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Abstract Our overall objective is to find mathematical models that describe
accurately how waves in nature propagate and evolve. One process that affects
evolution is dissipation (Segur et al., J Fluid Mech 539:229–271, 2005), so in
this paper we explore several models in the literature that incorporate various
dissipative physical mechanisms. In particular, we seek theoretical models that (1)
agree with measured dissipation rates in laboratory and field experiments, and (2)
have the mathematical properties required to be of use in weakly nonlinear models
of the evolution of waves with narrow-banded spectra, as they propagate over long
distances on deep water.

1 Introduction

The equations for water waves were first proposed by Stokes [21] as an energy-
conserving system. More recently it was discovered [10, 11, 17, 20, 25] that
dissipation is important in the long-time evolution of narrow-banded wavetrains.
So, our objective is to find physically realistic models of dissipation of gravity-
driven surface water waves. In this paper we report on comparisons of measured
vs. predicted dissipation rates of such waves, under a variety of conditions. The
laboratory generated waves have frequencies in the range of 1–4 Hz, and the waves
propagate on water of either finite or infinite depth, when the air/water interface
is either cleaned or else contaminated with olive oil, or with plastic wrap spread
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across the interface, or from ambient conditions in the laboratory. We also consider
previously published observations of dissipation rates for ocean swell, with much
lower frequencies. These measured dissipation rates are compared to dissipation
rates predicted by several theories in the published literature. The various theories
assume: (1) a clean interface in either a fluid/vacuum system or a fluid/fluid system;
(2) two limits of a surfactant-covered interface in a fluid/vacuum system—either
infinite elasticity or else maximum dissipation rate due to a resonance; or (3) a thin
layer of a viscoelastic fluid at the interface of a fluid/vacuum system.

Interest in dissipation of the energy of ocean swell goes back at least to Pliny
the Elder in the first century AD (as referenced by Miles [18], who reviewed the
origins of observations and modeling). In addition to understanding mechanisms for
energy dissipation during wave propagation, we also are concerned with the effects
of dissipation on the nonlinear evolution of both laboratory waves and narrow-
banded ocean waves, such as ocean swell. In particular, narrow-banded spectra of
deep-water, surface gravity waves are known to undergo a modulational instability,
or Benjamin-Feir [1] instability, if modeled using inviscid, nonlinear Schrödinger
(NLS)—type equations, first developed for water waves and other applications in
[2, 19, 26, 27] and extended to higher orders by Dysthe [8] and others (e.g. [9, 23].)
However, the inclusion of non-zero linear dissipation stabilizes this instability
[20]. Predictions of the growth of perturbation amplitudes from dissipative NLS
models that use measured dissipation rates agree quantitatively with measurements
from laboratory experiments on waves with both one-dimensional [17, 20] and
two-dimensional [11] surface patterns, and have been shown to be relevant for
understanding the propagation of ocean swell [10]. Measured values of damping
rates are sometimes significantly larger than values typically predicted by published
theories. For example, Dias et al. [6] derived a dissipative NLS model following
Lamb’s approach in §349 of [15] that assumed a shear-free boundary condition at the
vacuum/water interface. The resulting prediction for dissipation rate agrees fairly
well with laboratory experiments for which care is taken to “clean” the air/water
interface, but is four orders of magnitude smaller than a typical value measured for
ocean swell [10]. On the other hand, Lamb’s “inextensible film model” in §351 of
[15] makes no assumption on the shear stress at the interface, but assumes that the
tangential velocities are zero there. This model results in a prediction of dissipation
rates that agrees with measurements of dissipation of ocean swell [10], but has the
drawback that its boundary condition cannot be used for nonlinear models.

In the remainder of the paper, we present in Sect. 2 several models from the
published literature that predict dissipation rates. These models assume either a
clean interface between a fluid and a vacuum or between two fluids; or they assume
some type of contamination at the interface. The models are listed in Table 1 with
references, the equation number in this paper for the formula for dissipation rate,
distinguishing characteristics of the model, and a list of the rheological parameters
required for its application. The model name given in the table is for reference
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Table 1 List of dissipation models considered herein

Model name Material parameters
Reference equation number Distinguishing feature(s) required

Van Dorn [24] Sidewall & bottom(1) Damping from sidewall Fluid viscosity

and bottom boundary layers

Does not account for dissipa-
tion at the interface

Lamb [15] Clean-surface Shear-free Fluid viscosity

§349 (2) vacuum/fluid interface

Dore [7] Two-fluid Shear-free Viscosities of 2 fluids

(3) fluid/fluid interface

Lamb [15] Inextensible-surface Zero-tangential velocities Fluid viscosity

§351 (4) at vacuum/fluid

interface

Miles [18] Surfactant-surface Surfactant film at the 1 Elasticity coefficient

(5) vacuum/fluid interface 2 Surface viscosities

1 Surface tension

1 Fluid viscosity

Surfactant solubility

Huhnerfuss et al. Surfactant-max Surfactant film at the Fluid viscosity

[13] (9) vacuum/fluid interface

Fluid wave - Marangoni

wave resonance

Jenkins & Jacobs [14] Thin-layer(10) Thin-fluid/fluid interface
Vacuum/thin-fluid interface

