCFS, since a numerically computed

priority rule is not practical. The statistics are

summarized in Table 3.
Across all 6000 cells, PIOFCS averages 7.5%,

with a minimum of 0.0% (FCFS can be optimal, as

illustrated in Example 1), and a maximum of

33.5%; it exceeds 10.6% in only 25% of cells. If we

restrict our analysis to the 1500 cells where

E½SA2� < E½SB�, when the priority rule can only be

determined numerically, then PIOFCFS averages

1.8%, with a maximum of 5.5%. So, the use of
FCFS does not result, in most cases, in a sub-

stantial deterioration in TWAST. This is an

important managerial insight, as one would rather

not rely on a complex numerical analysis to decide

on priorities for a remanufacturing plant; in

addition remanufacturing managers usually do

not have accurate knowledge of the probability



Table 3

Overall statistics for experimental design

Overall statistics PIOFCFS TWAST

All 6000 cells

Mean 7.5% 8.8

Minimum 0.0% 1.6

25th percentile 1.3% 3.6

75th percentile 10.6% 11.2

Maximum 33.5% 32.6

1500 cells where E½SA2� < E½SB�
Mean 1.8% 3.3

75th percentile 2.9% 1.6

Maximum 5.5% 8.3
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distribution of processing times. As it turns out,
our numerical study confirms that FCFS is never

the worst-performing rule among the three stud-

ied, so FCFS is a good candidate among the

simple priority rules. This has a theoretical justi-

fication from the work conservation rule (see e.g.

Gross and Harris, 1998), which states that any

work-conserving scheduling system that improves

average sojourn time for a given customer class
does so at the expense of a deterioration in sojourn

time for the other class.

In Table 4 we summarize our experimental re-

sults. We define the average impact of each factor

on PIOFCFS (and TWAST) as the average of the

difference between PIOFCFS at each consecutive

factor level, keeping all other factors constant.

Using C2
s;A1 as an example, we average

P IOFCFSfC2
s;A 1 ¼ aþ 0:5jC2

s;A 2;C
2
s;B; kA; q1; q2g

�PIOFCFSfC2
s;A1 ¼ ajC2

s;A2;C
2
s;B; kA; q1; q2g, across

all experimental cells where a ¼ 0:5, 1.0, 1.5, and
2.0.
Table 4

Summary of experimental results: average impact on PIOFCFS

and on TWAST of increasing factor by one level (numbers in

parenthesis indicate standard deviation)

Factor PIOFCFS TWAST

C2
s;A1 0.0% (0.2%) )0.2 (0.2)

C2
s;A2 )0.1% (0.2%) )0.9 (1.1)

C2
s;B )0.1% (0.2%) )0.5 (0.4)

kA 5.1% (5.8%) )0.9 (1.3)

q1 )0.2% (1.0%) )0.7 (0.9)

q2 )5.5% (6.3%) )5.8 (5.9)

Overall mean 7.5% 8.8
Table 4 reveals that the impact of processing
time variability on PIOFCFS is negligible, aver-

aging 0.0%, )0.1% and )0.1% for C2
s;A1, C

2
s;A2, and

C2
s;B, respectively. The impact of q1 on PIOFCFS is

also negligible, averaging )0.2%. The largest

impacts on PIOFCFS are from factors q2 and kA,
averaging )5.5% and 5.1% respectively.

The impact of all factors on TWAST (Table 4) is

significant (see Table 3 for overall statistics on
TWAST), but the largest impact by far is again

from q2. We further illustrate in Fig. 3 the signifi-

cant impact of q2 on both TWAST (a) and

PIOFCFS (b), for two experimental cells, and for

the average across all 1500 experimental cells for

each level of q2. TWAST increases monotonically

with q2 at an increasing rate, as one would expect

from queuing theory. PIOFCFS, however, does
not always increase monotonically with q2; this is

because the constrained optimal priority shifts

as q2 increases (since E½SA2� increases). For exam-

ple, consider the curve in Fig. 3(b) where q1 ¼ 0:25,
which is non-monotonic. For q2 ¼ 0:65, 0.75, 0.85,
and 0.95 (E½SA2� ¼ 0:55, 0.75, 0.95, and 1.15

respectively), the constrained optimal rules are

A2-priority, FCFS and B-priority (tie), B-priority,
and B-priority, respectively.

