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Dedicated to the memory of Michel Herman
Abstract. We present an overview and some new applications of the
approximation by conjugation method introduced by Anosov and the
second author more than thirty years ago [1]. Michel Herman made
important contributions to the development and applications of this
method beginning from the construction of minimal and uniquely ergodic diffeomorphisms jointly with Fathi in [7] and continuing with exotic invariant sets of rational maps of the Riemann sphere [21], and the
construction of invariant tori with nonstandard and unexpected behavior in the context of KAM theory [22, 23]. Recently the method has
been experiencing a revival. Some of the new results presented in the
paper illustrate variety of uses for tools available for a long time, others
exploit new methods, in particular possibility of mixing in the context
of Liouvillean dynamics discovered by the first author [8, 9].

1. Elliptic dynamics. Diophantine and Liouvillean behavior
In this paper we present and discuss a variety of examples of C ∞ volume
preserving diffeomorphisms of compact manifolds which by any reasonable
count should be viewed as exotic if not pathological. The methods which
produce those examples are discussed in the next section and specific constructions carried out in the rest of the paper. Before doing that we would
like to present a brief justification for paying attention to these admittedly
very special situations by putting them into a certain general perspective
along the lines of [18, Section 7], where a more detailed discussion and appropriate references can be found.
The term “elliptic dynamics” is often, although not universally, used to
denote the study of recurrent (conservative) behavior in dynamical systems
at the other end of the spectrum from “chaotic”. While in the everyday
usage the opposite of “chaotic” would be “ordered”, in the dynamics context the preferred counterpart is “stable”. The stable asymptotic behavior
in the context of conservative motions is best represented by quasiperiodic
motions (translations and linear flows) on tori, which appear for example in
completely integrable Hamiltonian systems. Such a system splits on most of
its phase space into invariant tori which are determined by the fixed values of
*) Partially supported by NSF grant DMS-0071339.
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the action integrals in the action–angle coordinates. On each torus the motion is linear in the angle coordinates with the frequency vector determined
by the action vector (see [28, Section 1.5] for an introductory discussion). It
is quite remarkable that under a suitable nondegeneracy assumption many
(in fact, most in terms of phase volume) invariant tori survive slightly distorted under any small Hamiltonian perturbation of the system. This is
the principal content of KAM theory to which Michel Herman made major contributions [20]. This prevalence of stability which also appears in
other contexts (see e.g. [19]) is of course a major manifestation of elliptic
phenomena.
Stability appears when the linear model, the translation (or rotation if
multiplicative notations are used) of the torus T k ,
Tα x = x + α,
or the linear flow on

mod 1

Tk ,
Tωt x = x + ωt,

mod 1, t ∈ R

is of a Diophantine type, i.e. the translation vector α or the frequency
vector ω is not too well approximated by rationals. A typical Diophantine
condition in the discrete–time case is
|hα, mi − n| > Ckmk−s

for any m ∈ Zk , n ∈ Z and some positive numbers C and s independent of
m and n. Similarly in the continuous–time case one has for some positive
C and s and any m ∈ Zk ,
|hω, mi| > Ckmk−s .

The opposite case of exceptionally good rational approximation of α or ω
is usually called Liouvillean. The Liouvillean behavior is associated with instability: circle diffeomorphisms with Liouvillean rotation numbers usually
have singular invariant measures and hence are conjugate to the corresponding rotations via nondifferentiable continuous maps, time–changes of linear
flows of tori with Liouvillean frequency vectors often and in fact typically
exhibit unexpected ergodic properties [10], the invariant tori of completely
integrable Hamiltonian systems with Liouvillean frequency vectors usually
do not survive after perturbations (or may survive with greatly distorted
dynamics, see [22]).
This leads to another possible opposite to the chaotic behavior. Since
the latter is associated with exponential growth of orbit complexity with
time (positive entropy, exponential growth of the number of periodic orbits,
etc; see e.g. [18, Section 6]) one may consider slow growth of various characteristics of such complexity as a hallmark of elliptic dynamics. Notice
that translations and linear flows of a torus are isometries, hence there is no
divergence of orbits, and in a certain sense no growth of orbit complexity
with time at all. In the Diophantine case this behavior is often stable under
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small perturbations of the system while in the Liouvillean case perturbations of the linear models often produce substantive qualitative effects but
only after long periods of time. To understand what kind of effects may
result form this instability a constructive approach is quite useful. While
there is no chance to describe all possible effects which appear in nonlinear
perturbations of Liouvillean behavior, the variety of possibilities is astonishing. In a number of cases such perturbations provide the only known
way to exhibit certain types of dynamical behavior, e.g. ergodic behavior
accompanied by only finitely many periodic points on such simple manifolds
as the two–dimensional disc or two–dimensional sphere. See Section 3.1 for
a more detailed discussion of those cases.
We would like to thank A. Fathi for pointing out to the paper [17] where
a construction similar to those of Section 4 is carried out, M. Handel for
valuable comments and observations which helped us to improve presentation in that section, A. Windsor and M. Saprykina for useful discussions.
The second author would like to thank H. Nakayma for useful comments
which helped to improve the statement of Proposition 4.17 and the Japan
Society for Promotion of Science for supporting the visit to Japan during
which this paper was completed.
2. An overview of the approximation by conjugation method
2.1. General scheme. Let M be a differentiable manifold with a nontrivial
smooth circle action S = {St }t∈R , St+1 = St preserving a smooth volume.
Every smooth S 1 action preserves a smooth volume ν which can be obtained
R 1by taking any volume µ and averaging it with respect to the action:
ν = 0 (St )∗ µdt. Similarly S preserves a smooth Riemannian metric on M
obtained by averaging of a smooth Riemannian metric.
When this does not cause an ambiguity we will often call the elements
Sα of the circle action S ”rotations”, correspondingly ”rational” and ”irrational”, for rational or irrational values of α.
Denote by Cq the subgroup of S 1 with q elements, i.e the qth roots of
unity. Assuming without loss of generality that the action is effective (no
element acts as identity) we see that for an open dense subset of M the
stationary subgroup is trivial. Using the standard properties of isometries
one sees the set F of fixed points of the action is a smooth submanifold of
M . The fixed point set Fq of the map S 1 (or, equivalently, of the action of
q

Cq ) is also a smooth submanifold.
Volume preserving maps with various interesting, often surprising, topological and ergodic properties are obtained as limits of volume preserving
periodic transformations
f = lim fn , where fn = Hn Sαn+1 Hn−1
n→∞

with αn =

pn
qn

∈ Q and

(2.1)
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Hn = h1 ◦ ... ◦ hn ,

(2.2)

where every hn is a volume preserving diffeomorphism of M that satisfies
h n ◦ S αn = S αn ◦ h n .

(2.3)

In certain versions of the method the diffeomorphisms h n are chosen not
preserving the volume but distorting it in a controllable way; this for example
is the only interesting situation when M is the circle (see e.g. [28, Section
12.6]).
Usually at step n, the diffeomorphism h n is constructed first, and αn+1
is chosen afterwards close enough to α n to guarantee convergence of the
construction. For example, it is easy to see that for the limit in (2.1) to
exist in the C ∞ topology it is largely sufficient to ask that
1
.
(2.4)
|αn+1 − αn | ≤ n
2 qn ||Hn ||C n

The power and fruitfulness of the method depend on the fact that the
sequence of diffeomorphisms fn is made to converge while the conjugacies
Hn diverge often “wildly” albeit in a controlled (or prescribed) way. Dynamics of the circle actions and of their individual elements is simple and
well–understood. In particular, no element of such an action is ergodic
or topologically transitive, unless the circle action itself is transitive, i.e
M = S 1 . To provide interesting asymptotic properties of the limit typically
the successive conjugacies spread the orbits of the circle action S (and hence
also those of its restriction to the subgroup C q for any sufficiently large q)
across the phase space M making them almost dense, or almost uniformly
distributed, or approximate another type of interesting asymptotic behavior.
Due to the high speed of convergence this remains true for sufficiently long
orbit segments of the limit diffeomorphism. To guarantee an appropriate
speed of approximation extra conditions on convergence of approximations
in addition to (2.4) may be required.
There are many variations of the construction within this general scheme.
In the subsequent sections we describe several representative versions, each
addressing a problem which has not been treated before. Presenting each
version to the last detail and in the greatest generality would be quite tedious. Accordingly we often choose to describe routine steps only briefly
and sometimes treat representative special cases indicating generalizations
afterwards.
2.2. Almost all vs. all orbits. In different versions of the approximation
by conjugation method one may control the asymptotic behavior of almost
all orbits with respect to the invariant volume, or of all orbits. Somewhat
imprecisely we will call those versions ergodic and topological.
Ergodic constructions deal with measure–theoretic (ergodic) properties
with respect to a given invariant volume, such as the number of ergodic
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components (in particular ergodicity), rigidity, weak mixing, mixing, further
spectral properties. Topological constructions deal with minimality, number
of ergodic invariant measures (e.g. unique ergodicity) and their supports,
presence of particular invariant sets, and so on. The paper [1] dealt only
with ergodic constructions. A topological version was announced in [24] (see
also [4]) and independently developed in [7].
Control over behavior of the orbits of approximating periodic diffeomorphisms fn in (2.1) on the nth step of the construction is typically provided
by taking an invariant under Sαn (and hence under S 1 ) collection of ”kerqn
nels”, usually smooth balls, and redistributing them in the phase space in
a prescribed fashion (also S 1 invariant). In ergodic constructions one reqn
quires the complement to the union of the kernels to have small volume and
hence most orbits of S (and consequently of any finite subgroup C q for a
sufficiently large q) to spend most of the time inside the kernels. In the
topological versions the kernels need to be chosen in such a way that every
orbit of S spends most of the time inside the kernels. This requires more care
and certain attention to the geometry of orbits. See for example Figures 3.1
and 3.2.
A natural way of selecting the kernels, their intended images, and constructing a map hn satisfying (2.3) is by taking a fundamental domain ∆ for
Sαn (or, equivalently, for S 1 ) choosing kernels and images inside ∆, conqn
structing a diffeomorphism of ∆ to itself identical near its boundary which
sends kernels into their intended images, and extending the map to the images S k , k = 1, . . . , qn − 1 by commutativity. This method in particular
qn

is used in the construction of a diffeomorphism conjugate to a rotation, see
2.4.2 below, as well as later in this paper in the proofs of Theorems 3.3, 4.1
and 5.1. However in certain cases, for example to achieve weak mixing, it is
necessary to use more general constructions.

2.3. Closure of conjugates. By controlling initial steps of the construction one can keep the final diffeomorphism f within any given C ∞ neighborhood of a given element Sα of the action S. On the other hand, by applying
a fixed diffeomorphism g first the construction can be carried out in a neighborhood of any diffeomorphism conjugate to an element of the action. Thus
the closure A of diffeomorphisms of the form gS t g −1 in, say, C ∞ topology
is a natural ambient space for considering what a construction of this type
can produce. This was first noticed in [1, Section 7] in connection with ergodic properties with respect to the invariant volume and was used in [7] to
control topological properties.
If the action S has fixed points it is natural to consider a smaller space
AF ⊂ A, namely, the closure of gSt g −1 where the conjugacy g fixes every
point of the fixed point set F of the action S. Obviously for f ∈ A F every
point of F is also fixed. There does not seem to be much difference between
dynamical properties which may appear in the whole space A and in A F . In
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Section 3.1 we will discuss the situation for the standard two–dimensional
examples: the disc, the annulus and the sphere with the S 1 action by rotations . At this point we would like to introduce also restricted spaces of
conjugacy closures, namely for α ∈ R/Z we define the spaces A α and AF,α
as the closure in C ∞ topology of the diffeomorphisms of the form gS α g −1
where g is correspondingly an arbitrary C ∞ diffeomorphism, or a C ∞ diffeomorphism fixing every point of the set F . Since for any pq ∈ Q and any
f ∈ A p one has f q = Id, only spaces Aα for irrational α’s are of interest.
q
Let us describe a classical example showing that the space A may be quite
different from the union of Aα
2.3.1. The horocycle flow. Consider the group
 SL(2, R) and three
 one–parameter
cos 2πt
sin 2πt
subgroups: the standard rotations R t =
, the diago− sin 2πt
cos 2πt
 t



e
0
1
t
nals Gt =
and the upper–triangular unipotents H t =
.
0
e−t
0
1
The commutation relation


cos 2πs
e2t sin 2πs
Gt Rs G−t =
−e−2t sin 2πs
cos 2πs
implies

lim Gt R e−2t G−t = H1 .

t→∞

(2.5)

2π

Now let Γ be a cocompact lattice in SL(2, R). Since left translations on any
group commute with right translations we can consider the actions of the
one–parameter subgroups described above on the compact manifold M =
SL(2, R)/Γ. In the case when Γ has no elliptic elements, M can be identified
with the unit tangent bundle of the compact surface V = SO(2)\SL(2, R)/Γ
of constant negative curvature, and the right actions of {G t } and {Ht }
are called the geodesic flow and horocycle flow on V correspondingly. [28,
Sections 5.4 and 17.5]. We will denote the actions of R t , Gt and Ht by right
translations on SL(2, R)/Γ by rt , gt and ht correspondingly. The first of
these is of course an S 1 action, while every nontrivial element of the last
one is uniquely ergodic, mixing of all orders and has countable Lebesgue
spectrum (see [31, Section 1.4e] and references thereof). It follows from
(2.5) that
lim gt r e−2t g−t = h1 .
t→∞

2π

Thus h1 ∈ A; it is the limit of conjugacies of certain elements of the circle
action which converge to zero.
Proposition 2.1. h1 ∈
/ Aα for any α ∈ S 1 .
Proof. Obviously A0 = {Id}; thus, we need to prove the statement for α 6= 0;
For any volume preserving diffeomorphism f of a compact manifold homotopic to identity one defines the rotation class ρ(f ) as an element of the
first homology group of the direct product M × S 1 . It is constructed as the
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asymptotic cycle of the suspension flow of f [28, Section 14.7b]. The rotation class is continuous in C 0 topology and equivariant under the conjugacy.
Thus ρ(h1 ) = 0. On the other hand the projection of ρ(r α ) to H1 (M, R) has
the form αρ0 , where ρ0 is the nonzero integer homology class realized by the
embedding of SO(2) to SL(2, R)/Γ. Since the action of the diffeomorphism
group by conjugacies respects the integer structure in this projection the
rotation classes of elements of conjugates of r α are separated from zero and
hence for any f ∈ Aα , ρ(f ) 6= 0.

