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Abstract. We consider the inverse problem of identifying the density and elastic

moduli for three-dimensional anisotropic elastic bodies, given displacement and traction

measurements made at their surface. These surface measurements are modeled by

the dynamic Dirichlet-to-Neumann map on a finite time interval. For linear or non-

linear anisotropic hyperelastic bodies we show that the displacement-to-traction surface

measurements do not change when the density and elasticity tensor in the interior are

transformed tensorially by a change of coordinates fixing the surface of the body to first

order. Our main tool, a new approach in inverse problems for elastic media, is the

representation of the equations of motion in a covariant form (following Marsden and

Hughes, 1983) that preserves the underlying physics.

In the case of classical linear elastodynamics we then investigate how the type

of anisotropy changes under coordinate transformations. That is, we analyze the

orbits of general linear, anisotropic elasticity tensors under the action by pull-back of

diffeomorphisms that fix the surface of the elastic body to first order, and derive a pointwise

characterization of parts of the orbits under this action. For example, we show that the

orbit of isotropic elastic media, at any point in the body, consists of some transversely

isotropic and some orthotropic elastic media. We then derive the first uniqueness result

in the inverse problem for anisotropic media using surface displacement-traction data:

uniqueness of three elastic moduli for tensors in the orbit of isotropic elasticity tensors.

1. Introduction

In this paper we consider the inverse problem of identifying elastic moduli
for three-dimensional anisotropic elastic bodies, given displacement and
traction measurements made at their surface. For the dynamic inverse
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problem, we need to consider an additional material parameter, the density.
We study both linear and non-linear elastodynamics, though our main focus
is on classical linear elasticity, where the elastic moduli can be defined
independently of the deformation.

We are concerned with the uniqueness question, that is, whether the same
collection of surface measurements can correspond to different values for the
parameters. We address here a particular type of nonuniqueness, which
arises when the underlying partial differential equations, describing the
propagation of elastic disturbances in the body, possess a certain invariance
under coordinate transformations. This natural “obstruction to uniqueness”
is well known in the inverse problem of identifying material parameters from
acoustic measurements in anisotropic media.

Acoustic wave propagation in anisotropic media is modeled by solutions
of scalar partial differential equations of the form:

(1)
∂2

∂t2
u −

3∑
i,j=1

1√
det G

∂

∂xi

(√
det G Gij

∂u

∂xj

)
= 0,

where G = [Gij ] is a positive-definite symmetric matrix function of the
spatial coordinates xi, i = 1, 2, 3, and G−1 = [Gij ]. The body is
represented by an open region Ω ⊂ R3 with smooth boundary ∂Ω, and
we examine this equation for x = (x1, x2, x3) ∈ Ω. G can be interpreted as
a Riemannian metric on R3, so that (1) becomes the wave equation

(2) (∂2
t − ∆G)u = 0,

with ∆G the Laplace-Beltrami operator associated with the metric G on Ω.
The inverse problem for acoustic media consists in determining

the metric G from the surface measurements, in the form of the
Dirichlet-to-Neumann map ΛG, which relate the value at the boundary of Ω
of solutions to (1) to the value of their respective normal derivatives at the
boundary:

(3) ΛG(u |
∂Ω

) = (
∂u

∂νG

) |
∂Ω

=
3∑

i,j=1

(νiGij
∂u

∂xj
) |
∂Ω

.

Above ν is the Euclidean unit outer normal vector to Ω, and νG the
corresponding normal with respect to G. (For a general introduction to
inverse boundary problems, we refer, for example, to [41].) Uniqueness for
the inverse problem may be stated in terms of the injectivity of the map ΛG

with respect to G. It is important to note that, although equation (2) is
linear, ΛG depends on G in a highly non-linear fashion, a feature common
to inverse problems.

The natural obstruction to uniqueness holds for the acoustic inverse
problem since for any sufficiently regular diffeomorphism ψ : Ω → Ω with
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ψ(x) = x for x ∈ ∂Ω, we have that

(4) Λψ∗G = ΛG.

In other words, the best uniqueness result possible in the inverse problem
for the operator ∂2

t − ∆G is the unique determination of G by the
Dirichlet-to-Neumann map, up to the pullback ψ∗ by a diffeomorphism ψ

that fixes the boundary. (Informally, the pull-back of a tensor T (X) is the
tensor of the same type, ψ∗T (x), obtained by making the coordinate change
x = ψ−1(X). For background material, we refer to [21].) In fact, this
best possible result, uniqueness up to pull-back, has been established for the
scalar wave operator, under certain conditions; see [38], [2], [36], [5], [15],
[28], and [37].

It is natural to ask whether this result extends to more general models,
for example, the system for elastodynamics. The uniqueness question for
general anisotropic elastic media is significantly more difficult than that for
the scalar wave equation, due mainly to greater complexity in the description
of the rays, paths along which disturbances propagate through the medium.
We show here, however, that several aspects of the uniqueness question may
be addressed in the systems case without reference to rays.

Surface measurements for the elasticity problem, in the form of
the correspondence between displacements of the surface of the elastic
body and surface tractions that cause them, are given by the dynamic
Dirichlet-to-Neumann map ΛO associated with the linear or non-linear
operator for elastodynamics. (See Section 2, equation (12), for classical
linear elasticity and Section (3) for non-linear elasticity.) Here O represents
the material parameters, which are the density function ρ and the elasticity
tensor function C in the classical case.

Our main result (cf. Theorem 1), analogous to (4), states that the natural
obstruction to uniqueness holds in the inverse problem for elastodynamics:

(5) Λψ∗O = ΛO,

where ψ is any diffeomorphism of Ω that fixes the boundary to first order.
Although the focus later in this paper is on results for linear elastodynamics,
our approach to the proof of Theorem 1 is based on a linearization of the
non-linear equations of motion, a setting especially appropriate for the study
of change of coordinates. In fact, our approach is based on a covariant form
for the non-linear equations of motion that respects the underlying physical
laws for elastodynamics (following work of Marsden and Hughes [21]). By
covariance we mean an intrinsic tensorial representation independent of any
local coordinate system. This method is rather general and it applies to
other problems as well, for example to unbounded elastic media. The use of
this covariant form of the system of differential equations appears to be new
in inverse problems for elastic media.
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A consequence of the natural obstruction (5) is that the Dirichlet-to-
Neumann map does not change when elastic media are transformed by any
change of coordinates that fixes the boundary to first order. It follows that
uniqueness results for classes of elastic media may be extended partially to
any anisotropic elastic media in the orbits of those classes. We conclude,
for example, in Section 2.1 that Rachele’s uniqueness results [29], [30], [31],
[32] for isotropic elastodynamics (with or without residual stress) extend to
certain anisotropic elastic media. Therefore, our next aim is to describe the
orbits of density functions ρ(x) and elasticity tensors C(x) at a given but
arbitrary point x ∈ Ω, under the action by pull-back of diffeomorsphims that
fix the boundary to first order. (The first-order assumption seems necessary
for treating non-linear elasticity.)

We write the elasticity tensor C in a canonical form, obtained via the
harmonic decomposition and then a Cartan decomposition of the fourth-
order harmonic part, following Forte and Vianello [8]. We call this a
harmonic-Cartan decomposition. The type of anisotropy of an elasticity
tensor may be described in terms of the vanishing of certain components
of a harmonic-Cartan decomposition. We then give a description of the
types of anisotropy of parts of the orbits under the action by pull-back of a
diffeomorphism ψ, and a complete characterization in the isotropic case. We
employ the mathematical software Maple to compute the harmonic-Cartan
decomposition of the transformed tensor ψ∗C. (See Section 5.) For example,
we show that at any point of Ω the orbit of isotropic elastic media consists
of isotropic, some transverse isotropic, and some orthotropic elastic media.
We also observe that pointwise some ψ can preserve the type of anisotropy
for certain classes of elastic media, e.g., for transversely isotropic media.

Global constraints might place additional limits on the types of anisotropy
within the orbit of any particular elastic media. In particular, it may be
possible to establish that the “natural obstruction” does not occur within
certain restricted classes of of anisotropic media. The approach taken here
to describe these orbits does not extend directly to the global setting, as
it depends on diagonalization of the symmetric part (i.e., the stretch factor
of the polar decomposition) of the differential Dψ. It is interesting to note
that composite elastic media, elastic media for which the type of anisotropy
can vary from point to point, may lie on the orbits of non-composite elastic
media.