The phenomenon of marginal improvement

over FCFS in many cells may also be illustrative of

the realities of attempting to improve performance

with priority dispatching rules. For utilization

levels less than 65%, there is a limited benefit from

using a policy other than FCFS. The same is true

for higher utilizations, where heavy traffic makes
any improvement minor at best. There is a narrow

point where close attention to priority dispatching

rules is very effective at improving sojourn times,

here at 65% utilization. This is a rather narrow

range for a very simple shop, and our preliminary

experiments with more complex shops of 20 or

more work centers shows a very modest improve-

ment at moderate levels of utilization, with no
improvement at low or high levels of utilization.

However, our research is exploratory and more

work is needed to fully explore this issue. Further

research is needed that examines the cost of addi-

tional information versus the improvement in so-

journ times over a wide range of facility

utilization.
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Fig. 3. TWAST (a) and PIOFCFS (b) as a function of q2 for two cells (C2
s;A1 ¼ C2

s;A2 ¼ C2
s;B ¼ 0:5, kA ¼ 0:5, q1 ¼ 0:25 and 0.85), and

for the average across all 1500 cells.
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We point out that FCFS is a reasonable ‘‘sim-
ple’’ scheduling rule to choose if, as assumed

above, cA ¼ cB ¼ 1. If, however, cA 6¼ cB, this need
not to be the case; in fact, a better choice of

‘‘simple’’ scheduling rule would be to give priority

to component A2 if cA > cB, or to product B if

cB > cA. To confirm that ‘‘simple’’ scheduling rules

also perform well when cA 6¼ cB, we performed the

entire analysis with cA ¼ 1 and various values of
cB > cA. In this case, the constrained optimal pri-

ority rule is to give priority to B if E½SA2�=cA P
E½SB�=cB, otherwise the optimal priority has to be

determined numerically. We report in Table 5 how

much improvement can be obtained if one uses the

constrained optimal priority rule as opposed to the

‘‘simple’’ B-priority rule for various values of cB,
averaged across the 1500 experimental cells where
q2 ¼ 0:65––when the constrained optimal priority

rule needs to be determined numerically. Not

surprisingly, as cB increases, the benefits of using
Table 5

Average % improvement in TWAST of using the constrained

optimal priority rule at facility F2 over the B-priority rule

across 1500 experimental cells where q2 ¼ 0:65 (cA ¼ 1)

cB % Improvement

1.2 2.4%

1.5 0.9%

2.0 0.1%

>2.1 0.0%
the constrained optimal policy decreases vis-�a-vis
the simple B-priority policy, since a higher weight

is assigned to the sojourn times of product B.

Table 5 clearly shows that giving priority to B is a

simple and effective scheduling rule when cB > cA.
A similar analysis was performed for cA > cB,
where the analogous ‘‘simple’’ scheduling rule is to

give priority to component A2; our conclusions

are similar.
4.3. Simulation

The objective of the simulation is to assess the

accuracy of Approximations 1 and 2, which were

used to derive the numerical results and insights on

the previous section. We consider in Table 6 a

smaller subset of the experimental design from
Table 2, where we set kA ¼ 0:5, and, as before

E½SB� ¼ 0:75 and cA ¼ cB ¼ 1.
Table 6

Experimental design for simulation study

Factor Factor levels

C2
s;A1 0.5, 1.5

C2
s;A2 0.5, 1.5

C2
s;B 0.5, 1.5

q1 0.25, 0.65

q2 0.65, 0.85
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We use discrete empirical distributions for
processing times (detailed in the Appendix A) be-

cause they are bounded and can decrease the error

in simulation output. We have also used gamma

distributions for processing times in 1/4th of the

experiments from Table 6, and found the results to

be fairly insensitive to the distribution of process-

ing times; we elaborate on this detail later.

For each experimental cell, we run the simula-
tion under the three priority rules considered, and

obtain E½TA� and E½TB�. That results in 25 · 3¼ 96

simulations. We also compute, for each experi-

mental cell and priority rule, the corresponding

analytical values. Note that the analytic values for

E½TA� can be different from those obtained in the

previous section, because they require the third

moment of processing times––see (1) and (2)––and
here we use an empirical distribution as opposed

to the gamma distribution used in Section 4.2. We

later show that the analytic results are fairly

insensitive to the choice of the distribution of

processing times.