The following question remains open:
Problem 2.2. Does there exist a circle action S on a compact manifold and
α such that the corresponding space A α contains a mixing transformation?
In Section 6 we will give a positive answer for a version of this question
with a T3 action instead of an S 1 action. We will also provide more examples
of circle actions with mixing transformations in the unrestricted space A.
2.4. Generic and non-generic constructions. The development of the
approximation by conjugation method was motivated by several natural
questions about ergodic properties of volume preserving diffeomorphisms.
Here are two characteristic examples of such questions, both answered positively in [1]:
2.4.1. Does there exist an ergodic area preserving diffeomorphism of the two–
disc D2 ?
2.4.2. Does there exist a diffeomorphism of a compact manifold M, dim M >
1 preserving a smooth volume and measurably conjugate to an irrational
rotation of the circle?
These positive answers looked somewhat surprising at the beginning: in
the former case because usually near an elliptic fixed point there are many
invariant curves making the map highly non-ergodic; and in the latter because the eigenfunctions of any such transformation must be highly discontinuous. While ergodic diffeomorphisms of the disc without genuine elliptic
points which exhibit much stronger stochastic properties than ergodicity
were found later [25], the original examples in [1] do have elliptic points and
are in fact small perturbations of (non-ergodic) rotations of the disc.
Constructions answering questions 2.4.1 and 2.4.2 are characteristic for
two different versions of the approximation by conjugation method.
2.4.3. Control at some time scales. In the constructions of the first kind
it is sufficient to control the behavior of approximating and hence resulting
diffeomorphisms on a series of growing but unrelated time scales. The approximate pictures may look quite whimsical (see e.g. the original weak
mixing construction in [1, Section 5] and a modern version in [16]), but as
long as a diffeomorphism f ∈ A is close enough to conjugates of rotations
appearing in such pictures the property is guaranteed. In fact, for a proof
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of genericity in A of a property exhibited by a construction of this sort no
actual inductive construction is needed. One just needs to show that an
approximate picture at each scale appears for an open dense subset of conjugates of rotations. If appearance in an approximate picture at infinitely
many growing scales guarantees the property then by the Baire category
theorem the property holds for a dense G δ subset on A.
Ergodicity is generic in A; in the case of the disc with S 1 acting by
rotations around the center this in particular implies that invariant circles
which are very hard to avoid from the classical standpoint (twists, frequency
locking, etc) can in fact be destroyed easily if one adopts a less conventional
point of view. We will discuss the disc diffeomorphisms in detail is Section
3.1 below.
Beyond ergodicity the basic ergodic properties which are generic in A are
arbitrary fast cyclic approximation (which implies ergodicity and also simple
singular spectrum) [1, Theorem 7.1], and weak mixing. Those properties are
among generic properties for measure preserving automorphisms of Lebesgue
space in weak topology [29, 26] which also possess some more refined generic
properties such as mutual singularity of the maximal spectral type and all
its convolutions [26], or existence of roots of all orders [30]. The first of those
as well as many others follows from the genericity of arbitrary fast periodic
approximation of arbitrary type (not just cyclic) [26].
We will later discuss open questions and difficulties related with establishing genericity of such properties in A (Section 7.2).
In this paper we present a new example of a generic construction in Section
3. A proper extension of this construction from the basic two–dimensional
examples (the disc, the annulus and the sphere) to manifolds (with or without boundaries) with circle actions provides a common generalization of the
genericity of ergodicity in the general case of nontrivial circle actions [1], and
the genericity of minimality and unique ergodicity in the case of fixed–point
free actions on closed manifolds [7] (See Section 3.6).

2.4.4. Control at all times. In the constructions of the second kind including
the one answering the question 2.4.2 approximations at different steps of the
construction are linked and hence in principle the asymptotic behavior of the
resulting diffeomorphism is controlled for all times. Such a construction is
never generic in A or any of the other spaces introduced in Section 2.3
Constructions of this kind appear most naturally when the resulting diffeomorphism is constructed to be measure–theoretically conjugate to a map
of a particular kind such as a rotation in the question 2.4.2 or a translation on a torus of higher dimension [1, section 6]. Those constructions also
appear in topological situations, for example in producing minimal diffeomorphisms with more than one ergodic measure [40]. Our construction in
Section 4 is non-generic although quite natural in the sense described at the
end of Section 2.2, and is similar in some respects to the construction of a
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diffeomorphism conjugate to a rotation. One may also extend the construction from [40] to obtain extra invariant measures for the case of actions with
fixed points or on manifolds with boundaries (such as four or more ergodic
measures on the disc; see Section 3.7). The construction in Section 5 is also
non-generic and is of a similar type.
A new and quite different type of non-generic constructions are those
which produce mixing diffeomorphisms. Presently we need an action of
T3 to carry out such a construction. This construction is based on the
combination of approximation by conjugation and the methods developed
by the first author for constructing mixing time changes for linear flows on
Tk , k ≥ 3 [8, 9]. The latter may be interpreted as a “multiple frequencies”
version of the approximation by conjugation method.
We would like to point out that Michel Herman was a great master in
the use of Baire category theorem with results which were often striking
(it was his ”favorite theorem” according to Albert Fathi), and in particular
he very effectively used generic constructions in the context of the method
of approximation by conjugation. In his published work though he did
not make any direct use of non-generic constructions in the context of the
approximation by conjugation method. It was however his original insight
which stimulated the first author, his last Ph. D. student, to develop the
non-generic constructions of mixing diffeomeorphisms.
3. Diffeomorphisms of the disk, the annulus, and the sphere
with exactly three ergodic measures.
3.1. Dynamics and invariant measures of disc diffeomorphisms.
The most basic fact about dynamics of diffeomorphisms of the disc D 2 is
presence of a fixed point (the Brouwer Fixed point theorem). Furthermore,
by the Brouwer Translation theorem for an area preserving map there is
fixed point inside the disc.
As early as 1930 L.G. Shnirelman [39] in an attempt to prove a ”converse”
to the Brouwer theorem constructed an example of a topologically transitive
homeomorphism h of D2 which in somewhat modified polar coordinates (ρ, θ)
has the form
h(ρ, θ) = (ρ + g(θ), θ + α).

(3.1)

(Here, for example one can take ρ = −(tan(r/π)) −1 , where r is the usual
radius). Shnirelman was mistaken in his assertion that every orbit inside the
disc other than the origin was dense. For maps of the form (3.1) existence of
nondense orbits in the interior can be easily shown. (A.S. Besicovitch who
repeated this mistake later corrected it in [2]). It is also not too difficult
to see that for any homeomorphism of the disc fixing the origin there are
nondense semiorbits in the interior. Existence of nondense orbits is much
more difficult and it was proven only recently (forty five years after the
Besicovitch paper) by P. Le Calvez and J.-C. Yoccoz [5].
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It is true however that the only ergodic invariant measures in the Shnirelman
example are the δ–measure at the origin and Lebesgue measure on the
boundary and that for almost every point with respect to the two–dimensional
Lebesgue measure the asymptotic distribution exists and is exactly the average of these two measures. A careful study of the Shnirelman–Besicovitch
examples was one of the sources which led Anosov and the second author
to the invention of the approximation by conjugation method ([1, Introduction]).
Notice that unlike Shnirelman–Besicovitch maps any area preserving diffeomorphism of the disc has at least three ergodic invariant measures: the
δ–measure at a fixed point inside the disc, a measure supported at the boundary plus any ergodic component of the area. Naturally, the only possibility
to achieve this lower bound of three ergodic invariant measures appears
when there is only one fixed point inside, only one measure supported by
the boundary and the map is ergodic with respect to the area (this is not
sufficient though).
Now consider the closure spaces A and A F of conjugates of rotations described in Section 2.3. Every diffeomorphism f ∈ A F preserves the origin,
the boundary and the volume. In this section we will show that the minimal
number of three ergodic invariant measures is achieved and is even generic
in a properly defined sense. Moreover in our examples (albeit not generically) any point in the interior whose orbit closure is not dense (such points
exist by [5]) has an asymptotic distribution which is either the δ measure
at the origin, or Lebesgue measure on the boundary, in contrast with the
Shnirelman–Besicovitch maps of the form (3.1).
Any map f ∈ A preserves the boundary and hence has a rotation number
on the boundary. By continuity for f ∈ A α this rotation number is equal
to α. Our examples belong to spaces A α with α irrational but very well
approximated by rationals (Liouvillean numbers). This is the only possibility for ergodicity with respect to the area in a space A α . For, if α is
rational then every f ∈ Aα is periodic. If α is Diophantine the restriction
of every f ∈ Aα to the boundary of D2 is C ∞ conjugate to the rotation Rα
by the Herman–Yoccoz theorem [19, 41]. Hence as Herman proved in his
unpublished work there are smooth f –invariant circles arbitrary close to the
boundary and hence ergodicity or topological transitivity is not possible.
The only other way ergodicity with respect to the area may appear in
the whole space A would be for a map with a rational rotation number pq
on the boundary which is a limit of conjugacies of rotations with variable
rotation numbers converging to pq . While we do not know whether such
ergodic examples exist their structure must be quite different since due to
recent results of Le Calvez [6] any such map has infinitely many periodic
points (and hence infinitely many ergodic invariant measures) in the interior.
1
1This has been pointed out to us by the referee of the paper
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The following problem is related to the above discussion as well as to
Problem 2.2 .
Problem 3.1. Does there exist an area preserving mixing diffeomorphism
of the disc D2 with zero metric (or topological) entropy?
Remark 3.2. Notice that such examples exist on any orientable surface of
genus g ≥ 1 with or without holes. They are obtained as time one maps
of mixing flows first constructed by Kočergin [32]. It is not known whether
there are examples on the sphere or the cylinder.
3.2. Statement and description of the construction. Notice that the
pictures of rotations and conjugacies are essentially identical on the disc,
the annulus [0, 1] × S 1 and the sphere S 2 . In all three cases one has polar
coordinates (ρ, θ) and the rotations are given by S t (ρ, θ) = (ρ, θ + t). Here
0 ≤ ρ ≤ 1 and θ is the cyclic coordinate of period 1. All the conjugacies
involved in our constructions will coincide with the identity near r = 0
and r = 1, hence the difference between the three cases will be insignificant.
Accordingly our drawings will refer to the case of the annulus which is easier
to represent graphically. Let us call the Lebesgue measure on the manifold,
the δ–measures at the fixed points of the rotations and Lebesgue measures
on the boundary components the natural measures.
Theorem 3.3. Let M be D2 , [0, 1] × S 1 or S 2 , and St be the standard
action by rotations. There exists a C ∞ diffeomorphism f : M → M that
has exactly three ergodic invariant measures, namely the natural measures
on M . Furthermore, diffeomorphisms with this property form a residual set
in the space A0 : the closure in the C ∞ topology of the conjugates of rotations
with conjugacies fixing the fixed points of S and every point of the boundary.
We will call the boundary components and fixed points of the rotations
singularities. At step n − 1, hn−1 is constructed and then αn is chosen.
We assume that after step n − 1 there are two neighborhoods of the sinl
r
gularities Bn−1
and Bn−1
on which Hn−1 ≡ Id. At step n we define
l , i = 1, . . . , l }, δ l
l
three collections of closed sets δnl = {δn,i
n
n,i ⊂ Bn−1 ,
r , i = 1, . . . , l }, δ r ⊂ B r
δnr = {δn,i
n
n−1 and ξn = {ξn,i , i = 1, . . . , ln }, the
n,i
collection of kernels. These collections will have the property that the union
of their atoms capture an increasingly large proportion of any rotation orbit. The map hn is then chosen so that the images of the kernels H n (ξn,i )
have small diameters, and such that H n ≡ Id on two smaller neighborhoods
of the singularities Bnl and Bnr that still contain all elements of δ nl and δnr
correspondingly. At the end of step n, α n+1 is chosen to insure convergence
of the construction. We will use polar coordinates (ρ, θ) in our calculations.
3.3. Properties of the collections ξ n , δnr and δnr . The following proposition gives a description of the configuration represented by Figure 3.1.
Notice that the parameter ηn describing precision of the configuration can
be made arbitrarily small since we are free to take l n arbitrarily large.
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l
r
Proposition 3.4. Assuming that neighborhoods B n−1
and Bn−1
of the boundary components are given and given any η n > 0, there exists an integer ln
multiple of qn and three collections of disjoint closed sets on M , δ nl , δnr and
ξn each one containing ln elements and satisfying
l
⊂
(1) δnl , δnr and ξn are invariant by S 1 and ξn,1 ⊂ (0, 1) × (0, l1n ), δn,1
ln

r ⊂ [1 − 1/n, 1] × (0, 1 ),
[0, 1/n] × (0, l1n ) and δn,1
ln
S
(2) µ(ξn,1 ) ≤ ηn and µ( ξn,i ) ≥ 1 − ηn .
l ⊂ Bl
r
r
(3) δn,i
n−1 and δn,i ⊂ Bn−1
1
(4) Any circle Vρ = {ρ} × S intersects the three collections in the following way: there exists a constant c n (ρ) ∈ [0, 1] with cnT(1/2) = 1,
cn (0) = cn (1) = 0 and such that for any 1 ≤ i ≤
T lnl , Vρ ξn,iTis ran
empty set, a point or a segment and so are V ρ δn,i
and Vρ δn,i ;
moreover we require that

(1 − ηn )

\
cn (ρ)
cn (ρ)
≤ |Vρ ξn,i | ≤ (1 + ηn )
,
ln
ln

and if ρ ∈ [0, 1/2], Vρ ∩ δnr = ∅ while
(1 − ηn )

\
(1 − cn (ρ))
(1 − cn (ρ))
l
≤ |Vρ δn,i
| ≤ (1 + ηn )
,
ln
ln

and if ρ ∈ [1/2, 1], Vρ ∩ δnl = ∅ while
(1 − ηn )

(1 − cn (ρ))
(1 − cn (ρ))
r
≤ |Vρ ∩ δn,i
| ≤ (1 + ηn )
.
ln
ln

l
Bn−1

r
Bn−1

1
qn

.
1
ln

l
δn,1

ξn,1

r
δn,1

Fig. 3.1. The collections ξn , δnl , and δnr .
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3.4. Properties of the successive conjugating diffeomorphisms H n .
Using the collections of sets introduced in §3.3, we will state and prove some
sufficient conditions on the sequences α n and Hn that guarantee the convergence in (2.1) to a diffeomorphism having exactly three invariant ergodic
measures as in Theorem 3.2. We require that the collections in Proposition
3.4 be constructed with ηn → 0 and we will extract later more information
on how fast ηn should converge to 0.
Lemma 3.5. If αn = pqnn is a sequence of rationals and Hn is a sequence
of diffeomorphisms of M satisfying ( 2.2) and ( 2.3), and if there exists a
sequence n → 0 such that for every n large enough we have
(1) Hn ≡ Id on two open neighborhoods Bnl of {0} × S 1 and Bnr of
{1} × S 1 satisfying
j
j
δn,i
⊂ Bnj ⊂ Bn−1
, j = r, l, i = 1, . . . , ln .