Elasticity coefficients of
2 interfaces

Viscosities of 2 fluids

Surface tensions at 2
interfaces

Shear viscosities at 2
interfaces

1 Thin-fluid thickness

in this paper. In some cases, the reference listed is not the original reference, but
instead one that provides a literature review of the theoretical development as well
as the formulae used in this paper. The theoretical models under consideration in this
paper share a common assumption, that dissipation is a linear effect. We consider
no models that include nonlinear dissipation. In Sect. 3 we describe laboratory
experiments using waves with frequencies from 1–4 Hz, in which we vary the
condition of the air/water interface. The measurements of resulting dissipation rates
are reported in Sect. 4 with comparisons from the various models. The experiments
include (1) clean-surface experiments, in which we clean contamination off of the



166 D. Henderson et al.

air/water interface and measure dissipation rates as a function of frequency; (2)
exposed-surface experiments, in which we clean the air/water interface and then
leave it exposed to the ambient atmosphere, measuring dissipation rates as a function
of surface age for two frequencies; (3) oil-contaminated experiments, in which we
clean the air/water interface and then add known amounts of olive oil, measuring
dissipation rates as a function of concentration of oil for two frequencies; and (4)
cling-wrap experiments, in which we clean the air/water interface and then coat
it with sheets of thin plastic wrap, measuring dissipation rates as a function of
frequency. Our conclusions are listed in Sect. 5. In brief, we find that the clean-
interface models are adequate for laboratory waves with frequencies less than about
3 Hz if the air/water interface is cleaned; the model that assumes a thin layer of
viscoelastic fluid at the vacuum/fluid interface is required to predict the larger
dissipation rates observed when the air/water interface is exposed to the ambient
atmosphere for several days, but is inadequate to predict the largest dissipation rates,
measured with waves on an oil-contaminated interface; and the surfactant-model
limit that assumes a resonance between elastic waves and the underlying fluid best
predicts the dissipation rates of waves when the air/water interface is covered with
plastic wrap. Dissipation rates for ocean swell are most accurately predicted by the
surfactant model in the limit of infinite elasticity.

2 Models of Dissipation Rates

Here we present formulae for the predicted spatial rate, ı, of amplitude dissipation
from the models listed in Table 1, which assume various interfacial boundary
conditions. So, assume the amplitude, a, decays like a D a0e�ıx. For comparisons
of predictions with measured results from the laboratory wavetank, we include the
contributions from the sidewall and bottom boundary layers.

2.1 Sidewall and Bottom Boundary-Layer Model

Dissipation due to boundary layers along the sidewalls and bottom of the fluid
domain do not affect ocean waves on deep water. However, these boundary layers
are an important source of dissipation for waves in wavetanks, so we include the
contribution, worked out by van Dorn [24], here. He showed that the dissipation
rate due to boundary layers at the sidewalls and bottom of the tank for waves with
wavenumber, k, and frequency, !, at a vacuum/fluid interface in a tank of width W
and fluid depth h is

ısb D
� �

2!

�1=2�2jkj
W

�� jkjW C sinh.2jkjh/

2jkjh C sinh.2jkjh/

�
; (1)
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where � is the kinematic viscosity of the fluid. The wavenumber, k 2 R, can be
positive or negative, depending on the direction of propagation, while ! > 0.

In the remainder of this section, we present models for dissipation that are due to
conditions at the air/water interface. For laboratory experiments, the total dissipation
rate is the sum of ısb and the rate due to the movable surface.

2.2 Clean-Surface Model

The clean-surface model was first worked out by Lamb [15], §349, and predicts the
damping rate of waves at an interface between a fluid with weak viscosity and a
vacuum. The name “clean surface” comes from the dynamic boundary conditions
at the interface, which are that both the normal and tangential components of stress
are zero there. The resulting spatial dissipation rate is

ıc D 4
�jkj3
!.k/

: (2)

This model is commonly used in practice. For example, Dias et al. [6] used
it to derive a dissipative nonlinear Schrödinger equation from the Navier-Stokes
equations. Lo and Mei [16] stated that it is the model for waves “in the open ocean
or a very wide tank.” However, Henderson and Segur [10] (HS) used previously
published observations of ocean data to show that predictions using (2) do not agree
with observed dissipation rates of ocean swell, as noted in Sect. 1. For laboratory
data, for which the frequencies are typically 1 Hz and higher, this model does
reasonably well if the air/water interface is cleaned (as described, for example
in Sect. 3). However, as shown in Sect. 4, when the interface ages, or if it has a
contaminating film, then this model significantly underpredicts observed dissipation
rates.