The only uniqueness result known to the authors for the fully three-
dimensional inverse parameter identification problem for nonhomogeneous
anisotropic elastic media using Dirichlet-to-Neumann-type data is that of
Nakamura, Tanuma, and Uhlmann [23] who prove that, in the case of
transverse isotropic elasticity, the material properties of bounded elastic
objects are uniquely determined by static measurements made at the
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surface. Nakamura, Tanuma, and Uhlmann use a layer-stripping approach
(applicable to static problems).

The case of isotropic elasticity with residual stress has been studied
by several authors. Robertson shows that the Dirichlet-to-Neumann map
uniquely determines the residual stress tensor and one of the Lamé
parameters at the boundary [33], and establishes uniqueness in the interior
[34] for the linearized problem using Man’s model [20] for residual stress.
Hansen and Uhlmann [10] use a microlocal analytic approach to the study of
reflection of singularities to prove that the scattering relation at the surface
is determined by the Dirichlet-to-Neumann map, which extends Rachele’s
result [32] to the case that caustics are present. Isakov, Nakamura, and
Wang [24], [14], consider the unique continuation property for solutions of
the Cauchy problem (see also [16]), and use it to study the inverse problem
of identifying inclusions or cavities in the body. Lin and Wang [17] exploit
Carleman estimates and unique continuation to prove unique identification of
the density by a single boundary measurement. Also, recently Ivanov, Man,
and Nakamura, using the model for residual stress by Man [20], have shown
that traction-displacement measurements uniquely determine the residual
stress and its gradient at the surface of an unbounded, layered medium, and
near the surface if the stress is in diagonal form [13], while Rachele [32]
proves unique determination of the density, isotropic elasticity parameters,
and the residual stress tensor at the surface in the case of a bounded elastic
object, using Hoger’s model [11], [12] for residual stress.

We mention other results on obstruction to uniqueness in inverse problems
using Dirichlet-to-Neumann-type data. In a 2-dimensional static problem
for orthotropic elastic media G. Nakamura and K. Tanuma [22] show
that the Dirichlet-to-Neumann map does not uniquely determine the elastic
parameters at the boundary. Also, M. Belishev [1] describes an obstruction
to uniqueness in the dependence of the Dirichlet-to-Neumann map on lower-
order parameters of an (isotropic) wave equation. In addition, Romanov
[35] proves nonuniqueness in an inverse problem for anisotropic Maxwell’s
equations in the case that the permittivity ε and permeability µ are diagonal
matrices.

We emphasize that very little is known about the orbits of elastic media,
even under the action of linear transformations. Canonical forms for
elasticity tensors under linear transformations in the two-dimensional case,
and in the case of planar displacements of three-dimensional objects, were
considered by P. Olver in [25] and [26] using Cartan’s method of equivalence.
Lodge [18] gives an explicit linear change of coordinates from transversely
isotropic (or orthotropic) to isotropic for the equations for elastostatics.

To extend the non-uniqueness result (4) for the scalar wave equation (2)
to elastic media we first describe (4) in terms of the covariance of the wave
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operator, i.e.,

ψ∗([∂2
t −∆G]u) = [∂2

t − ∆ψ∗G](ψ∗u),

where ψ∗ is the pullback under the diffeomorphism ψ. We then view the
elastic body as a Riemannian manifold endowed with a smooth Riemannian
metric G which we may vary as we vary the other material parameters. We
need to consider a general metric on Ω since ψ will not respect the Euclidean
structure in general.

We write the differential operator for hyperelastic media in a covariant
form (see Marsden and Hughes [21]) so that a solution U of the
elastodynamics system, with respect to a metric G and material parameters
O, transforms to a solution ψ∗U = U ◦ ψ with respect to ψ∗G and
transformed parameters ψ∗O. (See Theorem 1.) We conclude that the
elastic bodies (Ω,G,O) and (Ω, ψ∗G, ψ∗O) cannot be distinguished by
surface measurements given by the associated Dirichlet-to-Neumann maps
if ψ preserves the boundary, that is, (5) holds. In fact, in the classical
linear case this obstruction to uniqueness may be stated with respect to the
Euclidean metric:

Λe,
√

det G O f = Λe,det(Dψ)
√

det G ψ∗O f.

To write the elasticity equations in covariant form in a way that respects
the underlying physics, we turn to the balance laws (conservation of mass,
balance of momentum, balance of moment of momentum, and balance of
energy) that describe the behavior of the elastic medium. In the case of
non-linear elastodynamics Marsden and Hughes [21], Theorem 4.13, show
that the balance laws, together with the hyperelasticity condition (that is,
the existence of an internal energy E), are equivalent to the covariance of the
internal energy. The balance laws (in particular, the equations of motion)
may be written in either the so-called Eulerian (or spatial) coordinates x
on the ambient space S (here S = R3), or in Lagrangian (or material or
referential) coordinates X on Ω, at least for sufficiently regular deformations.
(See Section 3.) Here we use Lagrangian coordinates in order to describe
changes in the material properties of the body in an intrinsic way, while
avoiding the construction of global transformations of the ambient space.

In Lagrangian coordinates, if the energy depends functionally on the
Cauchy-Green deformation tensor C alone, then E is covariant only if the
elastic medium is isotropic. To include anisotropic media in the analysis,
therefore, we view E as a function of C and structural tensors ζ1, . . . , ζm,
which express the specific anisotropy of the body. (See the proof of
Theorem 1 in Section 4.)
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For classical linear elasticity the (Lagrangian) covariant form for the
equations of motion derived from the balance laws is given by [21]

(6) PG,C,ρU = ρ
∂2U
∂t2

− DIVG(A · ∇U) = 0,

where ρ(X) is the mass density in the reference configuration, A depends
on the elasticity tensor C via

(7) AaAb
B = 2CEAFB(Dι)aE(Dι)cF δbc,

ι is an embedding of Ω in R3, U is the displacement vector from a material
point X in the reference configuration to its new location after time t,
DIVG(A · ∇U) is the divergence on (Ω,G) of the two-point tensor A · ∇U,
and ∇ is the covariant derivative induced by G. Informally, in a two-point
tensor some components behave like a tensor over the reference space Ω and
others like a tensor over the ambient space S.

We show in the proof of Theorem 1 that the equations of motion in local
coordinates are given by

(8) ρ
∂2Ua

∂t2
− 1√

det G

∂

∂XA

(√
det G AaAb

B ∂U b

∂XB

)
= 0,

where det G denotes the determinant of the metric tensor Gij . Here an
uppercase (i.e., capitalized) index denotes the leg of a tensor in the material
setting, while a lowercase index refers to the spatial setting. (See Section 3 for
definitions and notation.) No lower-order-terms associated to the Christoffel
symbols of G appear, since ∇ acts on the two-point vector U as if it were a
scalar.

We emphasize that the equations under a change of (Lagrangian)
coordinates ψ have the same form but with each of G,C, and ρ replaced
by its pullback.

To illustrate that not all covariant forms of a differential equation respect
the underlying physics, we turn to the following example. The Navier-Stokes
equations of fluid mechanics

(9)

{
∂tu−∆u+ u · ∇u−∇p = 0,

div u = 0,

are in covariant form if ∆ is interpreted as the Laplace-Beltrami operator
and ∇ is the covariant derivative. In (9) u is a vector field describing the
velocity of a fluid particle, and p is a scalar field representing the pressure.

However the correct form of the equation as derived from conservation of
momentum and mass is [7]:

(10)

{
∂tu− divS + u · ∇u−∇p = 0,

div u = 0.
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Above, S = (∇u+∇Tu)/2 is the deformation tensor and, for divergence-free
vector fields u on a Riemannian manifold, divS = ∆u+ 2 Ric u, where Ric
is the Ricci tensor.