(2) For any i = 1, . . . , ln ,
diam(Hn (ξn,i )) ≤ n ,
(3) |αn+1 − αn | ≤

1
,
2n qn ||Hn ||n
Cn

and qn+1 ≥ nln ,

then Hn ◦ Sαn+1 ◦ Hn−1 converges in the C ∞ topology to a diffeomorphism f
having exactly three invariant ergodic measures: the Lebesgue measure µ on
M and the measures δ l and δ r supported on the singularities corresponding
to Lebesgue measures on {0} × S 1 and {1} × S 1 respectively.
Remark 3.6. In §3.5 we will have to construct h n so that Hn fulfills conditions (1) and (2) above. Condition (1) is consistent with (3) in Proposition
3.4 and condition (2) above will be consistent with (2) in Proposition 3.4 if
at step n we choose ηn ≤ (n /||Hn−1 ||C 1 )3 .
3.4.1. Convergence. Condition (3) of Lemma 3.5 insures convergence of f n =
Hn ◦Sαn+1 ◦Hn−1 in the C ∞ topology to a volume preserving diffeomorphism
f and the choice of αn+1 is made only after hn is constructed. It also
insures the closeness between f m and fnm as m ≤ qn+1 (Cf. §3.4.3). The
last condition, qn+1 ≥ nln , guarantees that for any point in M a (1 −
1
ηn )−proportion of its qn+1 (vertical) orbit under Sαn+1 is captured by the
atoms of ξn , δnl and δnr which is crucial in the estimations of ergodic averages
(Cf. (3.12) and (3.13)).
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l
Bn−1

Bln

l
δn

ξn

l
Fig. 3.2. Bnl ⊂ Bn−1
.

Proof of Lemma 3.5. For ϕ ∈ C ∞ (M, C) we use the notations
ϕ̂ =

Z

ϕ(u, v)dudv,

ϕ̂l =

M

Z

ϕ(0, v)dv,

ϕ̂r =

Z

ϕ(1, v)dv.

S1

S1

3.4.2. Criterion for the existence of exactly three ergodic invariant measures.
Fix ϕ ∈ C ∞ (M, C) and z ∈ M and denote by Sf,m ϕ(z) the Birkhoff sums
Sf,m ϕ(z) = ϕ(z) + ϕ(f (z)) + ... + ϕ(f m−1 (z)).
Lemma 3.5 clearly follows if we prove that there exists a sequence of functions εn → 0, a sequence mn → ∞ and a sequence cn (z) ∈ [0, 1] such that
for either j = l or j = r we have
cn (z)ϕ̂ + (1 − cn (z))ϕ̂j − εn ≤

Sf,mn ϕ(z)
≤ cn (z)ϕ̂ + (1 − cn (z))ϕ̂j + εn .(3.2)
mn

δl

.

µ

δr

Fig. 3.3. The simplex of invariant measures and possible averages for a large m n .
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3.4.3. The diffeomorphisms f and fn = Hn ◦ Sαn+1 ◦ Hn−1 . It follows from
condition (3) of Lemma 3.5 that
Lemma 3.7. For any m ≤ qn+1 we have
||f m − fnm ||C 1 ≤

1
.
2n

Proof. Since hn+1 commutes with Sαn+1 we have that fn = Hn+1 ◦ Sαn+1 ◦
−1
Hn+1
hence
m
||fn+1
− fnm ||C 1 ≤ ||Hn+1 ||C 1 ||Hn+1 ||C 2 m|αn+2 − αn+1 | ≤

m
2n+1 q

n+1

by (3) of Lemma 3.5 which yields the conclusion of the lemma.

As a consequence (3.2) will follow (with some ε 0n → 0) if we pick mn =
qn+1 and prove that for a sequence εn → 0 we have
cn ϕ̂ + (1 − cn )ϕ̂j − εn ≤

Sfn ,qn+1 ϕ(z)
≤ cn ϕ̂ + (1 − cn )ϕ̂j + εn .
qn+1

(3.3)

3.4.4. Control of a large proportion of any orbit. The point z ∈ M being
fixed we write it as Hn (ρ0 , θ0 ) so that
fnm (z) = Hn ◦ Sαmn+1 (ρ0 , θ0 ).
For a set A ⊂ M we define
Lqn+1 (A) := {0 ≤ m ≤ qn+1 − 1 / Sαmn+1 (ρ0 , θ0 ) ∈ A}.
The following lemma is a straightforward consequence of (4) of Proposition 3.4
Lemma 3.8. We have for every 1 ≤ i ≤ ln ,
(1 − ηn )

qn+1 cn (ρ0 )
qn+1 cn (ρ0 )
− 1 ≤ #Lqn+1 (ξn,i ) ≤ (1 + ηn )
+ 1,
ln
ln

(3.4)

qn+1 (1 − cn (ρ0 ))
j
)
− 1 ≤ #Lqn+1 (δn,i
ln
qn+1 (1 − cn (ρ0 ))
≤ (1 + ηn )
+ 1,
ln

(3.5)

and
(1 − ηn )

where j = l if ρ0 ≤ 1/2 and j = r if ρ0 ≥ 1/2.
In particular, the number of points among the first q n+1 iterates of (ρ0 , θ0 )
under Sαn+1 that are not considered in the lemma is less than 2η n qn+1 + 4ln .
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3.4.5. Estimating ϕ on Hn (ξn ). Proposition 3.4 and the fact that S t and
Hn preserve the area µ imply that 1 − ηn ≤ ln µ(Hn (ξn,i )) < 1 for any
i ≤ ln . Hence, as a consequence of condition (2) in Lemma 3.5 there exists
a sequence 1,n → 0 such that for any (ρ, θ) ∈ Hn (ξn,i ) we have
(1 − 1,n )

Z

Hn (ξn,i )

ϕ(u, v)dudv ≤

≤ (1 + 1,n )

Z

1
ϕ(ρ, θ)
ln

ϕ(u, v)dudv.

(3.6)

Hn (ξn,i )

On the other hand property (2) in Proposition 3.4 and the fact that H n
preserves µ also implies that there exists  2,n → 0 such that
(1 − 2,n )ϕ̂ ≤

ln Z
X

Hn (ξn,i )

i=1

where we recall that ϕ̂ =

R

M

ϕ(u, v)dudv ≤ (1 + 2,n )ϕ̂,

(3.7)

ϕ(u, v)dudv.

3.4.6. Estimating ϕ on Hn (δnl ) and Hn (δnr ). As a consequence of (1) in
l
Proposition 3.4 , there exists a sequence  3,n such that for any (ρ, θ) ∈ δn,i
we have that
i
i
(1 − 3,n )ϕ(0, ) ≤ ϕ(ρ, θ) ≤ (1 + 3,n )ϕ(0, ).
(3.8)
ln
ln
On the other hand there exists a sequence  4,n → 0 such that
(1 − 4,n )ϕ̂l ≤

ln
1 X
i
ϕ(0, ) ≤ (1 + 4,n )ϕ̂l ,
ln
ln

(3.9)

i=1

R
where as before ϕ̂l = S 1 ϕ(0,
R v)dv. Similar equations as (3.8) and (3.9) hold
r and ϕ̂r =
for (ρ, θ) ∈ δn,i
S 1 ϕ(1, v)dv.

3.4.7. Proof of ( 3.3). We will assume for definiteness that z = H n (ρ0 , θ0 )
with ρ0 ≤ 1/2 the case ρ0 ≥ 1/2 being similar. In light of Lemma 3.8 and
(3.6)–(3.9) we get the following estimations of
Un :=

1
qn+1

Sfn ,qn+1 ϕ(ρ0 , θ0 )

Vn1 + Vn2 + Vn3 ≤ Un ≤ Un1 + Un2 + Un3

(3.10)

where Un3 is a bound on the contribution of the non-controlled points
Un3 ≤ 2(n +

2ln
)||ϕ||,
qn+1

(3.11)
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and Un1 is relative to the points that fall in H n (ξn ) for which we use (3.4)
of Lemma 3.8 and (3.6) and (3.7) to obtain the following upper bound on
their contribution
Z
ln
1 X
ϕ(u, v)dudv
[(1 + ηn )cn (ρ0 )qn+1 + ln ] (1 + 1,n )
Un1 =
qn+1
Hn (ξn,i )
i=1

≤ (1 + ηn )(1 + 1,n )(1 + 2,n )cn (ρ0 )ϕ̂ +

ln

qn+1

||ϕ||,

(3.12)

and Un2 is a bound on the contribution of the points in δ nl for which (3.5)
of Lemma 3.8 and (3.8) and (3.9) lead to

ln 
1 X
(1 − cn (ρ0 ))qn+1
i
2
Un =
(1 + ηn )
+ 1 (1 + 3,n )ϕ(0, )
qn+1
ln
ln
i=1

≤ (1 + ηn )(1 + 3,n )(1 + 4,n )(1 − cn (ρ0 ))ϕ̂l +

ln

qn+1

||ϕ||. (3.13)

Recall that αn+1 is chosen such that ln /qn+1 ≤ 1/n, hence (3.11)–(3.13)
with similar lower bounds for Vn1 , Vn2 and Vn3 yield (3.3). This finishes the
proof of Lemma 3.5.

3.5. Construction of hn and choice of αn+1 . In this section we construct
hn and choose αn+1 so that the conditions of Lemma 3.5 hold for H n =
h1 ◦ ... ◦ hn .
We fix a sequence n → 0. We assume that the conditions of Lemma
3.5 hold up to step n − 1 and consider a configuration of collections as in
Proposition 3.4 with
ηn = (n /||Hn−1 ||C 1 )3 .

(3.14)

Then we have
Proposition 3.9. There exists a diffeomorphism h n of class C ∞ on M and
j
two neighborhoods Bnl and Bnr of the singularities with δnj ⊂ Bnj ⊂ Bn−1
,
j = l, r, such that
(1) hn is volume preserving,
◦ hn ,
(2) hn ◦ Sαn = Sαn S
l
(3) hn ≡ Id on Bn Bnr
n
(4) For every ξn,i ∈ ξn , diam(hn (ξn,i )) ≤ ||Hn−1
|| 1 .
C

Proof. As explained in Remark 3.6, (3) above is possible due to (3) in Proposition 3.4 and the fact that the unions of the sets in the collections δ nj , j = l, r
j
are closed while Bn−1
, j = l, r are open. Condition (2) can be realized in
particular with hn ≡ Id on the singularities of the fundamental domain
[0, 1] × [0, 1/qn ] due to (1) in Proposition 3.4 and to the fact that l n is a
multiple of qn . Condition (4) can be realized since µ(ξ n,i ) ≤ ηn and that we
chose in (3.14) ηn = (n /||Hn−1 ||C 1 )3 = o((n /||Hn−1 ||C 1 )2 ).
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Checking the conditions of Lemma 3.5. Clearly, Conditions (1) and (2) on
Hn in Lemma 3.5 follow respectively from (3) and (4) of Proposition 3.9.
Finally the choice of αn+1 is done so that condition (3) of Lemma 3.5 holds.
The construction is thus completed.

Proof of genericity of diffeomorphisms with three ergodic measures in A 0 .
Fix a function ϕ and  > 0, and define for an integer m and a function c the
set S(ϕ, , m, c) of maps f ∈ A0 such that the averages at time m are close
to cµ + (1 − c)δ. This set is open by definition. We actually proved that
the union over c and over m is dense hence the intersection over a countable
base ϕi and a sequence j → 0 is a dense Gδ .

3.6. Minimal number of invariant measures in A. Consider a general
setting for approximation by conjugation construction, namely a smooth
action S of the circle on a compact manifold M , possibly with boundary.
For the special case of fixed point free actions on closed manifolds Fathi and
Herman showed [7] that there is a residual subset of A which consists of
uniquely ergodic diffeomorphisms.
A proper fairly straightforward generalization of the construction described above produces in the case of a general S 1 action on a closed manifold
a residual subset of AF which consists of diffeomorphisms with only one invariant measure (the smooth volume) not supported on the set F . In other
words, ergodic invariant measures for such a diffeomorphism are δ-measures
at the points of F and the smooth volume.
The only essential extra observation concerns the structure of orbits of
a circle action near the set F . In order to obtain a proper counterpart
of the picture presented on Figure 3.2 one needs to take an S invariant
neighborhood of a connected component of F in place of a thin vertical
strip and perturb it in a S 1 invariant way to make it mostly transversal to
q
the orbits.
The general case of a manifold with boundary in dimension greater than
two is slightly more complicated. Unlike the disc and the annulus where the
action S on the boundary components is transitive and hence has ergodic
elements, in this case in order to minimize the number of ergodic measures
one needs to carry out the construction to the boundary. This can be done
with a certain care, the result being a diffeomorphism in A F whose only
nonatomic ergodic measures are the smooth volume and smooth measures
on connected components of the boundary. A good test case to understand
this picture is the three–dimensional closed ball D 3 with the circle action
by rotations around a fixed axis. A perturbation we are referring to is
ergodic volume preserving, ergodic area preserving on the boundary, fixes
every point of the rotation axis, and has no other ergodic invariant measures.
Another example with a finite number of invariant measures is a rotationally
symmetric solid torus (“the doughnut”). Here a small perturbation of a
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rotation may produce a volume preserving diffeomorphism with only two
ergodic measures, the volume and a smooth measure on the boundary.