2.3 Two-Fluid Model

The clean-surface model in Sect. 2.2 ignores the dynamics of the air above the
water. Dore [7] took into account energy loss to the air in the two-fluid model,
which predicts the damping rate of waves at an interface between two fluids with
weak viscosities. The dynamic boundary conditions at the air/water interface are
that both the normal and tangential components of stress are continuous there.
Dore found that for waves with lengths appropriate for ocean swell, the effects of
air are significant, increasing the dissipation rate over that predicted by the clean-
surface model by two orders of magnitude. Dore’s prediction for dissipation rate is
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ı2fluid D
"p

2
�a

�w

�
�ak2

�1=2�
gjkj�1=4 C 2�wk2

# 
2

s
jkj
g

!
; (3)

where �a=w is the density of the air/water, and �a=w is the kinematic viscosity of the
air/water. Although the prediction of dissipation rate from the two-fluid model is a
substantial improvement over predictions from the clean-surface model for waves
on the scale of ocean swell, HS [10] found that it nevertheless also underpredicts
observed dissipation rates of ocean swell.

2.4 Inextensible-Surface Model

Recognizing that in nature the interface between air and water rarely behaves as if
“clean” (as required in Sects. 2.2 and 2.3) without special care to approximate that
condition, Lamb [15], §351, also derived a model that assumed a “rigid-lid” surface,
which has also been called a “fully contaminated” or “inextensible” surface. In this
model, the vacuum/water interface can oscillate vertically as a rigid lid; it cannot
stretch horizontally. So the dynamic boundary conditions at the inextensible surface
are that the normal stress vanishes, but the shear stress is unconstrained. Instead,
there is a no-slip condition that causes the tangential velocity to vanish. HS [10]
generalized Lamb’s result to include finite depth; their prediction for dissipation
rate is

ıin D
r

�

2!

"
2k2 cosh2.jkjh/

2jkjh C sinh.2jkjh/

#
: (4)

HS [10] showed that this model agrees well with observed dissipation rates of ocean
swell, but pointed out that it cannot be used in a model that allows for nonlinearity.
The condition of zero tangential velocity at the interface is inconsistent with wave
motion with finite amplitude.

2.5 Surfactant-Surface Model

The inextensible-surface model of Sect. 2.4 describes a fully-contaminated
surface—one for which further contamination does not change the dissipation
rate. The surfactant-surface model allows for partial contamination. It describes a
system in which a viscoelastic, massless film with its own constitutive law is at
the vacuum/fluid interface. Then the stress balance at the interface has to account
for the rheological properties of the film. Miles [18] reviewed the development of
the corresponding prediction for the resulting dissipation rate. In its generality, the
prediction takes into account the elasticity of the surfactant surface, the shear and
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dilational viscosities of the surfactant surface and the solubility of the surfactant.
The elasticity is due to gradients in surface tension that arise when the film is
stretched and compressed due to the presence of waves, so that the coefficient of
elasticity is proportional to the gradient in surface tension with respect to the rest-
concentration of the surfactant. The prediction for dissipation rate that takes into
account a surfactant film is

ıs D jkj
g

r
�!3

2

�.� C �/ C �.� C 2/

.� � 1/2 C .1 C �/2 C �.� C 2/
; (5)

where

� D p
2
� k2�

�
p

�!3

�
; (6)

� D p
2
�k2.�1 C �2/

�
p

�!

�
; (7)

� D .2D=!/1=2

.d� =d	/0

: (8)

Here, � is a dimensionless elasticity parameter, � is a dimensionless viscous
parameter, and � is a dimensionless solubility parameter. Then � is the kinematic
viscosity of the fluid; � is the fluid density; � D ��0.dT=d� /0 is a measure
of the elasticity, which arises from gradients in (dynamic) surface tension, T ,
due to changes in surfactant concentration, � , on the vacuum/water interface; the
subscript, 0, indicates the interface at rest; �1 and �2 are the dilational and shear
viscosities of the surfactant film; D, the bulk diffusion coefficient, is a measure of
solubility of the surfactant, and 	 is a measure of the bulk concentration. This model
assumes that D � �, so that bulk diffusion is confined to a thin boundary layer; and
�� � 1, which is valid for both capillary and gravity waves.

The prediction, (5), for dissipation rate works fairly well in a controlled
laboratory setting when one is able to clean the air/water interface and apply known
quantities of a monomolecular film. For example, see Davies and Vose [5] or [12].

There are two limits that are of particular interest. One limit corresponds to the
inextensible model discussed in Sect. 2.4. It is obtained by considering an infinite
elasticity for which � ! 1. The other limit corresponds to a resonance between the
water wave and elastic waves in the surfactant film. This limit gives the maximum
decay rate possible for a water/vacuum system with a surfactant-film surface and is
discussed in Sect. 2.6.
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2.6 Surfactant-Maximum Model

Miles [18] showed that the maximum dissipation rate possible from the surfactant-
surface model described in Sect. 2.5 is twice that obtained from the inextensible
surface model described in Sect. 2.4. This result was also found by others. In the
notation of Huhnerfuss et al. [13], the prediction for maximum dissipation rate of
gravity waves due to a surfactant film at the vacuum/water interface is

ısm D p
2

"
�2jkj7

g

#1=4

: (9)

This model underpredicts measured rates in laboratory experiments using aged
interfaces and oil-covered interfaces, but predicts decay rates in reasonable agree-
ment with experiments that used a cling-wrap covered interface as discussed in
Sect. 4.