The paper is organized as follows. In Section 2 we state the main results.
In Section 3 we present notation and definitions, and write the equations of
motion in covariant form for the non-linear, linearized, and classical linear
cases. Obstruction to uniqueness (Theorem 1) is proved in Section 4. In
Section 5 we prove Theorem 11 on the pointwise characterization of orbits
in some cases.
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2. Main Results

We say that a three-dimensional linearly elastic object (represented by
Ω ⊆ R3) is admissible if the object is bounded, with smooth boundary; has
smooth, positive density ρ; and has smooth elasticity tensor C which has the
symmetry properties

(11) CABCD = CCDAB = CBACD = CABDC

and is (uniformly) strongly elliptic on Ω, i.e., there is a constant c > 0 so
that for any X ∈ Ω CABCD(X)V AWBV CWD ≥ c|V|2|W|2 for all vectors
V,W ∈ T ∗XΩ. (The symmetry condition CABCD = CCDAB is equivalent
to hyperelasticity in the linear case.) Throughout the paper we follow the
convention of summing over repeated indices.

In the usual Euclidean setting the strong ellipticity condition ensures well
posedness of the system of equations for classical linear elastodynamics,
that is, the existence, uniqueness, and regularity of solutions to the initial-
boundary-value problem (13). (See [21], pages 345, 368, 369.) This result
is essentially a consequence of energy estimates and Gärding’s inequality in
the Sobolev space H1(R3). If C is positive-definite (or pointwise stable [21,
p. 239, 350]), that is, C(X)[E,E] ≥ c ||E||2, c > 0, for any X ∈ Ω and
for any symmetric, rank-2 tensor E ∈ TXΩ ⊗ TXΩ, then, in addition, the
system (13) is dynamically stable. In fact, in this case (with displacement
boundary conditions) |U | = (C[∇U,∇U ])1/2 defines an equivalent norm in
H1(R3), and, therefore, a sharp version of Gärding’s inequality holds.



9

For non-linear elasticity we also assume that there exist unique solutions
φt of the initial-boundary-value problem (32) for regular-enough Dirichlet
data f . Some partial results for well-posedness of the non-linear initial-
boundary-value problem (32) are discussed, for example, in [21], p.401, 406.

We model the behavior of any admissible nonhomogeneous elastic object
Ω ⊆ R3 by solutions of the equations of motion, e.g., PG,OU = 0 for classical
linear elastodynamics, where O (given by (C, ρ) in this case) represents the
material properties of the object.

The surface measurements used to determine the material parameters
O are given by the correspondence between forces exerted on the surface
and the resulting surface displacements, taken over a finite period of
time. These surface measurements are represented by the dynamic
Dirichlet-to-Neumann map ΛG,O. In the case of classical linear elasticity
(6) we define the Dirichlet-to-Neumann map by
(12)

(ΛG,C,ρf)a = 〈A · ∇U, νG 〉
a dSG = AaA

b
B (∇U)bB GAC νG

C dSG,

where dSG is the area form on ∂Ω induced by G, νG is the unit outer
normal vector to the boundary ∂Ω with respect to G, A is defined in (7),
and U solves the initial-boundary-value problem

PG,C,ρU = ρ
∂2U
∂t2

− DIVG(A · ∇U) = 0 on Ω,(13a)

U(X, t) = f(X, t) for X ∈ ∂Ω,(13b)

U(X, t) = 0 for t = 0,(13c)

∂U
∂t

(X, t) = 0 for t = 0,(13d)

with Dirichlet boundary data f . The Dirichlet-to-Neumann map is defined
by (35) and (40) in the cases of non-linear and linearized elastodynamics,
respectively.

Given any diffeomorphism ψ of Ω̄ that fixes the boundary to first order,
i.e., ψ ∈ Ψ, where

Ψ = { ψ : Ω̄ → Ω̄ | ψ|∂Ω = id, Dψ|∂Ω = I },

we define ψ∗O to be the transformed material parameters under ψ. That is,
in the classical linear case ψ∗O = (ψ∗C, ψ∗ρ). The transformed parameters
(ψ∗G, ψ∗C, ψ∗ρ) give rise to an admissible hyperelastic object.

In the proof of Theorem 1 (in Section 4) we first show that the equations
of motion are covariant in the non-linear case, and we then linearize
following [21]. Consequently, if U is a solution of the initial-boundary-
value problem (13) for linear elastodynamics with Dirichlet boundary data
f , metric G, and material parameters O, then ψ∗U = U ◦ ψ is a
solution of (13) with metric ψ∗G and material parameters ψ∗O. We
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conclude, given the definition (12) of the Dirichlet-to-Neumann map and
the fact that ψ is the identity to first order at the boundary, that the
Dirichlet-to-Neumann maps for (G,O) and (ψ∗G, ψ∗O) agree. That is,
the two elastic objects (Ω,G,O), (Ω, ψ∗G, ψ∗O) cannot be distinguished
by boundary measurements.

Theorem 1 (Obstruction to uniqueness for hyperelastic media). Consider
any admissible (linear, linearized, or non-linear) elastic body (Ω,G,O) with
material parameters given by O. Then for any ψ ∈ Ψ and the transformed
parameters ψ∗O under ψ

ΛG,O = Λψ∗G,ψ∗O.

In the classical linear case the obstruction may be stated with respect to
the Euclidean metric:

Corollary 2 (Obstruction for linear elastodynamics with respect to
the Euclidean metric). Consider any admissible linearly elastic body
(Ω,G,C, ρ). Then

(14)
(ΛG,C,ρf )a = AaA

b
B (∇U)bB δAC νC

√
det G dS

= (Λe,
√

det G (C,ρ) f )a,

where dS is the area form on ∂Ω induced by the Euclidean metric e, and ν

is the unit outer normal vector to the boundary ∂Ω with respect to e.
In fact, for any ψ ∈ Ψ

(15) Λ e,
√

det G (C,ρ) = Λ e,(detDψ)
√

det G (ψ∗C,ψ∗ρ).

Proof. The first equality in (14) follows from an application of the divergence
theorem (e.g., [39], p. 127). In fact, on the one hand,

dSG =
√

detG < ν,ν >
1/2
G dS,

where < ν,ν >G= GABν
AνB. On the other, the unit (co)normal to ∂Ω

w.r.t. G is related to ν by

(νG)A = < ν,ν >
−1/2
G νA.

The second equality is a consequence of (8), which may be viewed as a
global representation of the equations of motion (6) in Euclidean coordinates.
Theorem 1 then directly implies (15). �

2.1. Partial Uniqueness for Anisotropic Linearly Elastic Media. We
consider the orbits O(G,C,ρ) = { (ψ∗G, ψ∗C, ψ∗ρ) | ψ ∈ Ψ } of parameters
(G,C, ρ) of linearly elastic media under the action of Ψ. Below we prove
uniqueness of some parameters of anisotropic, linearly elastic media in the
orbit of isotropic elastic media and in the orbit of isotropic elastic media
with residual stress.
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The elasticity tensor for isotropic elastic media with respect to the
Euclidean metric e (which we denote by Ciso) has the following components:

(16) CABCDiso = λ(X)δABδCD + µ(X)
[
δACδBD + δADδBC

]
with λ, µ the Lamé parameters. In this case we denote the
Dirichlet-to-Neumann map by Λe,λ,µ,ρ. Similarly, Ĉiso denotes the isotropic
elasticity tensor with Lamé parameters λ̂ and µ̂. (In general, C depends on
the metric G.)

We first recall Rachele’s uniqueness result for linear, isotropic elastic
media in Euclidean space. In particular, we consider an isotropic, linearly
elastic medium (Ω, λ, µ, ρ) (respectively, (Ω, λ̂, µ̂, ρ̂)) that satisfies the
admissibility conditions given at the start of Section 2, e.g., µ > 0 and
3λ+ 2µ > 0 (positive definiteness of C) on Ω̄. In addition, we assume that
the metrics gp = ([λ + 2µ]/ρ)−1 e and gs = (µ/ρ)−1 e (respectively,
ĝp = ([λ̂ + 2µ̂]/ρ̂)−1 e and ĝs = (µ̂/ρ̂)−1 e) have the property that gp/s
does not give rise to caustics; the geodesics of gp/s all exit Ω in finite time;
and the geodesics do not graze ∂Ω. Finally, we assume that λ = 2µ (i.e.,
cp = 2cs) on a small enough set, e.g., at only isolated points in Ω̄, and that
the conditions for one of the boundary rigidity results [38], [2], [36], [5], [15],
and [37] holds. (See also Pestov [27] for weaker conditions needed to invert
the ray transform for tensor fields.)