3.7. More measures. One may ask how the number of ergodic invariant
measures can be increased in a controlled way. We will briefly discuss the
standard cases of area preserving diffeomorphisms of the annulus, the disc,
and the sphere. Higher dimensional cases are actually easier to handle.
An obvious way to produce an example with any odd number 2m+1, m ≥
2 of invariant measures is by pasting m annuli, or m − 1 annuli capped
on one side by a disc, or m − 2 annuli capped on each side by a disc,
with diffeomorphisms described earlier in this section. One picks the same
rotation number in each copy and since our examples are C ∞ tangent to
the corresponding rotation on the boundary the resulting diffeomorphisms
will be C ∞ . Naturally these examples are neither ergodic nor topologically
transitive.
A modification of our method allows to produce in the spaces A 0 topologically transitive diffeomorphisms with exactly m ≥ 4 ergodic invariant
measures all but two of which are absolutely continuous. These diffeomorphisms are naturally not ergodic with respect to the area measure. Construction remains the same near the singularities while inside instead of a
single parallelogram ξn,1 and its shifts one takes m − 2 next to each other
in such a way that their union still intersects every vertical line by a set
of large conditional measure to guarantee a counterpart of condition (4)
of Proposition 3.4. The images of those parallelograms have small diameters (Cf. Lemma 3.5, (3)). At this step however there is a new element
in the construction which makes it non-generic. There are m − 2 invariant
cylinders whose images will represent distributions which we intend to have
as approximating ergodic absolutely continuous invariant measures for the
limit diffeomorphism. These distributions must converge at least weakly.
We may in fact make their densities converge in L 1 by keeping most of each
cylinder inside itself. However extra steps are needed to provide topological
transitivity. This is done by sending a small number of parallelograms in
each of m − 2 collection to other cylinders. A construction of this kind in
a more general and considerably more complicated setting is described in
detail in [40].
Finally, it is possible to increase the number of ergodic invariant measures in a controlled way and still keep the volume ergodic; furthermore, the
additional singular ergodic measures may be made supported by the whole
manifold. Corresponding construction involves conjugacies which are not
volume preserving but which at the end produce a volume preserving diffeomorphism For reasons of space we will not even outline this construction
here.
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4. Minimal sets with arbitrary measure.
4.1. Preliminaries. In this section we describe an answer to a question
posed in 1977 in the paper by Fathi and Herman [7, Problem 1.6]. We do
not claim any particular novelty or originality; rather our goal is to put
the question into the general context of the approximation by conjugation
method and indicate a variety of possible topological and ergodic properties
for exotic minimal sets. A similar construction for the disc case can be
found in Handel’s paper [17]. Handel shows that his minimal set is nowhere
locally connected (in fact, a pseudo-circle) although he does not address
the question about its Lebesgue measure. Herman himself produced similar
examples for rational maps of the Riemann sphere [21].
Theorem 4.1. Let M be an m-dimensional differentiable manifold m ≥ 2,
µ a normalized smooth volume on M . Given any number s ∈ [0, 1) there
exists a compactly supported C ∞ diffeomorphism f of M preserving µ and
a compact invariant minimal set C of f such that
(1) µ(C) = s
(2) the set C is connected, has dimension m−1 and is not homeomorphic
locally to a product of Rm−1 with a Cantor set.
Furthermore, f can be chosen arbitrary close to identity in the C ∞ topology.
As in the previous section we use an appropriately adjusted version of
the approximation by conjugation method of Section 2.1. By specifying
the parameters of the construction extra information can be provided both
about topology of the set C and about topological and measure–theoretic
(ergodic) properties of f restricted to that set. We will discuss this after the
proof of the theorem in its basic form.
Remark 4.2. If the manifold M admits a nontrivial smooth action of the
circle a proper modification of our construction allows to construct a diffeomorphism with a minimal set with desired properties in any C ∞ neighborhood of any element of the circle action.
4.2. Reduction to Dm−1 × S 1 . Consider the product P = Bm−1 × S 1 of
the m−1-dimensional open unit ball with the circle. Let λ be the product of
normalized Lebesgue measures. We will call the m−1–dimensional direction
“horizontal” and draw it accordingly, and the S 1 direction “ vertical”. The
action of the circle on P by vertical translations will be denoted S = {S t }
as usual. In the natural system of coordinates (ρ, θ) one obviously has
S t (ρ, θ) = (ρ, θ + t).
Topology of M is essentially eliminated from our subsequent considerations due to the following fact.
Proposition 4.3. Given any  > 0 there exists a C ∞ diffeomorphic embedding E : P → M such that µ(E(P )) > 1 −  and E ∗ (λ) is a scalar multiple
of µ.
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Proof. Let E0 : P → M be an arbitrary C ∞ diffeomorphic embedding. Then
(E0 )∗ (λ) = ρµ, where ρ is a positive C ∞ function
defined on the manifold
R
with boundary E0 (P ) ⊂ M and by definition E0 (P ) ρdµ = 1. Extend ρ to
a positive C ∞ function onRthe whole manifold M which we will still denote
by ρ in such a way that M ρdµ < (1 − )−1 . By the
R [34] there exists a
diffeomorphism h : M → M such that h∗ (ρµ) = ( M ρdµ)µ. Now take
E = h ◦ E0 .

Thus, it is enough to prove the theorem for the particular case of the open
manifold P with the measure λ. A compactly supported diffeomorphism of
P is translated to E(P ) ⊂ M via the embedding E and is extended by
identity to the rest of M .
In fact we will deal with the product D m−1 × S 1 of the closed ball with
the circle and will construct a diffeomorphism with the desired minimal set
which on the boundary S m−2 ×S 1 coincides with a certain element Sα of the
action S. By slightly shrinking the horizontal direction by a homothety and
extending the diffeomorphism to P by vertical rotations with the angle depending smoothly on the radius and decreasing from α to identical zero near
the boundary we produce the desired compactly supported diffeomorphism
of P .
4.3. Statement and description of the construction.
Proposition 4.4. Given any s ∈ [0, 1), there exists a sequence α n of rationals and a sequence Hn of diffeomorphisms preserving λ and constructed as
in ( 2.2) and ( 2.3), such that the sequence of diffeomorphisms H n Sαn+1 Hn−1
converges in the C ∞ topology to a diffeomorphism of Dm−1 × S 1 preserving
λ and a compact invariant minimal set of measure s.
Moreover, f can be made arbitrary close to identity in the C ∞ topology.
4.3.1. Criterion of minimality.
Definition 4.5. Let f be a map on a complete separable metric space M .
Given  > 0 and a subset A ⊂ M , we say that f is -minimal on A if
given any two points x, y ∈ A, there exists n = n(x, y) ∈ N such that
d(f n (x), y) < .
If m is such that n as above can be chosen less than m for any pair
x, y ∈ A we say that f is (, m)-minimal on A.
Lemma 4.6. If An ⊂ M is a sequence of closed sets such that
(1) For every n ∈ N, f (An ) = An ,
(2) There exists a sequence n → 0 such that f is n -minimal on An ,
T
then n∈N An is a minimal set for f .
T
Proof. We have that A = An is a closed set and that f (A) ⊂ A. On the
other hand, given any two points x, y ∈ A, there exists a sequence k n such
that d(f kn (x), y) < n , hence A is a minimal set for f .
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Remark 4.7. In our construction, we will have A n decreasing and µ(An ) →
s, where s is arbitrarily chosen in (0, 1).
4.3.2. Properties of the successive conjugating diffeomorphisms H n . In addition to the condition (2.4) that yields convergence in (2.1) we will now list
certain extra conditions on the sequences α n and Hn under which the limiting map will possess a minimal invariant set of the given measure s ∈ [0, 1).
In the next subsection we will show how at step n h n is constructed such
that the required conditions on Hn hold, then choose αn+1 to satisfy the
remaining requirements.
Denote by B(r) the ball in Rm−1 of radius r around the origin and let r s
be such that λ(B(rs )) = s. For n large enough we consider in M the set
Cn = B(rs + n1 ) × S 1 .

Lemma 4.8. If αn is a sequence of rationals and Hn is a sequence of diffeomorphisms of M satisfying ( 2.2) and ( 2.3), and if for some sequence
n → 0, one can find a sequence mn such that
(1) Hn ≡ Hn−1 outside the interior of Cn−1 ,
(2) Hn Sαn+1 Hn−1 is (n , mn )-minimal on Hn (Cn ),
1
(3) |αn+1 − αn | < n
,
2 mn−1 ||Hn ||nC n
to a diffeothen the sequence Hn Sαn+1 Hn−1 converges in the C ∞ topology
T
morphism f that preserves λ and is minimal on the set Hn (Cn ) whose
measure is equal to s.

Proof. Condition (3) implies convergence to a volume preserving C ∞ diffeomorphism f (Cf. (2.4) in §2.1). We claim that (1) implies that f (H n (Cn )) =
Hn (Cn ): Indeed since Hn+1 and Hn coincide on the boundaries of Cn we
have that Hn+1 (Cn ) = Hn (Cn ) and similarly, because the sequence C n is
nested, Hl (Cn ) = Hn (Cn ) for any l ≥ n. Hence Hl Sαl+1 Hl−1 Hn (Cn ) =
→ ∞. The sets
Hl Sαl+1 Cn = Hl Cn = Hn (Cn ) and the claim follows as l T
Hn (Cn ) are nested, and λ(Hn (Cn )) = λ(Cn ) → s, hence λ( Hn (Cn )) = s.
Condition (3) implies as in Lemma 3.7 of §3 that ||f m −Hn ◦Sαmn+1 ◦Hn−1 || ≤
m
n
2n mn , hence (2) impliesTthat f itself is ( n + 1/2 , mn )-minimal on Hn (Cn ).
The fact that the set Hn (Cn ) is a minimal set for f then follows from
Lemma 4.6.


In the next lemma we will show how to deduce conditions (2) and (3) of
the previous lemma from certain conditions on H n and αn that, unlike (2),
do not involve explicit iterations.

Definition 4.9. We will say that a collection ξ of subsets of the set C =
B(r) × S 1 is a ν-collection of horizontal strips if the elements ξ i of ξ are
disjoint and have the form ξi = B(r) × Ji , where Ji is a segment of S 1 of
length |Ji | ≥ ν.
Definition 4.10. A set A ⊂ B ⊂ M is said to be -dense in B if given any
y ∈ B there exists x ∈ A such that d(x, y) ≤ .
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Remark 4.11. Let αn+1 = pn+1 /qn+1 with pn+1 and qn+1 relatively prime.
Then given any (ρ, θ) ∈ Cn and any horizontal strip ξ in Cn of width larger
than 1/qn+1 there exists m ≤ qn+1 such that
Sαmn+1 (ρ, θ) = (ρ, θ + mαn+1 mod(1)) ∈ ξ.

The following lemma implies Lemma 4.8 with m n = qn+1 .
Lemma 4.12. If αn = pn /qn is a sequence of rationals and Hn is a sequence
of diffeomorphisms of M satisfying ( 2.2) and ( 2.3), and if we have for some
1
-collections of horizontal
sequence n → 0 a sequence ξn = {ξn,i } of qn+1
strips in Cn such that
(1) Hn ≡ Hn−1 outside the interior of Cn−1 ,
(2) The set ∪i Hn (ξn,i ) is n -dense in Hn (Cn )
(3) For any element ξn,i ∈ ξn , diam(Hn (ξn,i )) ≤ n ,
1
,
(4) |αn+1 − αn | < n
2 qn kHn knC n
then the conclusions of Lemma 4.8 hold.
Proof. Fix an arbitrary z ∈ Hn (Cn ). We have from Remark 4.11 that for
any element ξn,i ∈ ξn there exists m ≤ qn+1 such that Hn Sαmn+1 Hn−1 (z) ∈
Hn (ξn,i ). It follows then from (2) and (3) that H n Sαmn+1 Hn−1 is (3n , qn+1 )minimal on Hn (Cn ) which is (2) of Lemma 4.8. Finally, with our choice
of mn Condition (3) matches with the corresponding condition in Lemma
4.8.

4.4. Construction of hn and choice of αn+1 . We fix a sequence n < n13
for all n ∈ N. Now we assume that the sequence H l = hl ◦ ... ◦ h1 and αl+1
are constructed up to l = n − 1 and satisfy the conditions of Lemma 4.12
and proceed to construct hn and choose αn+1 such that the conditions of
the lemma hold for l = n.
4.4.1. Construction of hn . Define
0n :=
Define

n
||Hn−1 ||C 1

.



1
0 3
C n := B rs + + n × S 1 .
n

(4.1)

Clearly, Cn ⊂ C n ⊂ Cn−1 ,and both inclusions are strict. Cf. Fig 4.1.
We pick νn sufficiently small and consider a νn -collection of horizontal
strips ξn of Cn such that
(i) ξn is invariant by S1/qn ;
(ii) For every ξn,i ∈ ξn , λ(ξn,i ) ≤ λ(B̃(0n /4)) (where B̃(r) denotes the
ball in Rm of radius r centered at the origin);
(iii) λ(∪i (ξn,i )) ≥ λ(C n ) − λ(B̃(0n /4)).
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Condition (iii) is possible since λ(C n ) ≤ λ(Cn ) + λ(B̃(0n ). Due to (ii) in
the definition of ξn it is possible to ask from a volume preserving diffeomorphism hn to send each strip ξn,i inside a ball of radius 0n which in turn is
satisfied as we choose νn sufficiently small. More precisely we have
Proposition 4.13. There exists a diffeomorphism h n of class C ∞ on Dm−1 ×
S 1 such that
(1) hn is volume preserving,
(2) hn ◦ Sαn = Sαn ◦ hn ,
(3) hn ≡ Id outside C n ,
(4) For any strip ξn,i ∈ ξn , diam(hn (ξn,i )) ≤ 0n .
Condition (2) can be satisfied since the collection ξ n is invariant by
Sαn and (1) and (4) are compatible since we have imposed that λ(ξ n,i ) ≤
λ(B(0n /2)).

hn (ξi )

.
.
.
ξ3

...

ξ2
ξ1

hn (Cn )

Cn
Cn
Cn−1

Fig. 4.1

4.4.2. Checking the conditions of Lemma 4.12 and choice of α n+1 . By (1)
and (2) we can define the conjugating diffeomorphisms H n = h1 ◦ ... ◦ hn as
in (2.2) and (2.3). By definition of C n , (3) implies (1) of Lemma 4.12. Due
to our choice of 0n in (4.1) Condition (4) implies (3) of Lemma 4.12. Next,
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due to (iii) in the definition of ξn we have that any ball of radius 0n centered
at a point in C n intersects some hn (ξn,i ) ⊂ C n . Hence ∪i hn (ξn,i ) is 0n -dense
in C n = hn (C n ). Again, from our choice of 0n (2) of Lemma 4.12 follows.
Finally, we choose αn+1 = pn+1 /qn+1 such that (4) in Lemma 4.12 is satisfied and such that qn+1 ≥ 1/νn in order for the νn -collection ξn considered
to be a 1/qn+1 -collection as required in Lemma 4.12.
All the conditions of Lemma 4.12 being satisfied by the sequences α n and
Hn thus constructed, the diffeomorphisms H n Sαn+1 Hn−1 converge in the C ∞
topology to a diffeomorphism with a minimal set of measure s.