2.7 Thin-Layer Model

Jenkins and Jacobs [14] generalized the surfactant-surface model discussed in
Sect. 2.5 to consider a two-fluid system that consists of two interfaces: an interface
between a weakly viscous fluid and a thin fluid layer (with mass and dynamics);
and an interface between the thin fluid layer and a vacuum above it. Each interface
has its own elasticity and shear viscosity. The dynamic boundary conditions at the
two interfaces are continuity of normal and tangential stresses. The prediction of
dissipation rate due to this model is

ı D
p

gjkj Re

�
ı1 C ı2

ı3

�
=Cg.k/; (10)

where the (nondimensional) parameters are

ı1 D 2
2.k/ C i d.k/
h	.k/.1 � �f / � 	w.k/p

� .k/

i
C
h�T .k/�f d.k/� 1=4.k/

2
.k/
p

i

i
; (11)

ı2 D 1

2
�T .k/ C 1

2
.k/

p
i �2

f d2.k/� 3=4.k/.R2.k/ � 1/; (12)

ı3 D 1 C
p

i �T .k/


.k/� 1=4.k/
C �f d.k/� 1=4.k/p

i 
.k/
(13)


.k/ D
s

jkj3=2 O�w

g1=2
; (14)
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	f .k/ D O	f
k2

g O�w
; (15)

	w.k/ D O	w
k2

g O�w
; (16)

n.k/ D �i
p

1 C 	.k/ � 2
2.k/; (17)

�sf .k/ D O�sf
jkj5=2

g1=2 O�w
; (18)

�sw.k/ D O�sw
jkj5=2

g1=2 O�w
; (19)

�T .k/ D
��w.k/ C �f .k/

n.k/

�
C �sf .k/ C �sw.k/ C .4�f �f .k/d.k// (20)

C
h�Ef .k/�Ew.k/d.k/

�f �f .k/

i
; (21)

	.k/ D 	w.k/ C 	f .k/; (22)

� .k/ D
p

1 C 	.k/; (23)

R.k/ D �f C 	f .k/

�f � .k/
; (24)

�f .k/ D O�f
k2

g O�w
; (25)

�w.k/ D O�w
k2

g O�w
; (26)

�Ef .k/ D �f .k/

n.k/
C �sf ; (27)

�Ew.k/ D �w.k/

n.k/
C �sw; (28)

p
i D C

p
2

2
.1 C i/: (29)

Here Re indicates the real part; d.k/ D Odk is a nondimensional thickness of the
thin layer with dimensional thickness Od; O�w and O�f are the dimensional kinematic
viscosities of the bottom fluid and thin layer, respectively; O�w and O�f are the
dimensional densities of the bottom fluid and thin layer; and �f D O�f = O�w and
�w D O�w= O�w D 1. The interface between the bottom fluid and thin layer has
a dimensional (dynamic) surface tension O	w, a dimensional elasticity O�w, and a
dimensional shear viscosity O�sw. The interface between the thin layer and the
vacuum above has a dimensional surface tension O	f a dimensional elasticity O�f ,
and a dimensional shear viscosity O�sf . To make (10) a spatial decay rate, we have
divided by the group velocity, Cg.k/ D d!.k/=dk. For computations used in
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sect. 4, we used the inviscid dispersion relation that includes surface tension, so
that Cg.k/ D .g C 3k2 O	w= O�w/=.2

p
gk C k3 O	w= O�w/.

This model is difficult to apply unless one is able to measure all of the rheological
properties of the fluids and surfaces. Nevertheless, one can ask—does this model
provide the capability to predict the large dissipation rates that are observed in the
experiments discussed in Sect. 4?

3 Experimental Facility

Experiments were conducted in a wave channel that is 50 ft long, W D 10 in wide,
and 1 ft deep. The tank was cleaned with alcohol and filled with tap water to a depth
of h > 20 cm. Typically, the air/water interface was then cleaned by blowing wind
on the water surface at one end of the tank. The wind set up a surface current that
pushed a thin, top layer of the water down the tank. This top layer was vacuumed
with a wet-vac at the other end of the tank (50 ft away from the source) to a depth
of h D 20 cm, which was measured with a Lory Type C point gage.

Waves were generated with a plunger-type paddle with a triangular cross-section
attached to a ball-screw, which is attached to a motor. The motor was programmed
using LabView software to oscillate at a particular frequency. Time series of
surface displacement were measured using fifteen, capacitance-type surface wave
gages separated by 43 cm in the direction of wave propagation. This coverage
corresponds to about 600 cm, which was chosen to avoid reflections from the end
wall. Each gage consisted of a coated-wire probe connected to an oscillator. The
difference frequency between this oscillator and a fixed oscillator was read by a
field programmable gate array (FPGA), NI PCI-7833R. Thus, no D/A conversion,
filtering, or A/D conversion was required. The surface capacitance gage was held
in a rack on wheels that are attached to a programmable belt. We calibrated the
capacitance gage by traversing the rack at a known speed over a precisely machined,
trapezoidally shaped speed bump that is 1 cm high. The amplitudes of waves
generated on a clean surface as measured at the first gage site and the corresponding
wave slopes are listed in Table 2.