We use ProModel (ProModel, 1999) to derive

the simulation results. Each simulation is run for

330,000 time units, or roughly 165,000 observa-
tions for each product (kA ¼ 0:5). We set aside

10% of this time for simulation warm-up, to ensure

that the queues reach steady state––this number

was chosen after visualization of the results, with a

large safety margin built in. Statistics for E½TA� and
E½TB� are computed using a batch means procedure

(Law and Kelton, 1991), and result in standard

errors from 0.3% to 2.0% of their respective
means.

We compare the analytic and simulation results

for three performance measures: E½TA�, con-

strained optimal TWAST (or TWAST�), and

PIOFCFS. (Note that E½TB� has an exact analytic

value.) For the discussion that follows, define

DfXg as the percent difference between the ana-

lytic and simulation results for performance mea-
sure X , that is

DfXg ¼ 100%
jXsimulation � Xanalyticj

Xsimulation

: ð9Þ

The results are summarized in Table 7. Each row
corresponds to the average of DfXg across all

experimental cells for each pair (q1, q2). For each
pair (q1, q2) we show DfE½TA�g for each priority

rule, TWAST� for the analytic model and simu-

lation, D{TWAST�}, and PIOFCFS for the ana-

lytic model and simulation. (We do not compute

D{PIOFCFS}, since PIOFCFS is already ex-

pressed in percentage terms.)

The mean value for DfE½TA�g across all cells and
priority rules is 7.9%, with a minimum of 0.0%, a
maximum of 31.7%, and in 50% of cases it is less

than 2% (which coincides with the standard error

for the simulation). Thus, in roughly 50% of the

cases the analytic results forE½TA� can be considered
exact. As shown in Table 7, the high values for

DfE½TA�g occur when q1 ¼ 0:65, and more specifi-

cally when q1 ¼ q2 ¼ 0:65. When q1 ¼ 0:65, the

higher difference in expected processing times be-
tween components A1 and A2 results in a higher

variability of sojourn time for product A, and

Approximations 1 and 2 do not perform as well.

Further, the last row in Table 7 shows thatDfE½TA�g
is higher when component A2 has priority.

Because E½TB� is computed exactly using the

analytic model, and TWAST averages E½TA� and
E½TB� in this study, D{TWAST�} averages only
4.4%. We also note that the constrained optimal

priority rule is always the same, using either sim-

ulation or analytic model, and therefore our in-

sights from the numerical study in Section 4.2 are

maintained. Further PIOFCFS averages 11.3% for

the analytic model and 13.7% for the simulation.

Thus the simulation results support the insights

gained from the analytic model.
We now argue that the shape of the probability

distribution for processing time does not influence

the results and insights obtained. For one fourth of

the experimental design from Table 6, we study the

impact on E½TA� of using a gamma distribution

instead of an empirical distribution (with same

mean and scv), for both analytic model and sim-

ulation. The percent difference in E½TA� between
the gamma and empirical distributions average

1.1% for the analytic model and 1.3% for the

simulation; a negligible impact (detailed results in

the Appendix A).

Summarizing, our simulation results lend sup-

port to the results and insights from Section 4.2,

which were derived using analytic approximations

and assuming gamma processing time distribu-



Table 7

Comparison of simulation and analytic results (cA ¼ cB ¼ 1)

q1 q2 DfE½TA�g TWAST� PIOFCFS

FCFS A2 priority B priority Anal. Simul. D Anal. Simul.