4.4.3. Connectedness and rigidity. The set C is connected since it is the
intersection of the nested sequence of connected sets H n (Cn ). Furthermore,
in the two–dimensional case m = 2 the complement to each set H n (Cn ) to
D × S 1 consists of two open connected components and this remains true for
C. Each connected component of the complement is dense in C. For m > 2
the set Dm−1 × S 1 \ C is connected.
It follows immediately from our construction that the diffeomorphism f
is C ∞ rigid, namely f qn → Id as n → ∞ in the C ∞ topology.
4.4.4. Special choice of hn and αn+1 . As was mentioned in Section 2.2 the
most natural way to ensure commutativity relation (2) in Proposition 4.13
is to take the fundamental domain ∆n = Dm−1 × [0, q1n ], construct a volume
preserving diffeomorphism g of ∆ onto itself, identical near its boundary
and satisfying conditions (3) and 4) and extend g by periodicity. It is also
natural to choose qn+1 to be a multiple of qn .
For the purposes of the further discussion we will call the choice of h n ’s
and qn ’s described above simply special.
With these special choices one produces a nested sequence of partitions
invariant under Hn Sαn+1 Hn−1 . Those partitions are Hn (ζn ) where ζn is simply the partition into the “layers” D m−1 × [ qkn , k+1
qn ], k = 0, . . . , qn − 1. This
layers are simply images of the fundamental domain ∆ n under iterates of the
rotation Sαn . Restricted to the minimal set C this sequence of partitions
becomes exhaustive in the measurable sense (converges to  in the more
customary terminology of ergodic theory) due to Lemma 4.12 and 4.13, (4).
Notice also that on the boundaries of the partition elements the conjugacies Hn stabilize: For the boundary of ζn all hm with m > n are identities.
This implies in particular that the set C contains a dense set of smooth
m − 1–dimensional discs
k
(4.2)
Dn,k =: Hn (B(rs ) × { }), n = 1, 2, . . . ; k = 0, 1, . . . qn − 1.
qn
The limit partition ξ =: limn→∞ Hn (ζn ) is invariant under f . Notice that
elements of that partition are closed connected sets. Furthermore, by our
construction not only f but every power of it is minimal.
Lemma 4.14. Every element c ∈ ξ is nowhere dense in C and f n c 6= c.
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Proof. Suppose f n c = c. Then the boundary of c is nowhere dense and the
union of its images is a nowhere dense f invariant sucset of C contradicting
minimality. If c has an interior then all images of it are disjoint and their
union is an invariant open set. By minimality it coincides with C and hence
c is both open and closed, contradicting connectedness of C

Lemma 4.15. The discs Dn,k (and hence their images) are elements of the
partition ξ.
Proof. These discs are parts of larger discs H n (Dm−1 × S 1 ); hence the discs
Dn,k are ordered cyclically, in other words, the same way as the numbers qkn , ( mod 1). Furthermore, one can consider more discs of the form
f qm Dn,k , m ∈ Z and all those discs are ordered the same way as n, k, such
that qkn ≤ y ≤ k+1
qn . Obviously every disc Dn,k lies within an element of ξ
which we will denote Cn,k and every image f l Dn,k for l 6= 0 belongs to a different element. But since both f qn and f −qn converge to identity as n → ∞
one concludes that Cn,k = Dn,k because the whole element Cn,k must lie
between the discs f qn Dn,k and f −qn Dn,k .

To finish the proof of Theorem 4.1 it is sufficient to prove the following
statement.
Proposition 4.16. With any special choice of diffeomorphisms h n and αn
for any x ∈ C and any sufficiently small open neighborhood V of x, the
intersection C ∩V has topological dimension m−1 and is not homeomorphic
to the product of a disc with a Cantor set.
Proof. The union of m − 1-dimensional discs D n,k ⊂ C (4.2) is dense in C.
Now assume that for some x ∈ C there is an open neighborhood V such that
C ∩ V is homeomorphic to the product of R m−1 with a Cantor set K. Since
elements of ξ are connected for any x ∈ C ∩ V the fiber F x in the product
containing x belongs to a single element of ξ. By rigidity f qn (Fx ) converge
to Fx and hence lie on different fibers. Now take the fiber F x corresponding
to an endpoint of the complimentary interval to the Cantor set. Replacing V
by a slightly smaller compact set which we still denote by V we thus obtain
the image V of [−1, 1] × [0, 1] under a homeomorphism which we will denote
H such that Fx = H({0} × [0, 1]) and H((0, 1] × [0, 1]) does not intersect C
while there is a sequence of negative numbers x n → 0 such that H(Ff qn x ) ⊂
{xn } × [0, 1]. Since f qn → Id we may assume without loss of generality
that H({xn } × [0, 1]) ⊂ C. Now consider the sets f qn H((0, 1] × [, 1 − ])
By invariance of C these sets are disjoint from C. Since f qn → Id for a
sufficintely small  > 0 and any large enough n this set lies in V and hence
H−1 f qn H((0, 1] × [, 1 − ]) ∩ ({xm } × [0, 1]) = ∅ for any sufficintly large m.
Consequently H−1 f qn H([0, 1] × [, 1 − ]) ⊂ [0, 1] × [0, 1]. But this implies
that Ff qn f ⊂ Fx , a contradiction.
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Proposition 4.17. In dimension two for the special choice of parameters
the set C is never locally connected.
Proof. Every complete locally connected space is locally path connected. As
is shown in [3] such a set must be a simple closed curve. This is impossible
since for exmaple, the closed arcs f qn D1,0 are disjoint due to the ordering
and due to rigidity their diameters are bounded away from zero.

4.5. Other versions of the construction. Notice that in Handel’s construction [17] for the two–dimensional case the minimal set is a pseudo-circle.
Since a pseudo-circle does not contain any embedded topological arcs any
set C obtained with a special choice of parameters as in Section 4.4.4 is
different from those obtained by Handel [17] which are pseudocircles.
Handel’s construction may be put into our framework to make the set
of positive (and, in fact, given) measure. The main mechanism that makes
the resulting set nontrivial in that construction is a twist of the standard
fundamental domains along the orbits of the rotation rather than spreading
the orbits within those domains as for special choices of parameters.
For another special choice of parameters one can actually make C a simple
closed curve of positive area. In this case the diffeomorphisms h n converge
to identity in C 0 topology and their products Hn converge to an area–
preserving continuous map which is not injective.
Problem 4.18. Let C be a minimal set for a diffeomorphism f of a two–
dimensional manifold M .
(1) Can C be nowhere dense and path–connected?
(2) Can C be locally homeomorphic to the product of the line and the
Cantor set?
4.6. Ergodic properties of the minimal set. The restriction of the diffeomorphism f to the minimal set C preserves the Lebesgue measure, or,
more precisely, the absolutely continuous probability measure λ C obtained
by normalizing the restriction of the measure λ to C. Our construction
guarantees unique ergodicity of f restricted to the set. C. Furthermore, the
special choice of parameters described in Section 4.4.4 makes (f, λ C ) metrically isomorphic to the rotation of the circle by the angle α = lim n→∞ αn
as in the construction of [1, Section 4]. On the other hand, one can choose
parameters in a different way to make f weakly mixing with respect to λ C .
Other modifications are also possible, see [1].
On the other hand, by modifying our construction along the lines described in [40] one may violate unique ergodicity; for example make λ C decompose into any given finite or countable number of ergodic components.
Furthermore, one may modify our construction by making the transformations hn not volume preserving in such a way that the minimal set will still
have positive (and prescribed) Lebesgue measure but invariant measure(s)
of f supported by the set C will be all singular or some of them will be
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absolutely continuous and some singular. Presenting all these variations in
detail will take too much space and will look rather tedious.
Problem 4.19. Is it possible for a minimal set of a diffeomorphism of a
two–dimensional manifold to carry an invariant mixing measure?
Notice that this question is open both for nowhere dense invariant minimal
sets and for minimal diffeomorphisms of T 2 .
5. Transitive non ergodic diffeomorphisms.
Let f be a map on a complete separable metric space M . Denote by
φf ⊂ M the set of points with dense orbit, i.e. x ∈ φ f if and only if
{f n (x)}n∈Z = M . Recall that a map f is said to be topologically transitive
(or simply transitive) if φf is not empty and in this case it is easy to see that
φf is a Gδ dense set in M . When M is a Riemannian manifold it is natural
to ask how small can the measure of φf be for a topologically transitive map
f , especially in the case of a volume preserving map f . If such a map is
ergodic then the set φf has full measure. The same may be true for nonergodic maps, see e.g. [15]. We show in this section that the opposite can
also be true. To build examples, we again use an appropriately adjusted
version of the approximation by conjugation method of Section 2.1.
Theorem 5.1. Let M be an m-dimensional differentiable manifold with a
nontrivial circle action S = {St }t∈R , St+1 = St preserving a smooth volume
µ. There exists a C ∞ diffemorphism f of M preserving µ such that f is
transitive and µ(φf ) = 0. Furthermore, f can be chosen arbitrary close to
identity in the C ∞ topology.
5.1. Reduction to the case of Dm−1 ×S 1 . We need a statement somewhat
similar to but stronger than Proposition 4.3. Its proof goes along the same
lines as proofs of similar statements in [1, 40]. Let λ be the product of
Lebesgue measures on Dm−1 and S 1 . Denote by R the standard “vertical”
action of S 1 on Dm−1 × S 1 .
Proposition 5.2. Let M be an m-dimensional differentiable manifold with
an effective circle action SS= {St }t∈R , St+1 = St preserving a smooth volume
µ. Let B =: ∂M ∪ F ∪ ( Fq ) (see section 2.1). There exists a continuous
q

surjective map F : Dm−1 × S 1 → M with the following properties
(1) The restriction of F to the interior B m−1 ×S 1 is a C ∞ diffeomorphic
embedding;
(2) µ(F (∂(Dm−1 × S 1 )) = 0;
(3) F (∂(Dm−1 × S 1 ) ⊃ B;
(4) F∗ (λ) = µ;
(5) S ◦ F = F ◦ R.

Now suppose f : Dm−1 × S 1 → Dm−1 × S 1 is a topologically transitive
diffeomorphism such that µ(φf ) = 0, suppose furthermore that f |∂(D m−1 ×
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S 1 = Rα for some α. Then one can define a homeomorphism g : M → M as
g(x) = F −1 (f (F x)) for x ∈ F (Bm−1 × S 1 ), and
g(x) = Rα (x) for ∈ F (∂(Dm−1 ) × S 1 ).
. If moreover, f has the same jets of all orders on as R α (x) on ∂(Dm−1 )×S 1 )
and the difference is sufficiently flat (i.e. the jets of the difference decay
fast enough to near the boundary; this condition depends on F ) then g
constructed as above is a C ∞ diffeomorphism satisfying the assertions of
Theorem 5.1.
5.2. Construction of the diffeomorphism h n . We will describe the construction only for the case m = 2. This makes it easier to visualize (see Fig
5.1. below). In the general case the two “bumps” have to be replaces by
a curve whose projection to the horizontal D m−1 direction is almost dense.
For example, for m = 3 one may take a spiral beginning at the center of
the disc, going outside almost to the boundary, then changing direction and
returning to the center. Closeness to the rotation with all derivatives near
the boundary required for the reduction described above can be guaranteed
by taking the successive conjugating diffeomorphisms sufficiently flat near
the boundary.
Assume that the diffeomorphisms hl have been constructed up to l = n−1
and that the rational αn = pn /qn has been chosen.
Definition 5.3. For every integer n ≥ 1 and every integer k ≤ q n − 1 we
define
r
Bn,k

=

l
Bn,k
=
r
In,k
=
l
In,k
=

 

1
k 1 k+1
1
× 0,
,
+
, +
2 2qn 2
2qn
qn

 

1 k+1 1
1
k
, −
× 0,
,
−
2
2qn 2 2qn
qn


k
1 k
3
1
1
1
{ } × 3 + 3 , 3 + 3 ⊂ { } × [0, 2 ],
2
q
4qn qn 4qn
2
q
 n
 n
1
1
k
1 1
k
3
1
1 2
{ } × 2 + 3 + 3 , 2 + 3 + 3 ⊂ { } × [ 2 , 2 ].
2
qn qn 4qn qn qn 4qn
2
qn qn


For every integer n ≥ 1 and for any ρ0 ∈ [0, 1] define
Dρr0
Dρl 0

= {(ρ, θ) ∈ M / ρ0 ≤ ρ ≤ 1, θ ∈ T},

= {(ρ, θ) ∈ M / 0 ≤ ρ ≤ ρ0 , θ ∈ T}.
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Finally for any n ≥ 1 define

"

#
1
Mn = [0, 1] ×
.
3 ,
q 2 qn
1

n

Proposition 5.4 (Properties of hn ). For every integer n ≥ 1, there exists
a diffeomorphism hn with the following properties
(1) hn preserves µ,
(2) hn S 1 = S 1 hn ,
qn

qn

(3) hn ≡ Id on the set Mn , in particular hn (1/2, 0) = (1/2, 0),
j
j
(4) For any k ≤ qn − 1, hn (In,k
) ⊂ Bn,k
, j = r, l,
(5) For any ρ0 > 1/n we have


hn D r1 +ρ
⊂ D r1 +ρ − 1 ,
0
0 2n
2
2


⊂ D l1 −ρ0 + 1 .
hn D l1 −ρ0
2

2

2n

1
qn

.

1
2
qn



Fig 5.1. hn { 12 } × [0, q1n ] and hn (D r1 +ρ ).
2

0

5.3. Choice of αn+1 and convergence. As in the other sections we choose
αn+1 to insure convergence of fn = Hn Sαn+1 Hn−1 to a diffeomorphism f and
have in addition that for any m ≤ qn+1
||fnm − f m || ≤

1
.
n

(5.1)

5.4. Transitivity. In this paragraph we will prove that the limit diffeomorphism f is transitive. Specifically, we will prove that the orbit of the point
(1/2, 0) is dense.
Definition 5.5. Given a point (ρ, θ) ∈ M we define

Of,m (ρ, θ) = {(ρ, θ), ..., f m−1 (ρ, θ)}.