Theorem 3 (Rachele [31], [29], [30], Uniqueness for isotropic
elastodynamics in Euclidean space). Suppose that (Ω, λ, µ, ρ) (respectively,
(Ω, λ̂, µ̂, ρ̂)) are isotropic, linearly elastic media satisfying the conditions
given in the previous paragraph. In addition, suppose that

Λe,λ,µ,ρ = Λ
e,bλ,bµ,bρ on (0, T ),

where T <∞ is greater than the geodesic distance (with respect to each of
gp, gs, ĝp, ĝs) between any two boundary points of Ω. Then for any X ∈ Ω̄

λ(X) = λ̂(X), µ(X) = µ̂(X), and ρ(X) = ρ̂(X).

We denote by
Oiso = {(ψ∗G, ψ∗Ciso, ψ∗ρ) | ψ ∈ Ψ}

the orbit of isotropic, linearly elastic media. We now prove uniqueness
for the anisotropic, linearly elastic media in the orbit Oiso by applying
Theorem 1, equation (14), and Theorem 3. (In Theorem 11 we give a
pointwise characterization of Oiso and a pointwise description of parts of
the orbits of other types of anisotropic elastic media.)

Corollary 4 (Partial uniqueness within the orbit generated by isotropic
elastic media). Consider admissible, linearly elastic media (Ω, ψ∗G, ψ∗Ciso,
ψ∗ρ), (Ω, ψ̂∗Ĝ, ψ̂∗Ĉiso, ψ̂∗ρ̂) ∈ Oiso. Suppose that the transformed media
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Ω, e,

√
det G(λ, µ, ρ)

)
and

(
Ω, e,

√
det Ĝ(λ̂, µ̂, ρ̂)

)
satisfy the conditions of

Theorem 3. In addition, suppose that

(17) Λ
ψ∗G,ψ∗Ciso,ψ

∗ρ
= Λ bψ∗ bG, bψ∗bCiso, bψ∗bρ .

Then for X ∈ Ω and δ =
√

det Ĝ/
√

det G

λ(X) = δ λ̂(X), µ(X) = δ µ̂(X), and ρ(X) = δ ρ̂(X).

Proof. By Theorem 1 the left side Λ
ψ∗G,ψ∗Ciso,ψ

∗ρ
of (17) may be written

as ΛG,Ciso,ρ
, which by (14) agrees with Λe,

√
det G(Ciso,ρ)

. Similarly, the right
side of (17) may be written as Λ e,

√
det bG(bCiso,bρ). The result now follows by

(17) and Theorem 3. �

Remark 5. In particular, we may apply Corollary 4 to prove uniqueness
for isotropic elastodynamics in the setting of any arbitrary, flat metric Ḡ of
the form ψ∗e, ψ ∈ Ψ. In this case the elasticity tensor C (isotropic with
respect to Ḡ) has the form

CABCD = λ(X)ḠABḠCD + µ(X)
[
ḠACḠBD + ḠADḠBC

]
.

In fact, C = ψ∗Ciso.

We next consider the associated inverse boundary problem in Euclidean
space for linear, isotropic elastic media with residual stress. In particular,
we consider an isotropic linearly elastic medium (Ω, λ, µ, ρ, T ) (and another
(Ω, λ̂, µ̂, ρ̂, T̂ )) with initial stress S (respectively, Ŝ) given by the symmetric,
C∞-smooth 2-tensor T (T̂ ), called the residual stress tensor, which satisfies
∇x · T = 0 in Ω (divergence-free in the interior) and T · ~ν = 0 on ∂Ω
(zero surface traction), where ν is the unit outer normal to ∂Ω. The same
conditions hold for T̂ . We assume that the admissibility conditions given
at the start of Section 2 hold. (The strong ellipticity condition here for
◦
AaAb

B =
◦
CA

′AB′B
iso δaA′δbB′ +δabT AB reduces to the conditions that λ+µ > 0

on Ω̄ and that µ(x)I + T be uniformly positive-definite on Ω̄. We use the
model for residual stress derived by Hoger [11], [12] here. ( See [32] for
details.) In addition, we assume that the normal derivatives of all orders of
each of λ, µ, ρ, T , and its counterpart from λ̂, µ̂, ρ̂, T̂ , are the same
at ∂Ω; and that the conditions for one of the boundary rigidity results [38],
[2], [36], [5], [15], and [37] holds.

Theorem 6 (Rachele [32], Partial uniqueness for (λ, µ, ρ, T ) in Euclidean
space). Suppose that (Ω, λ, µ, ρ, T ) (respectively, (Ω, λ̂, µ̂, ρ̂, T̂ )) are
isotropic, linearly elastic media with residual stress satisfying the conditions
of the preceeding paragraph. Let

gp =
(λ+ 2µ

ρ
I +

1
ρ
T

)−1
and gs =

(µ
ρ
I +

1
ρ
T

)−1
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denote the metrics whose geodesics are the paths of wave propagation in these
media (respectively, ĝp and ĝs). In addition, suppose that

Λe,λ,µ,ρ,T = Λ
e,bλ,bµ,bρ,bT on (0, T ),

where T <∞ is greater than the geodesic distance (with respect to each of
gp, gs, ĝp, ĝs) between any two boundary points of Ω. Then

ψ∗pgp = ĝp and ψ∗sgs = ĝs in Ω

for some diffeomorphisms ψp, ψs of Ω̄ which are the identity on ∂Ω.

Under slightly different conditions Hansen and Uhlmann [10] show that
Theorem 6 holds even in the presence of caustics.

We conclude from Theorem 1, equation (14), and Theorem 6, that
uniqueness holds for the anisotropic (with respect to e) elastic media in
the orbit

Oresid = { (ψ∗G, ψ∗Ciso, ψ∗ρ, ψ∗T ) | ψ ∈ Ψ }

of e-isotropic elastic media with residual stress. The equations of motion
for such media are given by (38) with second Piola-Kirchhoff stress tensor

◦
S

given by the residual stress tensor T .

Corollary 7 (Partial uniqueness within the orbit generated by isotropic
elastic media with residual stress). Consider admissible linearized elastic
media (Ω, ψ∗G, ψ∗Ciso, ψ∗ρ, ψ∗T ), (Ω, ψ̂∗Ĝ, ψ̂∗Ĉiso, ψ̂∗ρ̂, ψ̂∗T̂ ) ∈ Oresid

with the property that the transformed media
(
Ω, e,

√
det G(λ, µ, ρ, T )

)
and(

Ω, e,
√

det Ĝ(λ̂, µ̂, ρ̂, T̂ )
)

satisfy the conditions of Theorem 6. In addition,
suppose that

Λψ∗G,ψ∗Ciso,ψ
∗ρ,ψ∗T = Λ bψ∗ bG, bψ∗bCiso, bψ∗bρ, bψ∗ bT .

Then for gp, gs, ĝp, ĝs as defined in Theorem 6

ψ∗pgp = ĝp and ψ∗sgs = ĝs in Ω

for some diffeomorphisms ψp, ψs of Ω̄ which are the identity on ∂Ω.

In the same spirit any interior uniqueness result that uses displacement-
traction data for a class of isotropic media with residual stress gives rise to
partial uniqueness for any density and elastic moduli on the orbit of that
class. For example, we expect these results to apply to [13], [17], [34], which
we describe in the introduction.

Corollaries 4 and 7 illustrate an approach that may be taken to prove
partial uniqueness for more general anisotropic (linear or linearized) elastic
media. The strategy is to prove uniqueness for the simplest class of
anisotropic media in an orbit O, and then to derive partial uniqueness,
via Theorem 1, for other anisotropic media in O.
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2.2. The Symmetry Group of ψ∗C. In the previous section we extend
uniqueness results for elastic media to their orbits under the action of Ψ.
Consequently, we are interested in characterizing the orbits of each type of
(an)isotropic elastic media, especially the orbit of isotropic elastic media (for
which uniqueness results are already known). In this section we characterize
the orbit of isotropic elastic media. (At any X ∈ Ω the orbit of the isotropic
elasticity tensors consists of the isotropic, some transverse isotropic, and
some orthotropic elasticity tensors.) We also describe ψ∗C(X) for most other
types of anisotropic media, for certain ψ ∈ Ψ. In particular, we describe the
type of anisotropy of ψ∗C via its material symmetry group with respect to
the Euclidean metric.