Table 2 Frequencies,
amplitudes and corresponding
slopes of waves measured at
the first gage site from the
experiments using a clean
surface

f0 (Hz) a0 (cm) a0k

4.00 0.050 0.032

3.50 0.077 0.038

3.33 0.12 0.053

3.00 0.082 0.030

2.50 0.12 0.030

2.00 0.14 0.022

1.50 0.11 0.010
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We used a Fourier Transform of the time-series to obtain its L2 norm. We fit a
line to the logarithm of these values as a function of distance from the wavemaker.
The dissipation rate then corresponds to half the line’s slope.

In Sect. 4 we present measurements of dissipation rates and comparisons
with predictions discussed in Sect. 2 for four types of experiments: (1) clean-
surface experiments; (2) aged-surface experiments; (3) oil-surface experiments and
(4) experiments in which a plastic wrap (Glad Cling Wrap) was laid on the air/water
interface.

For the clean-surface experiments discussed in Sect. 4.1, the dissipation rates
were measured within two hours of cleaning during which time the frequency of
the waves was varied.

For the aged-surface experiments discussed in Sect. 4.2, the dissipation rates
were measured for 2 and 3.33 Hz waves during a time period of about a week. The
water surface was exposed to the laboratory environment—nothing was done to treat
the air/water interface. At about 100 h, we cleaned the air/water interface to see if
the measured dissipation rates would return to the values measured for the clean
interface. Then the interface was allowed to age again without further cleaning the
water or tank.

For the oil-surface experiments discussed in Sect. 4.3, the dissipation rates were
measured for a clean air/water interface and then for interfaces that had olive oil
added. We used a micropipette to add to the air/water interface drops of oil with
known (equal) volumes at fifteen evenly spaced locations that spanned the long
dimension of the tank along the centerline of the tank. We measured dissipation
rates, and then added another set of fifteen drops. We did this five times. The addition
of olive oil decreases the surface tension at the interface—a gradient in surface
tension causes a flow along the interface, so theoretically, the oil should have spread
to a uniform thickness. However, after the first about three sets of drops were added,
we could see nonuniformities in the oil-film thickness.

For the cling wrap-surface experiments discussed in Sect. 4.4, the air/water
interface was cleaned and then covered with pieces of cling wrap that each spanned
the width of the tank. So, there were small gaps between the pieces of cling wrap,
and each sheet had some wrinkles. The sheets were not taut. The wave gages had to
fit between sheets, so we could not spread one long sheet of cling wrap that spanned
the tank width, down the length of the air/water interface.

4 Results

Here we present measurements of dissipation rates of surface waves with fre-
quencies 1–4 Hz and compare them with the models discussed in Sect. 2. In the
experiments, we varied the properties of the air/water interface to observe the
corresponding effect on dissipation rates. The first set of experiments used a “clean”
air/water interface, where we defined “clean” in Sect. 3. The second set used a clean
interface that was allowed to age with no additional treatment. The third set used
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a clean interface to which measured amounts of olive oil were added. The fourth
set used a clean interface that had sheets of cling wrap laid on top. In all cases, the
predictions include two parts: a part that incorporates sidewall and bottom boundary
layers, (1), and a part that takes into account one of the models of surface dissipation
(2)–(10). We also present observations and comparisons with models of dissipation
rates from the ocean.

In experiments with an aged surface (Sect. 4.2), oil-contaminated surface
(Sect. 4.3), and cling-wrap surface, (Sect. 4.4), the measured dissipation rates
were larger than those predicted by the models that assume either a clean surface
(Sects. 2.2 and 2.3) or a surfactant-covered surface (Sects. 2.4 and 2.6). For
these comparisons, we also used the model that assumes a thin layer of fluid at
the surface (Sect. 2.7). The values used for the rheological properties required by
that model are listed in Table 3.

4.1 Clean Surface

Figure 1 shows measured and predicted dissipation rates when the surface was
cleaned as described in Sect. 3. (The data are also discussed in [10].) The models
that are most likely to apply to this situation are the clean-surface model discussed
in Sect. 2.2 and the (clean-surface) two-fluid model discussed in Sect. 2.3. The
clean-surface model (2) and the two-fluid model (3) predict almost the same rates
for these frequencies, so one assumes that for these frequencies, dissipation due
to air dynamics is not significant. These models’ assumption of a clean surface
underpredicts somewhat the measured dissipation rates, with the discrepancy
increasing with increasing frequency. Presumably, there is some contamination on
the surface, regardless of our effort at cleaning, but not enough to cause the extreme
condition of no tangential flow required by the inextensible surface model (4), which
over-predicts the dissipation rates.