We recall that a set O ⊂ M is said to be -dense in M if given any y ∈ M
there exists x ∈ O such that d(x, y) ≤ .
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5.4.1. The orbit of (1/2, 0) under fn . Due to (5.1) density of the orbit of
(1/2, 0) under f will follow if we prove that the set O fn ,qn+1 (1/2, 0) is 1/ndense.
The following is evident if in our choice of α n+1 we require that qn+1 ≥ qn4 :
For any 0 ≤ p ≤ qn − 1 and any 0 ≤ k ≤ qn − 1 and for j = l and j = r
there exists an integer m(p, k, j) ≤ q n+1 such that
{mαn+1 } ∈ S

p
qn

j
(In,k
).

Since Hn (1/2, 0) = (1/2, 0) we have that
fnm(p,k,j) (1/2, 0)

∈ Hn S

p
qn

j
(In,k
),

= Hn−1 hn S

p
qn

j
(In,k
)

= Hn−1 S

p
qn

j
hn (In,k
)

⊂ Hn−1 S

p
qn

j
(Bn,k
)

from (2) of Lemma 5.4,
from (4) of Lemma 5.4.

In conclusion, we proved that for any 0 ≤ p ≤ q n − 1 and any 0 ≤ k ≤
qn − 1, for j = l and j = r there exists an integer m(p, k, j) ≤ q n+1 such
that
fnm(p,k,j)(1/2, 0) ∈ Hn−1 S
Assuming that ||Hn−1 ||C 1 ≤

qn
n

p
qn

j
(Bn,k
).



j
we have that diam Hn−1 Sp/qn (Bn,k
) ≤

j
1/n hence the partition {Hn−1 Sp/qn (Bn,k
)}, 0 ≤ p ≤ qn − 1, 0 ≤ k ≤ qn − 1,
j = l, r, is a 1/n grid of M . Therefore the set O fn ,qn+1 (1/2, 0) is indeed
(1/n)-dense in M and the proof of transitivity is complete.


5.5. Non ergodicity: µ(φf ) = 0.
5.5.1. Preliminary. As a consequence of Property (5) of Lemma 5.4 we get
the following properties on the diffeomorphism H n = h1 ◦ ... ◦ hn
Corollary 5.6. For any ρ0 > 0 there exists n(ρ0 ) such that for any n ≥
n(ρ0 ) we have
Hn (D r1 +ρ0 ) ⊂ Hn(ρ0 ) (D r1 + ρ0 ),
2

2

l

l

2

Hn (D 1 −ρ ) ⊂ Hn(ρ0 ) (D 1 − ρ0 ).
0

2

2

2

Proof. Fix ρ0 > 0 and let n(ρ0 ) ≥ 4 be such that ρ0 ≥ 2/n(ρ0 ).
For n ≥ n(ρ0 ) we have that 1/n < ρ0 hence by Property (5) of Lemma
5.4


hn D r1 +ρ0 ⊂ D r1 +ρ0 − 1 ,
2

2

2n

and if n − 1 ≥ n(ρ0 ) we have 1/(n − 1) ≤ 1/n(ρ0 ) < ρ0 − 1/2n hence


hn−1 hn D r1 +ρ0 ⊂ D r1 +ρ0 −
2

2

1
2n

−

1
2n−1

.
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Since for any l ≥ n(ρ0 ) we have ρ0 − 1/2n − ... − 1/2l ≥ ρ0 − 1/2n(ρ0 )−1 ≥
ρ0 /2 ≥ 1/n(ρ0 ) we can continue inductively and obtain that


hn(ρ0 )+1 ◦ ... ◦ hn D r1 +ρ ⊂ D r1 + ρ0
2

0

2

2

which implies the conclusion of the corollary, the case of D l1 −ρ being similar.
2

0



5.5.2. Proof of µ(φf ) = 0. We introduce the following set
1
and for any n ≥ l + 1, hn (x) = x}.
2
From Property (3) in Lemma 5.4 we have that
1
1
−√
− ...
µ(El ) ≥ 1 − √
ql+1
ql+2
2
≥ 1− √
.
ql+1
√
Since Hl is measure preserving we also have µ(H l (El )) ≥ 1 − 2/ ql+1 . We
will hence finish if we show that for any point z ∈ H l (El ) the orbit of z
under f is not dense in M . From the convergence condition (5.1) in §5.3 it
suffices to prove that there exists a fixed closed set D(z) strictly included in
M such that for any n, Ofn ,qn+1 (z) ∈ D(z).
0
Fix z ∈ Hl (E
T lassume that for some
Tl ) rand write z = Hl (z ). 0 We can
0
being similar.
ρ0 > 0, z ∈ El D1/2+ρ0 , the other case z ∈ El D1/2−ρ
0
m
For any n ≥ l and any m ≤ qn+1 we have that fn (z) = Hn Sαmn+1 (z 0 ).
r
, Corollary 5.6 implies that for any n ≥ n(ρ 0 ) we
Since Sαmn+1 (z 0 ) ∈ D1/2+ρ
0
m
r
have fn (z) ∈ Hn(ρ0 ) D1/2+ρ0 /2 . The latter being a fixed closed set strictly
included in M the proof is complete.

El = {(ρ, θ) ∈ M/ρ 6=

6. Mixing flows on manifolds admitting a nontrivial T 3 action.
All the constructions we have presented up to now share the property of
being C ∞ rigid, namely that the limit diffeomorphism f satisfies f qn → Id
as n → ∞ in the C ∞ topology for some sequence of integers q n . This is
also the case for all the available constructions following the approximation
by conjugation method introduced in [1]. It is an open problem whether
there exists a circle action S on a compact manifold and α such that the
corresponding space Aα contains a nonrigid transformation. This would be a
first step towards proving the existence of mixing maps in A α (Cf. Problem
2.2).
6.1. Time changes as limits of conjugacies. The situation is different if
we consider higher dimensional actions. Indeed, it is proved in [8] that there
are linear flows on T3 that can be made mixing via smooth (real analytic)
reparametrization. Notice that reparametrizations of linear flows lie in the
closure of conjugacies of periodic linear flows (and even of the standard
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flow S; St (x1 , x2 , x3 ) = (x1 , x2 , x3 + t) ( mod 1) on T3 by the following
reasoning.
Diophantine frequencies are dense and any smooth reparametrization of
a Diophantine linear flow is smoothly conjugated to a linear flow. Hence
taking a very close rational approximation of the density vector and applying
the same conjugacy produces a periodic flow approximations the given one.
Moreover, every periodic linear flow on T n is conjugate to the standard
“vertical” flow S along the last coordinate on the torus albeit with a constant
reparametrization to normalize the period to one. The conjugacy is an
automorphism of the torus and thus is not homotopic to identity. Thus,
every diffeomorphism from the mixing flow obtained by a reparametrization
belongs to in the space A of limits of conjugates of elements of the action S.
It is not clear however whether these on any other mixing maps in A
belong to any of the spaces Aα . (Cf. discussion in Section 2.3 and in
particular Problem 2.2). Another open question more specific to the torus
is the following.
Problem 6.1. Consider the space Ã, the closure of conjugacies of the elements of the vertical action S on Tn by volume preserving diffeomorphisms
homotopic to identity. Does the space Ã contain a mixing diffeomorphism?
6.2. Formulation of results. In this section, given a manifold M admitting a nontrivial smooth T3 action preserving a smooth volume µ we construct µ-mixing diffeomorphisms in the closure of conjugacies of elements of
the action. To this end we combine the techniques of reparametrization of
linear flows on T3 with the explicit approximation by conjugation methods.
Besides working with higher dimensional actions and requiring a control for
all iterates of the limit diffeomorphism, the main difference with the former
sections is that we need to work in restricted spaces A α with special Liouvillean vectors α ∈ R3 chosen a priori such that the linear flow R tα admits
smooth mixing reparametrizations. Conditions of the type 2.4 become more
restrictive since we do not have complete freedom in the choice of the periodic approximations of α and explicit bounds on the conjugations used are
required. This corresponds to quantitative versions of the approximation by
conjugation method similar to the approach of [13].
The comments about mixing flows on the torus and the difference between
the spaces A and Aα of course apply to this more general situation.
Theorem 6.2. Assume M is a differentiable manifold admitting a nontrivial smooth T3 action S = {Sv }v∈R3 , Sv+k = Sv if k ∈ Z3 and let µ be
a smooth volume preserved by S. Then there exists a sequence γ n ∈ Q3
and a sequence Hn of diffeomorphisms preserving µ such that the sequence
Hn Stγn Hn−1 converges in the C ∞ topology to a flow preserving µ and mixing
for this measure.
Remark 6.3. This is the optimal result for flows, in the sense that a T 2
action is not sufficient: for example, there are no mixing fixed point free
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flows on T2 . One may expect that on a manifold with a nontrivial T 2 action
a discrete time version of our construction should work. Namely, considering
successive conjugations of some sequence of rational elements of the action it
should be possible to obtain mixing diffeomorphisms in the limit. However,
at the moment we are not able to provide such a construction even on T 2 .
6.3. Reduction to T3 × Dm .
Theorem 6.2 will follow if we can prove it in the particular case of a direct
product T3 × Dm with successive conjugacies Hn having compact support
in the interior of T3 × Dm .
This follows from the modification of Proposition 5.2 for the case of the
torus action.
Proposition 6.4. Let M be an m + k-dimensional differentiable manifold
with an effective action T of Tk preserving a smooth volume. µ. Let B be the
union of the boundary of M and the set of points with a nontrivial stationary
stabilizer. There exists a continuous surjective map F : D m × Tk → M with
the following properties
(1) The restriction of F to the interior B m × Tk is a C ∞ diffeomorphic
embedding;
(2) µ(F (∂(Dm × Tk )) = 0;
(3) F (∂(Dm−1 × S 1 ) ⊃ B;
(4) F∗ (λ) = µ;
(5) T ◦ F = F ◦ S, where S is the standard vertical action on the direct
product.
6.4. Plan of the construction. We will use the natural T 3 action on
T3 × Dm , Sv (θ, r) = (θ + v, r). We will not directly construct the mixing
flow as a limit of conjugacies of periodic flows H n Stγn Hn−1 . Instead we will
use successive conjugacies of a flow T t × IdDm where T t is the mixing flow on
T3 obtained in [8] via reparametrization of a Liouvillean linear flow on T 3 .
Theorem 6.2 then follows since reparametrizations of linear flows are in the
closure of conjugacies of periodic linear flows on T 3 as has been explained
in Section 6.1.
6.5. Mixing reparametrizations of linear flows. Since some specific
features of the mixing reparametrized flow constructed in [8] will be needed
in the proof of Theorem 6.2 we will summarize in this section the construction and mention the properties that will be useful for the sequel.
6.5.1. Notations and definitions. For α ∈ R 3 , we denote by Rαt the linear
flow on the torus T3 given by dθ/dt = α, where θ ∈ T3 . For a continuous
t
function φ : T3 → R∗+ we denote by Rα,φ
the reparametrized flow given by
dθ/dt = φ(θ)α. If the coordinates of α are rationally independent then the
linear flow Rαt is uniquely ergodic and so is the reparametrized flow that
preserves the measure with density 1/φ. In contrast, other properties of
the linear flow such as mixing may be very sensitive to reparametrizations.
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t
t
The reparametrized flow Rα,φ
can be viewed as a special flow Tα,ϕ
over Rα
2
and under ϕ where α this time is an R vector and ϕ is a strictly positive
function over T2 . We denote by Mα,ϕ the space where the special flow
acts which is obtained as a quotient of T 2 × R by the equivalence relation
(x, s + ϕ(x)) ∼ (x + α, s) and that can be identified with T 3 . Conversely any
smooth special flow Tα,φ can be viewed as a reparametrization of some linear
flow on T3 . Henceforth, we will only work with special flows that are easier
to manipulate than reparametrizations. The unique probability measure
preserved by the special flow is given by the product of the Haar measure
on the base T2 and the Lebesgue measure on the fibers normalized by the
mean value of ϕ. The k-dimensional Lebesgue measures will be denoted by
λ(k) .

6.5.2. Mixing special flows over a translation of T 2 . Our choice of the translation Rα,α0 and the ceiling function ϕ follows [42] . We take (α, α 0 ) ∈
(R \ Q)2 , such that their sequences of best approximations q n and qn0 satisfy
for any n ≥ n0 (α, α0 )
qn0

≥ e4qn ,

qn+1 ≥ e

0
4qn

(6.1)

.

(6.2)

The ceiling function we will consider is the following strictly positive real
analytic function on T2 :
!
∞ i2πky
∞ i2πkx
X
X
e
e
+
.
(6.3)
ϕ(x, y) = 1 + Re
ek
ek
k=2

k=2

In [8] it was proved that
t
Theorem 6.5. Under conditions ( 6.1)–( 6.3), the special flow T α,α
0 ,ϕ is mixing for its unique invariant probability measure.

Since α, α0 and ϕ are fixed, to alleviate the notations we will denote by
t
the special flow Tα,α
0 ,ϕ and by M the space Mα,α0 ,ϕ . We will need the
following properties of T t , the first one of which is an obvious approximation
of the flow by special flows over periodic translations and the other being
a refinement of the mixing property that can be derived from the proof of
mixing given in [8].
We will denote by αn and α0n the n−th convergents of α and α0 , i.e.
αn = pn /qn , α0n = p0n /qn0 . By Tnt we denote the special flow over the periodic
translation Rαn ,α0n and under the function ϕ. Since |α − α n | ≤ 1/qn qn+1 and
0
|α0 − α0n | ≤ 1/qn0 qn+1
we deduce
Tt

||T t − Tnt || = O(

t
).
qn qn+1

(6.4)
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6.5.3. The specialized mixing property of T t . Let δn = 1/qn . Consider a
collection Cn = {Cn,j }j≤Mn of disjoint sets in M of the form

  0 0

i i +1
i i+1
,
× [s, s + δn ]
× 0, 0
Cn,j =
qn qn
qn qn
for some i = ij ≤ qn − 1 and i0 = i0j ≤ qn0 − 1 and s = sj satisfying
s + δn ≤

min

0 ,(i0 +1)/q 0 ]
(x,x0 )∈[ij /qn ,(ij +1)/qn ]×[i0j /qn
n
j

We take the collection Cn such that µ(

S

ϕ(x, x0 ).