The material symmetry group G associated with an elastic medium is
defined to be the subgroup of G-orthogonal transformations Q : TXΩ →
TXΩ (i.e., with QT = Q−1, where, in coordinates, QT (X)AB =
GBB′QB

′
A′GA

′A) whose action on the reference configuration does not
change the material response. In particular, the symmetry group SymeT at
X ∈ Ω of an m-tensor field T on Ω (e.g., an elasticity tensor C) is defined
to be the collection of e-orthogonal transformations Q of TXΩ (i.e., with
QT (X)AB = δBB′QB

′
A′δA

′A) such that

Q ∗ T(X) = T(X),

where for any 3 × 3 matrix M (which we identify with a (1, 1)-tensor) we
define M ∗ T(X) to be the m-tensor with components

(18) (M ∗ T(X))ABC...D = MA
A M

B
B M

C
C . . .M

D
D T(X)ABC...D.

We remark that the ∗ operation respects the symmetries of T for any
invertible matrix M ; in particular, it defines an action of the orthogonal
group O(3) on the space of elasticity tensors.

In addition, the ∗ operation defines an action of O(3) on the symmetry
groups of elasticity tensors. In fact, the action of Q ∈ O(3) on the symmetry
group of a tensor T is given by the symmetry group of Q ∗ T :

(19) Syme(Q ∗ T) = Q( SymeT)QT = Q ∗ ( SymeT)

since Q ∈ SymeT if and only if QQQT ∗ (Q ∗ T) = Q ∗ T. Here we write
M ∗ G = MGMT in terms of conjugation by M for any rank-2 tensor G,
and we write

(20) M ∗ G = M GMT = {MGMT | G ∈ G }

for any collection G of linear transformations.
Given an elasticity tensor C with a certain type of anisotropy (one of eight

types, given [8]), there exists a right-handed orthonormal basis {e1, e2, e3}
so that the symmetry group of C is generated by −I and the orthogonal
transformations listed in Table 1. (See [4], for example.) The generators in
Table 1 have the form Qφej , j = 1, 2, 3, where Qφej is the rotation of angle φ
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about ej ; e.g., Qφe3(xe1+ye2+ze3) = [x cosφ−y sinφ]e1+[y cosφ+x sinφ]e2+
ze3. Throughout, sg{Qπei

, Qπej
} denotes the subgroup of O(3) generated

by Qπei
, Qπej

. These generators are not independent in the sense that, for
example, sg{Qπe1 , Q

π
e2} = sg{Qπe1 , Q

π
e2 , Q

π
e3} sinceQπe1◦Q

π
e2(xe1+ye2+ze3) =

Qπe1(−xe1 + ye2 − ze3) = (−xe1 − ye2 + ze3) = Qπe3(xe1 + ye2 + ze3).
Two elasticity tensors C1 and C2 have the same anisotropy type at X ∈ Ω

if and only if there exists an orthogonal transformation Q such that

C1(X) = Q ∗ C2(X).

To describe the symmetry group of ψ∗C for ψ ∈ Ψ at a fixed point X ∈ Ω,
we write Dψ−1(X) in terms of its polar decomposition with the positive,
symmetric S diagonalized as S = UDUT . Here U, V are orthogonal, and
D = diag (a, b, c) is a diagonal 3 × 3 matrix with a, b, c the (positive)
eigenvalues of S. Without loss of generality, we assume either that a = b = c,

that a = b 6= c, or that the a, b, c are distinct.
We observe that at X ∈ Ω

(21) ψ∗C = (Dψ−1) ∗ (C ◦ ψ) = UDUTV ∗ (C ◦ ψ) = UD ∗ C̄ = U ∗ ̂̄C,
where

(22) C̄ = UTV ∗ (C ◦ ψ) and ̂̄C = D ∗ C̄.

It follows, given (19), that we may reduce the task of describing Symeψ
∗C

to that of describing Syme(D ∗ C̄) for any elasticity tensor C̄.

Proposition 8. Let C be an admissible elasticity tensor on Ω. For X ∈ Ω
and ψ ∈ Ψ with polar decomposition at X in the form described above

(23) Symeψ
∗C = U ∗ Syme(D ∗ C̄),

(24) SymeC̄ = UTV ∗ Syme(C ◦ ψ).

We note that the action on SymeC̄ of the pullback by D is accomplished
at each point X ∈ Ω by varying only two parameters a/c and b/c.

A partial description of the relationship at X ∈ Ω between SymeC̄ and
Syme(D ∗ C̄) is given in the following proposition.

Proposition 9. Let C̄ be an admissible elasticity tensor on Ω. Let D be
a 3× 3 matrix. Then

(25) SymeC̄ ∩ SymeD ⊆ Syme(D ∗ C̄).

Proof. For Q ∈ SymeC̄ ∩ SymeD we have Q ∗ (D ∗ C̄) = QD ∗ C̄ =
DQ ∗ C̄ = D ∗ C̄. That is, Q ∈ Syme(D ∗ C̄). �

The simplest situation in (25), and the one we consider here, occurs
when S is diagonal with respect to the basis {e1, e2, e3} used to describe
SymeV ∗ (C ◦ ψ). The computational complexity of the other cases is
significantly greater. This motivates the following definition. We say that ψ
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is aligned with C (at X ′ ∈ Ω) if there is a polar decomposition of Dψ−1

and diagonalization of the stretch factor S as described above so that,
with respect to the standard basis for Euclidean space, the generators of
SymeC̄(X ′) are listed in Table 1. We observe below that for certain aligned
ψ and C equality holds in (25).

Remark 10. For C isotropic, every ψ ∈ Ψ is aligned with C.

Without loss of generality, we set c = 1 below.

Theorem 11 (Computing D∗C̄ in the aligned case). Let C̄ be an admissible
isotropic, transverse isotropic, cubic, or tetragonal elasticity tensor on Ω
represented by parameters (ᾱ, β̄, Ā11, B̄11, ᾱ0, ᾱ4) via the harmonic-Cartan
decomposition (53) and (57). Suppose that, with respect to the standard basis
for Euclidean space, the generators of SymeC̄ are listed in Table 1. Let
D = diag (a, b, 1) be a diagonal 3×3 matrix with a, b positive and a = b 6= 1
or a, b, 1 distinct. Then via the harmonic-Cartan decomposition we may
represent D ∗ C̄ by (̂̄α, ̂̄β, ̂̄A11, ̂̄B11, ̂̄α0, ̂̄α2, ̂̄α4), and the (scaled) parameters
(15̂̄α, 15̂̄β, 21 ̂̄A11, 21 ̂̄A22, 21 ̂̄B11, 21 ̂̄B22, 280̂̄α0, 14̂̄α2, 8̂̄α4) for D ∗ C̄ are given
by
(26)

ᾱ · Pᾱ(a, b) + β̄ · Pβ̄(a, b) + Ā11 · PĀ11(a, b)

+ B̄11 · PB̄11(a, b) + ᾱ0 · Pᾱ0(a, b) + ᾱ4 · Pᾱ4(a, b),

where the P (a, b), defined by (77), are linearly independent for fixed a, b.
In fact, SymeC̄ 6⊆ SymeD implies

(27) SymeC̄ ∩ SymeD = Syme(D ∗ C̄).

Remark 12. Note that in the case that a = b = c we have that D∗C̄ = a4C̄,

and so the pullback by ψ preserves the type of anisotropy of the elasticity
tensor.

The proof of Theorem 11, given in Section 5, is based on the harmonic
decomposition (53) of the elasticity tensor C̄, followed by the Cartan
decomposition (57) of the fourth-order, harmonic part H̄ of C̄, as described
in [8]. Due to this decomposition we may write exact formulas for the
(an)isotropic elasticity tensors C̄ and D ∗ C̄. We then use the mathematical
software Maple to compute the harmonic-Cartan decomposition ofD∗C̄, and
analyze the (possible) vanishing of certain terms in order to relate SymeC̄

with SymeD ∗ C̄.
Below we relate the type of (an)isotropy in the aligned case of isotropic,

transversely isotropic, cubic, and tetragonal C̄ and the corresponding D ∗ C̄.