0.25 0.65 0.9% 1.9% 1.1% 1.88 1.89 0.8% 2.4% 2.4%

0.25 0.85 0.7% 0.3% 1.8% 5.37 5.36 1.5% 8.8% 8.9%

0.65 0.65 21.0% 27.0% 16.5% 2.63 3.05 13.7% 19.5% 26.3%

0.65 0.85 4.4% 17.1% 2.0% 5.67 5.75 1.6% 14.5% 17.1%

Average 6.8% 11.6% 5.4% 4.4% 11.3% 13.7%
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tions for the computation of product A�s average
sojourn time. Specifically, we show that the ana-

lytic approximations for E½TA� perform well at low

levels of utilization at facility F1, and deteriorate

as utilization increases. Even when the analytic

approximations do not perform well, however,

they always determine the correct constrained

optimal priority rule at facility F2. We find that

the difference in TWAST between the analytic
approximations and simulation averages only

4.1%; a very good result considering that the

simulation results have a 2% standard error. Fur-

ther, the choice of processing time distribution has

a negligible impact on average sojourn time for

product A, and consequently on TWAST.
5. Conclusions

In this paper, we consider a stylized model of a

remanufacturing shop that handles two products.

Product A is comprised of two components A1

and A2, whereas product B is a single entity. After

disassembly, component A1 is remanufactured at

facility F1; component A2 and product B are
remanufactured at facility F2. Both remanufac-

turing facilities are modeled asM=G=1 queues. The
remanufacturing process of jet engines motivates

this research.

We argue that, first, under the assumptions of

our model, delaying the release from disassembly

of components to the remanufacturing operations

only serves to increase the sojourn time for prod-
ucts. Second, we have shown that it is possible to

analytically derive the constrained optimal priority

rule (among static non-preemptive rules) at facility

F2 (the shared facility) for a number of cases. In

cases, however, where the constrained optimal
priority rule has to be determined numerically, our
numeric analysis shows that the constrained opti-

mal priority rule is influenced primarily by the

utilization of the shared resource. If both products

have the same sojourn time weight (when calcu-

lating TWAST), then the improvement in TWAST

of using the constrained optimal priority rule ra-

ther than FCFS is marginal in the majority of

cases examined. This is encouraging news since
FCFS is a transparent, simple, and inexpensive

priority system to implement. If the sojourn time

weights are different, then an equally simple and

transparent rule of assigning priority to the high-

est-weight product also performs well. These re-

sults were derived based on a two-moment

approximation for product A�s sojourn time that

assumes statistical independence of sojourn times
for product A�s components; we show using sim-

ulation that the approximation is robust and the

simulation results support the results and insights

gained from the analytic and numeric analyses.

There is a clear need for further research in this

area. Our exploratory research suggests that there

may be only marginal benefits in adopting infor-

mation-intensive priority rules. A related topic
pertains to how general these findings are in more

complex shop settings and with multiple products

competing for multiple constrained resources,

where there can be clear advantages of employing

dynamic scheduling rules, as opposed to the static

rules considered in this paper.
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Appendix A. Additional details for simulation
A.1. Empirical distributions for processing time S used in the simulation
S Probability PrfSg
0 0.250 0.257 0.297 0.252 0.318 0.503 0.495 0.531 0.377 0.431

0.5 0.500 0.385 0.000 0.000 0.000 0.159 0.154 0.125 0.000 0.000

1 0.250 0.357 0.656 0.546 0.065 0.256 0.228 0.000 0.515 0.325
2 0.000 0.000 0.047 0.202 0.618 0.082 0.122 0.344 0.000 0.000

4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.109 0.244

Mean 0.50 0.55 0.75 0.95 1.30 0.50 0.55 0.75 0.95 1.30

SCV 0.50 0.50 0.50 0.50 0.50 1.50 1.50 1.50 1.50 1.50
Product A1 A2 B A2 A1 A1 A2 B A2 A1
A.2. Impact of using gamma and empirical processing time distributions on E½TA� for both analytic and

simulation results under FCFS
C2
s;A1 C2

s;A2 C2
s;B q1 q2 Analytic model Simulation

Gamma Empirical Gamma Empirical

0.5 0.5 0.5 0.25 0.65 1.61 1.59 1.59 1.58

0.25 0.85 4.66 4.65 4.70 4.66

0.65 0.65 2.80 2.72 3.37 3.38

0.65 0.85 5.32 5.23 5.37 5.27

1.5 1.5 1.5 0.25 0.65 2.28 2.26 2.33 2.30

0.25 0.85 7.12 7.12 7.19 7.05

0.65 0.65 3.85 3.80 4.98 4.91

0.65 0.85 8.04 7.99 8.62 8.46
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