Cn,j ) ≥ 1 − n with n = O(1/qn ).

Definition 6.6. An -grid of a set (A, µ) is any partition of A into disjoint
measurable sets of diameter less than . An -grid of a collection of disjoint
similar sets {Cj }j≤M is given by some -grid of C1 identically repeated inside
each Cj , j ≤ M .
Definition 6.7. For a pair of strictly positive numbers (, η), a set B ⊂ A
is said to be (, η)-uniformly-distributed inside A if there exists an -grid of
A such that for each atom Ak of the grid we have
T
µ(B Ak ) µ(Ak )
µ(Ak )
≤η
−
.
µ(B)
µ(A)
µ(A)
Definition 6.8. For a pair of strictly positive numbers (u, v), a set B is
said to be (u, v)-identically-distributed in a collection of disjoint similar sets
{Cj }j≤M if there exists a u-grid of the collection {C j }j≤M such that for
every pair j, j 0 ≤ M and for any k ≤ K (K referring to the number of atoms
inside each Cj ), we have
\
\
\
µ(B Cj,k ) − µ(B Cj 0 ,k ) ≤ vµ(B
Cj,k ).
Remark 6.9. In the above definition, the measurable sets B, A, A k , Cj,k
might be of different dimensions and µ should be replaced when necessary
by its appropriate conditionals.

Remark 6.10. A set B that is (u, v)-identically-distributed inside the collection Cn = {Cn,j }j≤Mn is (2/qn , v)-uniformly-distributed in M (this is due
to the fact that the diameter of the sets C n,j is less than 2/qn ).TMoreover,
because each set Cn−1,j is almost a union of sets of Cn then B Cn−1,j is
(2/qn , 2v)-uniformly distributed inside C n−1,j .
The specific mixing property of T t that will be crucial in the sequel is the
following
Proposition 6.11. Let ξn be a set in Mα,ϕ of the form I × J × {s} where I
0
0
and J are intervals of size 1/eqn . Then for any t ≥ e3qn we have that T t ξn
0
is (1/eqn , 1/n2 )-identically-distributed in the collection C n = {Cn,j }j≤Mn .
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6.6. The successive conjugations scheme. We will use the same notat
t
tion T t and Tnt to indicate the special flows over Tα,α
0 ,ϕ and Tα ,α0 ,ϕ as well
n n
as the flows T t × IdDm and Tnt × IdDm . For r ∈ (0, 1], we denote by D(0, r)
the closed disc of radius r inside Dm . The general scheme of the construction is the following: We construct volume preserving diffeomorphisms h n
compactly supported on Mαn ,α0n ,ϕ × Dm of the form
hn (x, x0 , s, r) = (x, x0 , s, gn,x,x0 (r))

(6.5)

where for each (x, x0 ) ∈ T2 gn,x,x0 is a compactly supported volume preserving diffeomorphism of Dm satisfying
gn,x,x0 (r) = gn,x+αn ,x0 +α0n (r)

(6.6)

for all (x, x0 , r). This implies that hn commutes with Tnt . We can choose
gn,x,x0 increasingly sensitive with respect to x and x 0 but in a controlled as
follows
Proposition 6.12. It is possible to construct the diffeomorphism h n as in
( 6.5)–( 6.6) such that the following holds
(1) hn is volume preserving and compactly supported,
(2) hn Tnt = Tnt hn ,
√0
1
(3) For any l ∈ N, for n large enough ||h n ||C l ≤ e 2 qn .
(4) For any r ∈ D(0, 1 − e−n ) ⊂ Dm , for any j ≤ Mn we have that
0
hn (Cn,j × {r}) is (e−qn−1 , n1 )-uniformly-distributed inside C n,j ×Dm .
in the sense that there exists a partition of D m in sets having diam0
eter less than e−qn−1 such that for any atom D of the partition we
have


\
1
λ(3) hn (Cn,j × {z}) (Cn,j × D) − λ(3)(Cn,j )λ(m) (D) ≤ λ(3) (Cn,j )λ(m) (D).
n

We now consider the flows T t , Tnt and the diffeomorphisms hn as flows
and diffeomorphisms on M × Dm and define Hn = h1 ◦ ... ◦ hn and consider
the sequence Hn T t Hn−1 .
From the above proposition we can easily deduce the following properties
of Hn

Proposition 6.13. The diffeomorphisms H n are compactly supported in the
interior of M × Dm and satisfy
(1) Hn is volume preserving,
√0
(2) For any l ∈ N, for n large enough ||H n ||C l ≤ e qn ,
(3) For any z ∈ D(0, 1 − e−n ) ⊂ Dm , for any j ≤ Mn we have that
1 0
Hn (Cn,j × {z}) is (e− 2 qn−1 , 1/n)-uniformly-distributed inside C n,j ×
Dm .
Proof. Property (2) follows from (3) of Proposition 6.12. Property (3)
then follows from (4) of Proposition 6.12 applied to h n and from (1) and (2)
of Proposition 6.13 applied to Hn−1 .
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6.7. Convergence and approximation.
Proposition 6.14. The sequence of flows H n T t Hn−1 converges in the C ∞
t
topology to a volume preserving flow T of M × Dm . Moreover, for t ∈
0
0
[e3qn , e3qn+1 ] and l ∈ N we have for n large enough
1
t
||Hn T t Hn−1 − T ||C l ≤ n .
2
Proof. From (2) of Proposition 6.12 we have that
−1
t
t
Hn+1 Tn+1
Hn+1
= Hn Tn+1
Hn−1 ,

hence
−1
||Hn T t Hn−1 − Hn+1 T t Hn+1
||C l ≤ ψn + ψn0

where

t
ψn = ||Hn T t Hn−1 − Hn Tn+1
Hn−1 ||C l ,

−1
−1
t
ψn0 = ||Hn+1 Tn+1
Hn+1
− Hn+1 T t Hn+1
||C l ,

hence from (6.4) and (2) of Proposition 6.13 we conclude that
!
0
eqn+1 t
t −1
t −1
||Hn T Hn − Hn+1 T Hn+1 ||C l = o
.
qn+1 qn+2
0

Since qn+2 ≥ e4qn+1 the proposition follows.



6.8. Proof of mixing. It remains to prove the following
Proposition 6.15. The volume preserving flow of M × D m
t

T = lim Hn T t Hn−1
n→∞

is mixing.
6.8.1.

The following is an almost straightforward Fubini argument

Lemma 6.16. and R are open balls in Dm and T2 and δ ≤ c,
If there is a sequence of measurable collections of subsets of M ×D m , {Pt }
satisfying the following
{Pt } −→ ε ( partition into points ),
t→∞

and such that for any open set A ⊂ M × Dm and any ε > 0, there exists t0
such that for t > t0 we have for every atom Pt ∈ {Pt }

 \
−t
µ Pt T (A) − µ(Pt )µ(A) ≤ µ(Pt ),
t

then the flow T is mixing.

Remark 6.17. The atoms of the collection {P t } might have positive codimension and the Lemma remains valid if appropriate conditional measures
are used in (6.8.1).
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6.8.2. Choice of the collection Pt . Let t ∈ R+ and take n such that t ∈
0
0
[e3qn , e3qn+1 ]. We first consider a collection Un converging to the point partition in Mα,ϕ ×D3 consisting of sets of the form ξ ×{s, r} where ξ is a square
0
on T2 with side 1/eqn . Since the diffeomorphism hn T t is volume preserving
we remain with a collection converging to the point partition if we discard
the elements ξ × {s, r} that do not satisfy
h
i
\
1
−(n−1)
)) ≥ (1 − )λ(2) (ξ).
λ(2) (ξ × {s, r} T −t h−1
n (Mα,ϕ × D(0, 1 − e
n
Finally, we consider the collection P t whose atoms are the sets H
√n 0(ξ ×
{s, r}) where ξ × {s, z} is as above. Due to the fact that ||H n ||C 1 ≤ e qn we
have that Pt converges to the partition into points of M α,ϕ × Dm as t goes
to infinity.
6.8.3. Fix an open set A ⊂ M ×Dm and ε > 0. We finish if we check (6.8.1)
0
0
of Lemma 6.16 for the elements of Pt as t ∈ [e3qn , e3qn+1 ] goes to infinity or
equivalently as n → ∞. To have (6.8.1) for this range of t, we are reduced
in light of Proposition 6.14 to proving that for n large enough


\
λ(2) ξ × {s, r} T −t Hn−1 (A) − λ(2) (ξ)µ(A) ≤ ελ(2) (ξ)
0

where ξ is a square in T2 of side 1/eqn and ξ × {s, r} satisfies (6.8.2).

6.8.4. Since the collection Cn−1 = {Cn−1,j }j≤Mn−1 converges to the point
partition, (6.8.3) will follow if for an arbitrary measurable set ∆ ⊂ D m we
prove that for n large enough we have for any j ≤ M n−1


\
λ(2) ξ × {s, r} T −t Hn−1 (Cn−1,j × ∆) − λ(2) (ξ)λ(3) (Cn−1,j )λ(m) (∆)
≤ ελ(2) (ξ)λ(3) (Cn−1,j ).

6.8.5.

Having fixed t and the atom ξ × {s, r} ∈ P t we set

U := hn T t (ξ × {s, r})

and denote by λ̃(2) the measure (hn T t )∗ (λ(2) .
The equation we have to establish (6.8.4) becomes

 \
−1
(Cn−1,j × ∆) − λ̃(2) (U )λ(3) (Cn−1,j )λ(m) (∆)
λ̃(2) U
Hn−1
≤ ελ̃(2) (U )λ(3) (Cn−1,j ).

0

6.8.6. From Proposition 6.11 we recall that since t ≥ e 3qn , then the set
0
T t (ξ × {s}) is (1/eqn , 1/n2 )-identically-distributed in Cn . This means that
T t (ξ × {s}) has essentially the same trace inside each C n,j with precision (or
0
resolution) e−qn . The diffeomorphism hn introduced in Proposition 6.12 has
an important deformation effect on the scale of the sets C n,j (Property
√ 4) but

negligible on the scale e−qn (Property 3 asserting that k hn kC 1 ≤ e qn ). On
the other hand by (6.5) and (6.6) we have that h n (Cn,j × Dm ) = Cn,j × Dm
0

0
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for any j, j 0 ≤ Mn and that hn |Cn,j ×Dm ≡ hn |Cn,j 0 ×Dm . We obtain therefore
the following
Claim. There exists a partition of D m in open sets of diameter less than
Sn
T
1 0
1/e 2 qn , Dm = ll=1
Dl , such that for each l ≤ ln , the set Ul := U (M × Dl )
1 0
is (1/e 2 qn , 1/n)-identically-distributed in the collection {C n,j × Dl }j≤Mn ⊂
M × Dm .
6.8.7. Since the collection Cn is almost a partition of M that is much finer
than Cn−1 (Cf. §6.5.3), it follows from the claim above that for any j ≤ M n−1
 \

λ̃(2) Ul (Cn−1,j × Dl ) − λ̃(2) (Ul )λ(3) (Cn−1,j )
≤

3 (2)
λ̃ (Ul )λ(3) (Cn−1,j )
n

6.8.8. From Remark 6.10 the Claim 6.8.6 also implies that the set U l is
(2/qn , 1/n)-uniformly-distributed in M × D l and more specifically that for
any j ≤ Mn−1 the set
\
Ul (Cn−1,j × Dl ) is (2/qn , 2/n) − uniformly − distributed in C n−1,j × Dl .
6.8.9.

From our choice of the collection P t in (6.8.2) we have that
[
U∼
Ul
Dl

(6.7)

⊂D(0,1−e−(n−1) )

in the sense that the ratio between the measures of the left hand side set and
the right hand side set converges to 1 as n goes to ∞. So we assume from
now on that l is such that Dl ⊂ D(0, 1 − e−(n−1) ). We fix a measurable set
−1
∆ ∈ Dm and j ≤ Mn−1 and proceed to estimate λ̃(2) (Ul ∩ Hn−1
(Cn−1,j × ∆))
in the scope of proving (6.8.5).
6.8.10. Since hn (Cn,j ×Dm ) = Cn,j ×Dm (from (6.5)) and Ul = U ∩(M ×Dl )
we have that
\
−1
−1
(Cn−1,j × ∆).
(Cn−1,j × ∆) = (Ul ∩ (Cn−1,j × Dl )) Hn−1
Ul ∩ Hn−1
6.8.11. Because Dl ⊂ D(0, 1 − e−(n−1) ), Property (3) in Proposition 6.13
1 0
asserts that Hn−1 (Cn−1,j × Dl ) is (e− 2 qn−1 , 1/(n − 1))-uniformly-distributed
√
0

inside Cn−1,j × Dm . From (6.8.8) and the fact that ||Hn−1 ||C 1 ≤ e qn−1 we
1 0
deduce that Hn−1 (Ul ∩(Cn−1,j ×Dl )) is (e− 4 qn−1 , 4/n)-uniformly-distributed
inside Cn−1,j × Dm and get with (6.8.10)
 \



−1
λ̃(2) Ul ∩ Hn−1
(Cn−1,j × ∆) ∼ λ̃(2) Ul (Cn−1,j × Dl ) λ(m) (∆)

which with (6.8.7) becomes


−1
(Cn−1,j × ∆) ∼ λ̃(2) (Ul )λ(3) (Cn−1,j )λ(m) (∆).
λ̃(2) Ul ∩ Hn−1
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6.8.12. Having (6.7) in mind we can sum in (6.8.11) over l such that D l ⊂
D(0, 1 − e−(n−1) ) and get


\
λ̃(2) Hn−1 U (Cn−1,j × ∆)
∼ λ̃(2) (U )λ(3) (Cn−1,j )λ(m) (∆).

This gives equation (6.8.5) and the proof of mixing is hence accomplished.