Corollary 13 (Characterizing the range of the D∗ operation on some
aligned C̄). Suppose that C̄ satisfies the conditions of Theorem 11. Then:

i). For C̄ isotropic and a = b 6= 1, the range of D ∗ C̄ is a 3-parameter
family of the form ᾱ ·Pᾱ(a, b)+ β̄ ·Pβ̄(a, b) in the 5-parameter family
of transverse isotropic elasticity tensors.
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ii). For C̄ cubic and a = b 6= 1, the range of D ∗ C̄ is a 4-parameter
family of the form ᾱ·Pᾱ(a, b)+β̄ ·Pβ̄(a, b)+ᾱ0 ·[Pᾱ0(a, b)+5Pᾱ4(a, b)]
in the 5-parameter family of tetragonal elasticity tensors.

iii). If a, b, 1 are distinct, then for isotropic, transverse isotropic, cubic,
or tetragonal C̄, the range of D∗C̄ is a family of orthotropic elasticity
tensors of the form (26).

Corollary 13 is a consequence of Theorem 11 and Section 5.2, and is
derived in Section 5.4. The following proposition is also proved in Section
5.4.

Proposition 14. If C is isotropic, transverse isotropic, or orthotropic, and
ψ is aligned with C at X ′ ∈ Ω, then ψ−1 is aligned with ψ∗C at X = ψ(X ′).

Corollary 15 (D∗ preserves transverse isotropy for some aligned C̄(X)).
For X ∈ Ω there is a(n at least two-parameter) non-trivial family of
transverse isotropic C̄(X) with the property that D∗C̄(X) remains transverse
isotropic when a = b 6= 1.

3. Definitions

We follow Marsden and Hughes [21] to represent an elastic body as a
Riemannian manifold (Ω,G). Let (S,g) be a (fixed) Riemannian manifold
of the same dimension representing the ambient space within which the body
Ω moves. In this paper S = R3 and for applications we take g to be the
Euclidean metric. We write {XA} for coordinate systems on Ω, and {xa}
for coordinate systems on the ambient space S.

General tensor notation. We follow notational conventions for tensor
analysis as in [21]. In particular, tensor fields are generally written
in boldface and their components in standard font, e.g., the so-called
deformation gradient F is a tensor field with components FaA.

A two-point tensor T of type
(
q l
p m

)
atX ∈ Ω over a mapping φ : Ω → S

is a multilinear mapping into R from the product space consisting of p copies
of T ∗XΩ, q copies of TXΩ, l copies of T ∗xS, and m copies of TxS, where
x = φ(X). The components of T are denoted by TA1...Ap

B1...Bq
a1...al

b1...bm ,
where, in general, upper-case indices denote tensorial behavior with respect
to the referential setting, lower-case indices with respect to the spatial
setting, and the pullback of a two-point tensor by ψ : Ω → Ω interacts only
with indices corresponding to the reference configuration (i.e., the upper-case
indices). We use the terminology two-point vector for a two-point tensor of

type
(

0 1
0 0

)
.
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The non-linear case. The deformation of an elastic body is modeled by
mappings of the form φ(X, t) = φt(X) : Ω × (0, T ) → S. In fact, we call a
mapping φ : Ω → S a configuration of Ω in S, and we denote by C the set
of all configurations of Ω in S. A motion φt : Ω → S of the body Ω in S is a
curve in C parametrized by t, where t ranges over some open interval of R.
A motion φt is C2 regular if φt is invertible on φt(Ω) for each t, and if φt(X)
and φ−1

t (X) are C2 as functions of t and X ∈ Ω. We write x = φt(X).
For any fixed diffeomorphism ψ ∈ Ψ of Ω̄ we write

φ′t = ψ∗φt, X ′ = ψ−1(X), G′ = ψ∗G,

for any φt that is a C2 regular motion of Ω in S, where t ∈ [0, T ] with
0 < T <∞. We remark that φ′t is also a C2 regular motion of Ω in S.

The Cauchy stress tensor σ(x, t) is a
(
2
0

)
tensor field which has the

property that the Cauchy stress vector t(x, t,n) = σ ·n represents the force
per unit (of deformed) area exerted on a surface element that is oriented with
unit normal vector n(x). The first Piola-Kirchhoff stress tensor P(X, t) is
the Piola transform (on the second index) of the Cauchy stress tensor σ;
that is,

(28) P aA(X) = J(X, t) (F−1)Ab σab,

where

(29) F(X, t) = Dφt(X), with F(X, t)aA = Dφt(X)aA =
∂φt

a

∂XA

is the deformation gradient (with respect to a motion φt of Ω), and the
scalar

(30) J(X, t) =
√

det g√
det G

det (Dφt)

is the Jacobian of the linear transformation F.
The second Piola-Kirchhoff stress tensor S(X, t) is the pull-back of the

first leg of P via φt, i.e., SAB = (F−1)AaP
aB.

A material is called hyperelastic if there exists a scalar functional W =
Ŵ (X,G,C[) such that

ŜAB = 2ρ
∂Ŵ

∂C[AB
,

where C[ = φ∗t g is related to the deformation tensor C = FTF by CAB =
GAAC[AB. W is called the stored energy function, and corresponds to the
internal energy per unit mass E = Ê(X,G,C[) at thermal equilibrium.

It follows from the constitutive equations that the elasticity tensor C =
Ĉ(X,G,C[), which measures the dependence of stress on the strain, may
be written as

(31) CABCD = 2ρ
∂2Ê

∂C[AB∂C[CD
.
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That is, in this case C depends on the motion φt, and so we view G and
O = (E, ρ) as the material parameters of the elastic object.

We say that φt solves the initial-boundary-value problem for non-linear
hyperelasticity if, for given Dirichlet boundary data f,

FG,E,ρ(φt) = ρA − DIVG P = 0 on Ω,(32a)

φt(X) = X + f(X, t) for X ∈ ∂Ω,(32b)

φt(X) = 0 for t = 0,(32c)

V(X, t) = 0 for t = 0,(32d)

where V(X, t) = ∂φt/∂t is the material velocity vector field, and A(X, t),
the acceleration vector field, is given by

(33) Aa = ∂V a/∂t+ (γabc ◦ φt)V bV c

on Ω. Throughout, γabc and ΓABC denote (respectively) the Christoffel symbols
for the spatial metric g and referential metric G. The divergence of a two-
point tensor P = (P aA) is defined in the referential setting by

(34) (DIVX P)a =
∂P aA

∂XA
+ ΓAAA P

aA + (γab a ◦ φ)FbAP aA,

as in [21].
We refer to [21], p. 401, 406, for a discussion of existence and uniqueness

for the non-linear initial-boundary-value problem.
The surface measurements used to determine the material parameters

G, E, ρ of the elastic object are modeled by the dynamic Dirichlet-
to-Neumann map ΛG,E,ρ. The Dirichlet-to-Neumann map gives the
correspondence (when there exist unique solutions of (32)) between the
surface displacement and the surface traction taken over a finite period of
time. Following [38], we view the Dirichlet-to-Neumann map as a vector-
valued form representing the flux, given in the case of non-linear elasticity
by

(35) (ΛG,E,ρf )a = 〈P, νG〉a dSG = P aA GAB νBG dSG

for t ∈ [0, T ], where dSG is the area form on ∂Ω induced by G, νG is the
unit outer normal to ∂Ω with respect to G, and the motion φt solves (32)
for boundary values f. By Corollary 2 the Dirichlet-to-Neumann map may
also be written with respect to the Euclidean metric as

(36) (ΛG,E,ρf )a = P aA δAB νB
√

det G dS,

where dS is the area form on ∂Ω, and ν is the unit outer normal vector to
∂Ω, each with respect to the Euclidean metric.



20 A. MAZZUCATO AND L. RACHELE

The linearized case. We linearize about an arbitrary C2-regular motion
◦
φ t which solves (32a), as in [21], Section 4.2. The initial-boundary-value
problem in this case is given by

P
G,

◦
A,

◦
C,ρ,

◦
S,

◦
P

U = 0 on Ω,(37a)

U(X, t) = f(X, t) for X ∈ ∂Ω,(37b)

U(X, t) = 0 for t = 0,(37c)

∂U(X, t)/∂t = 0 for t = 0,(37d)

with Dirichlet boundary data f , where the operator P
G,

◦
A,

◦
C,ρ,

◦
S,

◦
P

is given by

(38) P
G,

◦
A,

◦
C,ρ,

◦
S,

◦
P

U = ρ
(∂2U(X, t)

∂t2
+

◦
A

)
− DIVG(

◦
A · ∇U +

◦
P).