Table 3 List of parameters used in (10) to obtain the dotted curves in Figs. 2b and 4b

Parameter Value for surface age experiments Value for surface oil experiments
Od (cm) 0.012 0–0.0005 (black, dashed-dotted curve in Fig. 4b)

0–0.013 (gray, dashed-dotted curve in Fig. 4b)

O�w (m2/s) 1� 10�6 1� 10�6

O�f (m2/s) 1� 10�4 8.7 � 10�6

O�w (kg/m3) 998 998

O�f (kg/m3) 900 915

O	w (mN/m) 25–73 30

O	f (mN/m) 30 32

O�w (mN/m) 30 30

O�f (mN/m) 30 30

O�sw (kg/s) 0 0

O�sf (kg/s) 0 0
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Fig. 1 Dissipation rates as a function of frequency for the clean-surface experiments. The dots
are measurements. The black dashed curve is from the clean-surface model, (2), plus (1). The gray
dashed curve (almost identical to the black dashed curve) is from the two-fluid model, (3), plus (1).
The black solid curve is from the inextensible surface model, (4), plus (1). The gray solid curve is
from the surfactant maximum model, (9), plus (1)

4.2 Exposed Surface

Figure 2 shows measured and predicted dissipation rates for 2 and 3.33 Hz waves
when the surface was cleaned as described in Sect. 3 and then exposed to the
laboratory atmosphere for several days. The models that are most likely to apply
to this situation are the clean-surface model discussed in Sect. 2.2 and the (clean-
surface) two-fluid model discussed in Sect. 2.3 for small surface ages; the surfactant-
surface model discussed in Sect. 2.5 and the surfactant-maximum model discussed
in Sect. 2.6 for larger surface ages; and the inextensible-surface model discussed in
Sect. 2.4 for large surface ages when the contamination becomes saturated in some
sense.

Figure 2a shows that the dissipation rate for the 2 Hz waves was fairly insensitive
to surface contamination. However, Fig. 2b shows that after about 1 day of exposure,
the dissipation rate for the 3.33 Hz waves increased by an order of magnitude to a
value much larger than predictions from all of these models.

Does the thin-layer model discussed in Sect. 2.7 apply to this experimental
configuration? One imagines that for small surface ages, the surface is contaminated
with dust and particulate matter that rises from the bulk of the fluid. However, after
a surface age of about 2 days, there appears to be a continuous film at the surface,
which could be biological in nature and could behave as a thin layer of fluid. After
several days, the film is quite visible. If one pushes the surface horizontally with a
vertical plate in the water, one sees short-wavelength (a few millimeters) waves in
the film. If the plate is removed, the film bounces back. If one continues to push
the plate, the film buckles and may tear. Thus, we were interested to determine
if we could find rheological properties that when used in (10) would result in a
prediction from the thin-layer model that is about as large as the largest dissipation
rate measured.
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Fig. 2 Dissipation rates of a (a) 2Hz wave and (b) 3.33 Hz wave as a function of the time a cleaned
surface was exposed to ambient contamination. The dots are measurements. The black dashed
curve is from the clean-surface model, (2), plus (1). The gray dashed curve (almost identical to
the black dashed curve) is from the two-fluid model, (3), plus (1). The black solid curve is from
the inextensible-surface model, (4), plus (1). The gray solid curve is from the surfactant-maximum
model, (9), plus (1). In (b) the dashed-dotted curve is from the thin-layer model, (10), plus (1)
that assumes an interfacial fluid thickness of 0.12 mm. See Table 3 for other values used. At about
100 h, the surface was cleaned

We do not know the rheological properties of the contamination at the air/water
interface when it is exposed to the atmosphere. We did measure the surface tension
of the air/water interface from water that was in a beaker in the same room as
the wavetank—these measurements are shown in Fig. 3. Each time we measured
dissipation rates, we also measured the surface tension from the beaker system using
a DuNuoy-type tensiometer. One cannot conclude that the surface tension from the
beaker system was the same as that from the wavetank system. For example, the film
observed on the air/water interface in the tank did not grow on the air/water interface
in the beaker. The beaker surface was initially cleaned by vacuuming off the surface
with a pipette attached to a pump, and the measured value of surface tension agrees
with the theoretical value for a clean surface at the measured temperature. The
value decreased with age to about 58 mN/m at 114.75 h. When we cleaned the
surface again at 115.25 h, the measured value of surface tension again agreed with
the theoretical value for a clean surface. Then after waiting another 116.42 h, the
surface tension dropped to about 68 mN/m, not as low as the previous value of
58 mN/m. Apparently, the film that grows with surface age is not reproducible, so
that after about 10 h, the measured value of surface tension shows scatter.

It is not clear how to translate the surface tension measurements into coefficients
of elasticity to apply the thin-layer model; however, Jenkins and Jacobs [14] give
a range of surface elasticities of 10–50 mN/m for surfactant materials on water. To
compute a dissipation rate using (10), we looked at this range of elasticities: the
maximum dissipation rate we were able to compute did not depend significantly
on the choice of O�f . It did depend significantly on the choice of O�w. The value
of O�w that gives the largest dissipation rate is typically not at the limits of this
elasticity range, but at the mid-values. The dissipation rate is fairly insensitive to
the choice of surface tension at both interfaces, and following Jenkins and Jacobs,
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Fig. 3 Measured values of surface tension (dots) as a function of surface age at the surface of
air and the water in a beaker. The horizontal line is the value corresponding to a clean surface at
21.3ı C. At about 100 h, the surface was cleaned

we neglected the interfacial viscosities, O�sf and O�sw. However, varying the thickness
of the layer makes a significant difference. For the values of viscosities, elasticities,
surface tensions, and densities listed in Table 3, we found a layer thickness (also
listed in Table 3), at which a maximum dissipation rate resulted. Figure 2b shows
that this maximum is quite close to the largest dissipation rate measured when the
surface age was large.