7. Other directions and more open problems
We discuss two areas where some of the most interesting and challenging problems related to the approximation by conjugation method appear:
analytic constructions and the problem of smooth realization.
7.1. Real–analytic constructions. The approximation by conjugation method is a major source of constructing examples of smooth dynamical systems with prescribed ergodic or topological properties; other methods are
skew products and time–changes. In the latter two cases, and except for
some special exotic constructions [12], there is usually not much difference
between the cases of sufficiently high finite differentiability and real analyticity. Constructions in [15], [26, Sections 12.3, 12.4, 13.3, 13.4], [8, 9, 10, 11]
provide typical examples. In a somewhat crude way this can be explained
by essential linearity of the time change and skew product constructions.
The conjugation by approximation construction is essentially nonlinear and
it is based on convergence of maps obtained from certain standard maps by
wildly diverging conjugacies.
Here a great difference between the differentiable and real analytic maps
becomes apparent. In the former case as long as the conjugating diffeomorphisms are sufficiently smooth albeit with huge derivatives fast convergence
of the approximations is achieved by conditions like (2.4). Since no control
over C r norms is required it is usually easy to construct C ∞ diffeomorphisms
creating an approximate picture required. Of course usually smooth maps
can be approximated by real analytic ones. Such maps if they have very
large derivatives in the real domain will usually have singularities in a fairly
small complex neighborhood of it. But if either a map h or its inverse has
complex singularities close to the real domain and S t , 0 ≤ t ≤ t0 , S0 = Id is
an analytic family then the family h ◦ S t ◦ h−1 is expected to have singularities close to the real domain for any t > 0. Thus the domain of analyticity
for maps fn in (2.1) will shrink considerably at any step of the constructions
and the limit map f will not be analytic.
There are two possible strategies for overcoming this problem in order to
make a version of the approximation by conjugation method work in the
real–analytic category.
(1) Find conjugacies hn which are analytic with their inverses in a uniform complex neighborhood of the real domain
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(2) Compensate singularities of the conjugacies h n and their inverses in
such a way that the maps fn have a much larger domain of analyticity
than the conjugacies.
7.1.1. Uniquely ergodic diffeomorphisms of spheres. The first method has
a good chance of working when there is sufficiently large supply of maps
commuting with the action S which can be modified in a controlled way
maintaining analyticity in the large domain. This happens for skew products
where the S 1 acts in the fibers and in the time-changes of linear flows on the
torus. A less obvious case of this situation was found by the second author
[27]. We describe one of the results of that work in a special case.
Consider the standard embedding of the sphere S 2n−1 into R2n and the
standard complexification R2n ⊂ C2n . The vector-field defined in Euclidean
coordinates as v0 (x1 , . . . , x2n ) = 2π(x2 , −x1 , . . . , x2n , −x2n−1 ) defines a linear action Φ = {ϕt , t ∈ R, ϕ1 = Id} of the circle S 1 In Euclidean coordinates
ϕt (x1 , . . . , x2n ) =(cos 2πtx1 + sin 2πtx2 , − sin 2πtx1 + cos 2πtx2 , . . . ,
cos 2πtx2n−1 + sin 2πtx2n , − sin 2πtx2n−1 + cos 2πtx2n ).

We will use the same notations v0 and ϕt for extensions to C2n or its subsets.
We will call a function on S 2n−1 entire if it extends to a holomorphic
function in C2n . A map f : S 2n−1 → S 2n−1 is called entire if its coordinate
functions are entire. A diffeomorphism f : S 2n−1 → S 2n−1 is entire if both
f and f −1 are entire maps. Invertible linear maps are obviously entire
diffeomorphisms. Notice that product of entire diffeomorphisms is an entire
diffeomorphism.
Theorem 7.1. For any t0 , 0 ≤ t0 ≤ 1,  > 0 and any compact set K ⊂
Cn there exists an entire diffeomorphism f : S 2n−1 → S 2n−1 , preserving
Lebesgue measure and uniquely ergodic whose extension to C 2n satisfies
max{max |f (z) − ϕt0 (z)|, max |f −1 (z) − ϕ−t0 (z)|} ≤ .
z∈K

z∈K

(7.1)

Remark 7.2. Notice that while in the C ∞ category the approximation by
conjugation method as outlined in Section 2.1 allows to produce a great
variety of perturbations of a rotation ϕ t with interesting ergodic and topological properties, even minimal real analytic diffeomorphisms of S 3 were
not known before.
This result extends to compact Lie groups and some of their homogeneous
spaces with an action of S 1 by left translations.
Let us sketch some of the ideas of the proof of Theorem 7.1 in the case of
S 3 . There is a natural identification of S 3 with the group SU (2) which identifies Φ with an action by left translations. The space of orbits is naturally
identified with S 2 (the Hopf fibration). Right translations on SU (2) act on
the factor space as rotations with respect to a natural metric which comes
from a bi-invariant metric on SU (2). Neither an individual translation nor
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a one–parameter group is transitive but of course the whole right action is
transitive. Moreover, every right translation also extends to a linear map of
C4 and is hence entire.
At nth iterative step of the construction one produces an entire diffeomorphism hn of S 3 = SU (2) which commutes with ϕ1/qn . To imitate the
uniform distribution in the factor space one uses twisted right translations.
First, one fixes a one–parameter subgroup r t of right translations of SU (2),
or equivalently, an axis of rotation on S 2 . On each orbit O of this one–
parameter group the map hn is a certain translation rf (O) where the “twisting function ” f is entire and is invariant under the left translation ϕ 1/qn . By
making this function sufficiently uniformly distributed mod 1 one achieves
a distribution of orbits of the conjugate of Φ (and hence of any of its sufficiently large finite subgroups) which projects to S 2 into a distribution close
to the distribution uniform on orbits of r t . This distribution however is far
from uniform. Further approximation is achieved by taking another one–
parameter subgroup and averaging the distribution along its orbits. In order
0
to implement this one takes a number q n >> qn depending on the geometry
of the twisting function and constructs another twisting function along the
orbits of the new subgroup and invariant with respect to ϕ 1/q0 , taking the
n
conjugacy as the product of two twisted right translations. This product
is still entire and it takes the distribution of orbits of Φ and hence any of
its sufficiently large finite subgroups closer to uniform. In fact, in order to
achieve almost uniform distribution of every orbit one need to either take
more than two steps within the inductive step, or choose one–parameters
subgroups of right translations at different inductive steps carefully.
Remark 7.3. This construction produces conjugacies which are far from
preserving natural fundamental domains of ϕ 1/qn . In other words, the choice
of hn is not special in the sense of Section 4.4.4 (See also Section 2.2). This
makes controlling subtle ergodic properties of the resulting uniquely ergodic
diffeormorphism problematic.
Here is a typical open problem related with this difficulty.
Problem 7.4. Does there exist a real analytic volume preserving diffeomorphism of S 2n−1 , n ≥ 2 which is measurably conjugate to an irrational
rotation of the circle?
7.1.2. Exotic holomorphic maps in one complex variable. The second method
requires good understanding of the geometry of special holomorphic maps in
the complex domain since just approximating the conjugacies by some standard regular objects even if successful usually produces singularities close to
the real domain for inverse maps. In one complex variable there is a sufficient understanding of such special geometry. This allowed R. Perez-Marco
and J.-C. Yoccoz [35, 36, 37, 43], developing ideas which originally appeared
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in Yoccoz’ thesis) to apply approximation by conjugation method and construct analytic circle diffeomorphisms with Liouvillean rotation numbers and
exotic properties (e.g. C ∞ but not analytic conjugacy to a rotation).
7.1.3. Other situations. Beyond the two cases described above the problem
of applicability of the approximation by conjugation scheme of Section 2.1
remains open. This is the case already in the setting of volume preserving
diffeomorphisms in dimension two where the majority of examples described
in this paper appear. Certain characteristic open problems which appeared
already at the time of writing [1] can be summarized as follows.
Problem 7.5. Does there exist an area preserving topologically transitive
real analytic diffeomorphism f of the disc D 2 with either of the following
properties:
(1) the restriction of f to the boundary is an irrational rotation;
(2) f has zero topological entropy;
(3) f is C 2 close to the identity?
We finish our discussion of analytic constructions with several comments
concerning the above problem.
In the case (1) the rotation number must be Liouvillean; otherwise there
are invariant circles as was explained in Section 3.1.
Applicability of the approximation by conjugation method in the analytic
setting in the case of manifolds with boundary such as D 2 depends on our
ability to construct real analytic diffeomorphisms of such manifolds with
very large derivatives which can be extended together with their inverses to
fixed complex neighborhoods. Here is a characteristic question of this kind.
Problem 7.6. Does there exist an r > 0 such that for any point p =
(x, y) ∈ Int D2 there exists a real analytic area preserving diffeomorphism
fp : D2 → D2 which extends together with its inverse to r-neighborhood of
D2 in the complex domain and such that f p (0, 0) = (x, y)?
Notice that for p close to the boundary such a diffeomorphism f p must
have very large derivatives.
Known examples of real analytic area preserving ergodic (or just topologically transitive) diffeomorphisms of D 2 are based on modifications on
the C ∞ construction first introduced in [25]; see [14] and [33]. Dynamically
these examples are non-uniformly hyperbolic, they have positive topological entropy, and with respect to the smooth measure they are Bernoulli (or
direct products of Bernoulli with finite permutations). On the boundary
these diffeomorphisms are either identity or have rational rotation number
with finitely many periodic orbits. Such examples can be made C 1 close
to identity (first observed by Michel Herman; private communication) but
constructions of this kind are not compatible with C 2 closeness to identity.
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7.2. The problem of smooth realization. In its most basic and at the
same time general form the smooth realization problem may be formulated
as follows;
Problem 7.7 (Smooth realization). Given a measure preserving transformation T of a Lebesgue space (X, µ) does there exist a (C ∞ ) diffeomorphism
f of a compact manifold M preserving a smooth volume ν such that (f, ν)
is measurably isomorphic to (T, µ)?
There are numerous variations and specializations of the problem of which
the following is among the most interesting.
Problem 7.8 (Nonstandard smooth realization). Given a diffeomorphism
g of a compact manifold N preserving a smooth volume µ and ergodic with
respect to it, does there exist a diffeomorphism f of a compact manifold M
preserving a smooth volume ν such that (f, ν) is measurably isomorphic to
(g, µ) but not smoothly conjugate to it?
The only known unconditional restriction to smooth realization is finiteness of entropy (see [28, Corollary 3.2.10, Theorem 4.5.3]). In other words,
no measure preserving transformation with finite entropy is known not to
be realizable on any manifold. There are restrictions in low dimension, e.g.
any weakly mixing surface diffeomorphism is Bernoulli.
The approximation by conjugation method provides instances of both
nonstandard smooth realization of certain diffeomorphisms and smooth realization of maps whose original description is not smooth. This included
nonstandard smooth realization of rotations with some Liouvillean rotation numbers discussed above in 2.4.2 (See [1, Section 4]; this was recently
improved to any Liouvillean rotation number [38]). Very likely these methods should allow nonstandard realization of some Diophantine rotations by
diffeomorphisms of finite differentiability. It looks though that the following problem tests the limits of power of the approximation by conjugation
method and most likely requires new ideas.
Problem 7.9. Does there exist a nonstandard smooth realization of a Diophantine rotation of the circle by a C ∞ diffeomorphism?
Such a diffeomorphism must act on a manifold of dimension at least two.
In [1, Section 6] nonstandard smooth realizations of certain translations
on tori were constructed, as well as smooth realizations of certain rotations
on the infinite dimensional torus. The latter was the earliest example of
smooth realization of a transformation whose natural “habitat” is not a
finite dimensional manifold. In [26, Section 8] a general setting is described
which allows (with further specification of parameters) smooth realization of
transformations belonging to measurable combinatorial constructions. Let
us list several characteristic problems which in our view can be approached
by a version of the approximation by conjugation method or its modification
with decreasing chances of success.
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Problem 7.10. Find a smooth realization of:
(1)
(2)
(3)
(4)

a Gaussian dynamical system with simple (Kronecker) spectrum;
a dense Gδ set of minimal interval exchange transformations;
an adding machine;
the time-one map of the horocycle flow 2.3.1 on the modular surface
SO(2)\SL(2, R)/SL(2, Z) (which is not compact, so the standard
realization cannot be used).

A version of the smooth realization problem addresses possibility of obtaining certain properties invariant under measurable conjugacy for volume
preserving diffeomorphisms of compact manifolds. In particular one may
ask about properties which are generic for measure preserving transformations in weak topology (which are also then generic for volume preserving
homeomorphisms in C 0 topology). While such properties cannot be generic
in C r smooth topology by reasons quite different for r = 1 and r ≥ 2, one
can consider spaces of closures of conjugacies as in Section 2.3 and try to determine whether generic properties of measure preserving diffeomorphisms
can be realized there or are generic in those spaces which we denote by A
with various indexes. It seems that the notion of periodic approximation of
a given type in the sense of [26, Definition 1.9] is quite useful in this respect.
Since approximation of any type with any (arbitrary fast) speed is generic in
weak topology [26, Theorem 2.1] any property which follows from any finite
or countable combination of approximation type properties is generic too.
Cyclic approximation where approximating periodic processes have a single
tower is generic in the space A and certain types of homogeneous approximation where there may be many towers but their heights are all equal [26,
Section 5] can be shown to be generic too. However periodic processes with
towers of unequal height such as type (n, n + 1) approximations with two
towers whose heights differ by one do not naturally appear in the conjugacies
of elements of S 1 actions. Those approximations and their generalizations
are useful is establishing genericity of various properties (see e.g. [26, Section 3.3]). It looks likely that in the case of actions of T k , k ≥ 2 it may be
easier to produce these types of approximation in the closure of conjugacies.
Problem 7.11. Given a circle action S and the corresponding space A is
there a diffeomorphism f ∈ A with either of the following properties:

(1) good approximation of type (n, n + 1);
(2) maximal spectral type disjoint with its convolutions;
(3) homogeneous spectrum of multiplicity two for the Carthesian square
f × f?

See [26, Sections 3,4] for relevant definitions and results.
Problem 7.12. Is existence of a measurable square root (or roots of all
orders) generic in A? (Cf. [30]).
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Remark 7.13. Notice that unlike the previous problem existence is known
here because for example any rotation of the circle has roots of all orders and
there are diffeomorphisms measurably isomorphic to rotations [1, section 4].
Given an action T of T2 denote the closure of conjugacies of elements of
this action in the C ∞ topology by B.
Problem 7.14. Is there a diffeomorphism f ∈ B with either of the following
properties:
(1) good approximation of type (n, n + 1);
(2) maximal spectral type disjoint with its convolutions;
(3) homogeneous spectrum of multiplicity two for the Carthesian square
f × f;
(4) mixing?
Positive answer to the last question will be of course a discrete time version
of Theorem 6.2. See Remark 6.3.
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