Here ρ(X) is the mass density in the reference configuration; U, the
infinitesimal displacement, is a vector field over the motion

◦
φ t (that is,

a two-point vector over
◦
φ t); and

◦
A, the first elasticity tensor, is given by

◦
AaAb

B = 2
◦
CEAFB

◦
FaE

◦
FcF

◦g bc +
◦
SABδab.

In addition,
◦
A(X, t) is the material acceleration,

◦
C is the (second) elasticity

tensor defined in (31),
◦
F is the deformation gradient, and

◦
P and

◦
S are the

first and second Piola-Kirchhoff stress tensors, respectively, all associated
with

◦
φ t.

We emphasize that U does not behave like a vector field on Ω; in fact,
the covariant derivative ∇ (w.r.t G) of the two-point vector U over

◦
φ t is

given by

(39) (∇U)bB = ∂Ub/∂XB + (◦γbac ◦
◦
φ t)Ua FcB.

The Dirichlet-to-Neumann map is defined in this case by

(40)
(ΛG,

◦
A,

◦
C,ρ,

◦
S,

◦
Pf )a =

〈 ◦
A · ∇U +

◦
P, ν

〉a
dSG

=
[ ◦
AaAb

B (∇U)bB +
◦
PaA

]
GAC νG

C dSG

for t ∈ [0, T ], where, again, dSG is the area form on ∂Ω induced by G, νG

is the unit outer normal to ∂Ω with respect to G, and U solves (37) with
boundary data f .

By Corollary 2 the Dirichlet-to-Neumann map may also be written with
respect to the Euclidean metric as

(41) (ΛG,
◦
A,

◦
C,ρ,

◦
S,

◦
Pf )a =

[ ◦
AaAb

B (∇U)bB +
◦
PaA

]
δAC νC

√
det G dS,

where, again, dS is the area form on ∂Ω, and ν is the unit outer normal
vector to ∂Ω, each with respect to the Euclidean metric.
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The classical linear case. Linearizing about a stress-free, undeformed
state

◦
φ(X, t), which we choose to be an embedding ι : Ω ↪→ R3, results in the

classical linear equations (6) and the associated Dirichlet-to-Neumann map
(12). (See (8) and (14) for their representation in Euclidean coordinates.)
In fact, in this case,

◦
S,

◦
P, and

◦
A vanish, so that (38) reduces to

PG,C,ρU = ρ
∂2U
∂t2

− DIVG(A · ∇U).

If the spatial metric g is Euclidean, as we take in applications, then ∇ acts
on U as if U were a scalar, and the equations of motion, in local coordinates,
are

ρ
∂2Ua

∂t2
− 1√

det G

∂

∂XA

(√
det G AaAb

B ∂U b

∂XB

)
= 0.

where A depends on the elasticity tensor C in this case simply via AaAb
B =

2CEAFB(Dι)aE(Dι)cF δbc.
Given any smooth diffeomorphism ψ of Ω, we observe that

◦
φ ′(X, t) =

◦
φ(ψ(X), t) is also stress-free, since the stress tensor S associated with a
motion is covariant (see Section 4), so

◦
S′ = ψ∗

◦
S = 0 since

◦
S = 0.

It follows that when the equations of motion are rewritten in Euclidean
coordinates, there are no “lower-order” terms arising from the Christoffel
symbols, and so the equations of motion continue to describe an elastic
response, but with respect to modified physical parameters. Therefore, as
in the analysis of the wave equation, we may reduce anisotropic elasticity
to the isotropic case by pulling back by ψ, at least for certain anisotropic
media.

4. Proof of Theorem 1

We begin with the non-linear case. We model the behavior of the
hyperelastic body (Ω,G, E, ρ) by the initial-boundary-value problem (32).
We will first show that the equations of motion (32a) are covariant; that is,
given a sufficiently regular motion φt and any diffeomorphism ψ : Ω̄ → Ω̄,
we show that

(42) ψ∗(F
G,E,ρ

φt) = F
G′,E′,ρ′

φ ′t,

where X ′ = ψ−1(X), φ ′(X ′, t) = φ(X, t), G′ = ψ∗G, E′ = ψ∗E = E ◦ ψ,
and ρ′ = ψ∗ρ = ρ ◦ ψ.

It is established [21] that the equations of elastodynamics are covariant
in Eulerian coordinates. Below we extend the argument to Lagrangian
coordinates, with special consideration taken for the anisotropy of the energy
E in Lagrangian coordinates.

To prove (42) we begin by writing the material acceleration, the first
Piola-Kirchhoff stress tensor, and the second Piola-Kirchhoff stress tensor
associated with (ψ∗G, ψ∗E,ψ∗ρ) and φt

′ as A′, P′, and S′, respectively.
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Note that the representation (33) of A in terms of the velocity V, which
is given in terms of φt, implies that A′(X, t) = A

(
ψ(X), t

)
= ψ∗A.

(In particular, A behaves like a scalar with respect to ψ.) In addition,
S′AB = 2ρ′

(
∂(E ◦ ψ)/∂(ψ∗C[)

)AB since C[′ = φ′∗t e = (φt ◦ ψ)∗e = ψ∗C[.

Then ψ∗(FG,E,ρφt) = ρ′A′ − ψ∗(DIVGP) = ρ′A′ − DIVψ∗Gψ
∗P by the

Piola transform ([21], pp. 116–118). We conclude that (42) follows if
P′ = ψ∗P.

Now PaB = FaASAB, and F′aC = ∂φ ′a(X ′, t)/∂X ′C = (FaA ◦
ψ)(Dψ)AC = (ψ∗F)aC , so (ψ∗P)aB

′
= (ψ∗F)aC(ψ∗S)CB

′
= F′aC(ψ∗S)CB

′
.

Therefore, to show ψ∗P = P′ we will show ψ∗S = S′.
Under the constitutive hypothesis for hyperelastic media, the free energy

function E = E(X,G,C[) is related to S = S̄(X,G,C[) by

(43) SAB = 2ρ
∂E

∂C[
AB

.

(See [21], Proposition 4.6.) In addition, the balance laws (conservation of
mass, balance of momentum, balance of moment of momentum, and balance
of energy) that describe the behavior of hyperelastic media are equivalent to
the covariance of the energy [21], Theorem 4.13. But the referential energy
E is covariant, in the case that E depends functionally just on the point X
and the Cauchy-Green deformation tensor C, only if the elastic medium is
isotropic.

To include anisotropic media in the discussion we first recall that any
particular type of material anisotropy may be characterized by its material
symmetry group. (See Section 2.2.) We may associate with any material
symmetry group G a finite collection of structural tensors ζ1, . . . , ζm which
form a basis for the space of invariant tensors under the action of G; that
is, the structural tensors ζi (of order ki), i = 1, . . . ,m, satisfy

Q ∈ G iff 〈Q〉k1ζ1 = ζ1, . . . , 〈Q〉kmζm = ζm,

where the Kronecker product 〈Q〉k of an orthogonal transformation Q is
defined by

(44) (〈Q〉kζ)i...j = Qii · · ·Qjjζi...j

for any tensor ζ of order k, with Qij , ζi...j the Cartesian components of Q
and ζ.

Therefore, we write, given [21], p. 220, [19], and [42], the energy E

as a function E = Ê(G,C[, ζ1, . . . , ζm) of G, C[, and the structural
tensors ζ1, . . . , ζm. It follows from (43) that SAB = 2ρ

(
∂Ê/∂C[

)AB =
2ρ ∂Ê/∂C[

AB.
Given any diffeomorphism ψ : Ω̄ → Ω̄, we define the function Ě of Ḡ,

C̄[, ζ̄1, . . . , ζ̄m by Ě(Ḡ, C̄[, ζ̄1, . . . , ζ̄m) = [Ê(ψ∗Ḡ, ψ∗C̄[, ψ∗ζ̄1, . . . , ψ∗ζ̄m)] ◦
ψ. Then, due to the covariance of the energy, ψ∗E = E ◦ ψ =
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Ě(ψ∗G, ψ∗C[, ψ∗ζ1, . . . , ψ
∗ζm). It follows that

(45) ψ∗
( ∂Ê

∂C[

)AB
= (Dψ−1)AA(Dψ−1)BB ·

( ∂Ê

∂C[

)AB
◦ ψ

and

(46)

( ∂Ê

∂C[

)AB
◦ ψ =

( ∂Ě

∂(ψ∗C[)

)A′B′

· ∂(ψ∗C[ ◦ ψ−1)A′B′

∂C[
A B

=
( ∂Ě

∂(ψ∗C[)

)A′B′

· (Dψ)AA′(Dψ)B B′ .