To obtain the dashed-dotted curve in Fig. 2b, which shows predictions from the
thin-layer model (10), we varied the value of surface tension at the fluid/water
interface, O	w, used in (10). The variable O	w allows for the changing surface
tension with surface age that occurs in the experiments. However, the prediction
of dissipation rate is insensitive to the variable surface tension value, as shown by
the almost constant dashed-dot curve.

The discontinuous jump in the measured dissipation rate in Fig. 2b at about 100 h
corresponds to the surface’s being cleaned at that time. This return to the value
measured for the initially clean surface provides further evidence that the enhanced
dissipation is due to surface contamination, as opposed to bulk fluid properties or
sidewall boundary layers.

4.3 Oil-Contaminated Surface

Figure 4 shows measured and predicted dissipation rates for 2 and 3.33 Hz waves
when the surface was cleaned as described in Sect. 3 and then oil was added as
described in Sect. 3. The models that are most likely to apply to this situation are the
clean-surface model discussed in Sect. 2.2 and the (clean-surface) two-fluid model
discussed in Sect. 2.3 for the clean-surface before oil was added; the surfactant-
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Fig. 4 Dissipation rates of a (a) 2-Hz wave and (b) 3.33 Hz wave as a function of the amount of
oil added per unit area of cleaned surface. The dots are measurements. The black dashed curve
is from the clean-surface model, (2), plus (1). The gray dashed curve (almost identical to the
black dashed curve) is from the two-fluid model, (3), plus (1). The black solid curve is from the
inextensible-surface model, (4), plus (1). The gray solid curve is from the surfactant-maximum
model, (9), plus (1). In (b) the dashed-dotted black curve is from the thin-layer model, (10), plus
(1) that assumes a thin layer with varying thickness that corresponded to that of the experiment;
the dashed-dotted gray curve is from the thin-layer model, (10), plus (1) that assumes a thin layer
with varying thickness that was chosen to increase the predicted dissipation rate. See Table 3 for
the values used

model discussed in Sect. 2.5 and the surfactant-maximum model discussed in
Sect. 2.6 for the surfaces with non-saturated levels of oil; the inextensible-model
discussed in Sect. 2.4 for the oil-saturated surfaces, which occur when the oil that
is added no longer spreads; and the thin-fluid model discussed in Sect. 2.7 for the
addition of any amount of oil.

Figure 4a shows that the dissipation rate for the 2 Hz waves increased by about
a factor of 2 due to the addition of the oil. Figure 4b shows that the dissipation
rate for the 3.33 Hz waves increased by an order of magnitude to a value much
larger than predictions from all of the models except perhaps the one that takes
into account a thin layer of fluid at the interface between the water and a vacuum
(Sect. 2.7); although, even this model could not account for the largest dissipation
rate measured.

Figure 4b shows two curves from the thin-layer model. The black, dot-dashed
curve was computed using different film thicknesses, Od, equal to the ratio of the
volume of the fifteen drops and the surface area in the tank. (See Table 3.) However,
as discussed in Sect. 3, after the first set of fifteen drops were applied to the surface,
the additional sets of drops did not spread uniformly in thickness. Thus, the gray,
dot-dashed curve was computed using different layer thicknesses, Od, from zero to
just above the value, Od = 0.012 cm, that gives the maximum dissipation rate that we
found for this model. The thin-layer model assumes an interfacial layer of fluid with
a uniform thickness, which we do not think was the case for the experiments; so
comparing its predictions with our data is pushing the assumptions of the model.
We used a value of viscosity for olive oil at room temperature consistent with
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Fig. 5 Dissipation rates as a function of frequency for the cling wrap surface experiments. The
dots are measurements. The black dashed curve is from the clean-surface model, (2), plus (1). The
gray dashed curve (almost identical to the black dashed curve) is from the two-fluid model, (3),
plus (1). The black solid curve is from the inextensible surface model, (4), plus (1). The gray solid
curve is from the surfactant maximum model, (9), plus (1)

measurements reported in [3]. We used a value of density for olive oil at room
temperature consistent with values reported in

http://www.engineeringtoolbox.com/liquids-densities-d_743.html. We used a
value of surface tension between the olive oil and air at room temperature consistent
with values reported in

http://physics.about.com/od/physicsexperiments/a/surfacetension_5.htm.

4.4 Cling Wrap Covered Surface

Figure 5 shows measured and predicted dissipation rates for waves with seven
frequencies spread evenly between 1 and 4 Hz when the surface was cleaned as
described in Sect. 3 and then covered with sheets of cling wrap. The models that are
most likely to apply to this situation are the inextensible-surface model discussed
in Sect. 2.4 and the surfactant-maximum model discussed in Sect. 2.6. Both of
these models underpredict the measured dissipation rate, but predictions from the
surfactant-maximum model are fairly close. This model corresponds to a resonance
between elastic waves of a surface film and the underlying water wave. Since
the cling wrap had tiny wrinkles, it was allowed to stretch and compress, so that
this resonance could potentially occur. The thin-layer model (Sect. 2.7) would not
seem to apply to this experimental configuration. Nevertheless, we did try to find
rheological parameters, along with measurements of the cling wraps’ density and
thickness, in (10) to see if that model could predict measured dissipation rates. We
could not find a set of parameters that gave even qualitative agreement.

http://www.engineeringtoolbox.com/liquids-densities-d_743.html
http://physics.about.com/od/physicsexperiments/a/surfacetension_5.htm
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Fig. 6 Dissipation rates as a function of frequency for oceanographic observations. The solid
circles are based on measurements from [22]. The hollow circle is a measurement from [4]. The
black dashed curve is from the clean-surface model, (2). The gray dashed curve is from the two-
fluid model, (3). The black solid curve is from the inextensible surface model, (4). The gray solid
curve is from the surfactant maximum model, (9)

4.5 Oceanographic Observations

Figure 6 shows measured and predicted dissipation rates for ocean swell as reported
in [10] from data measured by Snodgrass et al [22], and Collard et al [4]. For the
surfactant maximum model, we used the deep-water limit of (Sect. 2.4), which is

ıin1 D k2

r
�

2!.k/
: (30)

This inextensible-surface model (Sect. 2.4) does the best job of predicting the
measurements. So, it can be useful for taking into account dissipation in linear
models of ocean swell. It does not generalize to nonlinear models, but it is a limit
of both the surfactant-surface model (Sect. 2.5) and the thin-layer model (Sect. 2.7),
which can be generalized to nonlinear models. Of note is that, as pointed out in
[10], the observed dissipation rates of ocean swell are orders of magnitude larger
than predicted by the clean-surface, vacuum/water model, so that model (Sect. 2.2),
simply does not apply to ocean swell. The two-fluid model, (Sect. 2.3), shows that
on the scale of ocean swell, the dynamics of the air are important, but even this
model underpredicts measurements by a couple of orders of magnitude. So, surface
dynamics are important in modeling dissipation of ocean swell.
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5 Summary and Conclusions

In this paper we present several models for the dissipation rates of surface waves
and compare their predictions with laboratory measurements and oceanographic
observations. We make the following summary and conclusions.

• The clean-surface model is adequate for laboratory waves with “small enough”
frequencies (less than about 3 Hz) if the surface is adequately cleaned (for
example, as described in Sect. 3).

• The clean-surface two-fluid model predicts dissipation rates a couple of orders
of magnitude larger than those of the (fluid/vacuum) clean surface model for
waves on the scale of ocean swell. Thus, it is likely that air plays an important
role in understanding the dynamics of ocean swell. Nevertheless, this model
underpredicts observed dissipation rates of ocean swell. It is not clear what the
“correct” boundary conditions are at the ocean-atmosphere surface, or what the
“best” conditions are that could be used in practice to predict both dissipative
behaviour and nonlinear evolution.

• We did not apply the surfactant model (of an infinitely thin, massless film), but
instead looked at predictions from two of its limits.

– The inextensible surface-model corresponds to the limit of infinite elasticity of
the surfactant film. Its predictions agreed well with observations of dissipation
rates of ocean swell. However, this model cannot be generalized to nonlinear
models of ocean swell.

– The surfactant-maximum model corresponds to a resonance between elastic
waves in the surfactant film and the water waves. It can occur for surfactant
concentrations less than saturation. It did the best job of predicting dissipation
rates that occurred when the surface was covered with cling wrap that was
allowed to wrinkle—thereby compressing and expanding.

• The thin-layer model is the most general of all of the models considered here.
All of the other models discussed here except for Dore’s [7] model in Sect. 2.3,
which includes the effects of air, are limits that can be obtained from the thin-
layer model. This model was able to predict the large damping rate observed in
the 3.33 Hz waves propagating on a air/water interface that had been exposed to
the ambient atmosphere for several days. Under this laboratory condition, a film
grows on the air/water interface that may then be modeled as a thin viscoelastic
fluid. This model was inadequate in predicting the largest dissipation rates
observed with waves propagating on a air/water interface that was contaminated
with variable amounts of olive oil. One possible explanation for the discrepancies
is that the olive oil did not spread uniformly. Other possibilities are also being
investigated. We point out, though, that the thin-layer model has numerous free
parameters, so it is difficult to use in practice.

The goal of this work is to find a model for dissipation that predicts all of the
observed dissipation rates from the laboratory and the ocean, and could be used
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in nonlinear models of wave evolution. We find that different models are useful for
different situations, as discussed above, and that none of the models is adequate
when we add over-saturated amounts of olive oil to the surface.
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