Consequently, ψ∗S = S′ since

(47) ψ∗S = 2(ρ ◦ ψ)ψ∗
( ∂Ê
∂C[

)
= 2ρ′

∂Ě

∂(ψ∗C[)
= S′.

The Dirichlet-to-Neumann maps agree in this case because ψ ∈ Ψ is the
identity at the boundary to first order, which implies that G′ = ψ∗G is G
at ∂Ω and P′ = ψ∗P is P at ∂Ω. That is, ΛG,E,ρf = 〈P, ν〉

√
det G dS

agrees with ΛG′,E′,ρ′ f = 〈P′, ν〉
√

det G′ dS at ∂Ω.

The linearized case. In this case we model the displacement of the
hyperelastic body by the initial-boundary-value problem (37). To check
that the equations of motion (37a) are covariant, we consider a motion
◦
φ t : (Ω,G) → (S,g) of an elastic body (Ω,G,

◦
E, ◦ρ). Given a diffeomorphism

ψ ∈ Ψ, we define
◦
φ ′(X ′, t) : (Ω, ψ∗G) → (S,g) by

◦
φ ′(X ′, t) =

◦
φ(ψ(X ′), t),

where X ′ = ψ−1(X). It follows from the proof of covariance for the non-
linear case that

◦
φ ′ is a motion of the transformed elastic body (Ω,

◦
G′,

◦
E′, ◦ρ ′),

where
◦
G′ = ψ∗

◦
G, ◦ρ ′ = ◦ρ ◦ψ, and

◦
E′ =

◦
E ◦ψ. The same proof shows that

◦
F′ = ψ∗F,

◦
P′ = ψ∗

◦
P, and

◦
S′ = ψ∗

◦
S. Also,

◦
C′ = ψ∗

◦
C by (31) and the

reasoning in (45) and (47).
It follows that

◦
A′ = ψ∗

◦
A since A depends tensorially on C, F, and the

metric. Explicitly, in components:
(48)

◦
A′aA

′
b
B′

= 2
◦
C′E

′A′F ′B′ ◦
F′aE′

◦
F′cF ′( ◦g bc ◦ φ ′) +

◦
S′A

′B′
(δab ◦ φ ′)

= 2(Dψ−1)E
′
E(Dψ−1)A

′
A(Dψ−1)F

′
F (Dψ−1)B

′
B(

◦
CEAFB ◦ ψ)

· (
◦
FaE

◦
FcF ) ◦ ψ(Dψ)EE′(Dψ)F F ′( ◦g bc ◦ φ) ◦ ψ

+ (Dψ−1)A
′
A(Dψ−1)B

′
B(

◦
SAB ◦ ψ) (δab ◦ φ) ◦ ψ

= (Dψ−1)A
′
A(Dψ−1)B

′
B (

◦
AaAb

B ◦ ψ).

We conclude that

(49)
[∇ψ∗G(U ◦ ψ)]bB′ =

∂(U b ◦ ψ)
∂X ′B′ + (γbac ◦ φ ′)(Ua ◦ ψ)F′cB′

= [(∇GU)bB ◦ ψ] (Dψ)BB′ ,
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where [∇GU]bB = ∂Ub/∂XB + (γbac ◦ φ)Ua FcB is the covariant derivative
of the two-point vector U. Therefore, the linearized stress [

◦
A · ∇GU]aA =

◦
AaAb

B[∇GU]bB satisfies [
◦
A′ · ∇G′U′]aA

′
=

◦
A′aA

′
b
B′

[∇ψ∗G(U ◦ ψ)]bB′ =
(Dψ−1)A

′
A([

◦
A · ∇GU]aA ◦ ψ) = (ψ∗[

◦
A · ∇GU ])aA

′
, where U′ = U ◦ ψ.

For completeness we check below that (DIVX′ [
◦
A′ · ∇G′U′])a = (DIVX [

◦
A ·

∇GU])a ◦ ψ. (See (34) for the definition of the divergence of a two-
point tensor.) We first define εABC = 1 if A,B,C is an even permutation
of 1, 2, 3, εABC = −1 if A,B,C is an odd permutation of 1, 2, 3, and
εABC = 0 otherwise. Then the cofactor matrix Cof M of a 3 × 3 matrix
M is given by (Cof M)A

′
A = (1/2)εABC εA

′B′C′
MB

B′ MC
C′ . It follows

that ∂/∂X
′A′

(Cof Dψ)A
′
A =

∑
B,C,C′ εABC · 0 · ∂XC/∂X

′C′
= 0. Also,∑

A ΓAAB = ∂/∂XB(log
√

det G).
Writing M−1 = Cof M/det M and ∂/∂X

′A′
= (Dψ)AA′(∂/∂XA), we

may therefore conclude that covariance holds, since

(50)

(DIVX′ [
◦
A′ · ∇G′U′])a

=
∂

∂X ′A′ [
◦
A′ · ∇G′U′]aA

′
+ Γ

′A
AA′ [

◦
A′ · ∇G′U′]aA

′

+ (γab a ◦ φ ′)
◦
F

′b
A′ [

◦
A′ · ∇G′U′]aA

′

(51)

=
∂

∂X ′A′

[
(Dψ−1)A

′
A([

◦
A · ∇GU]aA ◦ ψ)

]
+

( ∂

∂X ′A′ log
√

det ψ∗G
)
(Dψ−1)A

′
A([

◦
A · ∇GU]aA ◦ ψ)

+
(
(γab a ◦ φ) ◦ ψ

)
(
◦
FbA ◦ ψ) ([

◦
A · ∇GU]aA ◦ ψ)

=
∂

∂X ′A′

[
(det Dψ−1)Cof (Dψ)A

′
A ([

◦
A · ∇GU]aA ◦ ψ)

]
+

( ∂

∂X ′A′ log(det Dψ) + (Dψ)AA′ΓAAA
)

·(Dψ−1)A
′
A([

◦
A · ∇GU]aA ◦ ψ)

+
(
(γab a ◦ φ)

◦
FbA [

◦
A · ∇GU]aA

)
◦ ψ

= (DIVX [
◦
A · ∇GU])a ◦ ψ.

It follows, since ψ∗(DIVG

◦
P) = DIVψ∗Gψ

∗ ◦P, that

(52)

ψ∗(P
G,

◦
A,

◦
E,◦ρ,

◦
S,

◦
P

U)

= (◦ρ ◦ ψ)
(∂2U(X, t) ◦ ψ

∂t2
+ ψ∗

◦
A

)
− ψ∗

(
DIVG(

◦
A · ∇GU +

◦
P)

)
= P

G′,
◦
A′,

◦
E′,◦ρ′,

◦
S′,

◦
P′ U′.

Again, the Dirichlet-to-Neumann maps agree because ψ ∈ Ψ is the
identity at the boundary, which implies that G′ = ψ∗G is G at ∂Ω,
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P′ = ψ∗P is P at ∂Ω, and
◦
A′ · ∇G′U′ = ψ∗[

◦
A · ∇GU ] is

◦
A · ∇GU at

∂Ω. That is, Λ
G′,

◦
A′,

◦
E′,◦ρ′,

◦
S′,

◦
P′ f = 〈[

◦
A′ · ∇G′U′] +

◦
P′, ν〉

√
det G′ dS agrees

with Λ
G,

◦
A,

◦
E,◦ρ,

◦
S,

◦
P
f = 〈[

◦
A · ∇GU] +

◦
P, ν〉

√
det G dS where 〈P, ν〉a =

PaAδABνB.

The classical linear case. Here we take
◦
φ t to be a stress-free, undeformed

state
◦
φ t(X, t) = ι(X), where ι is an embedding (Ω,G) → (S,g). Therefore,

◦
S,

◦
P = 0, and

◦
A = 0. We observe that

◦
φ ′(X, t) =

◦
φ(ψ(X), t) is also stress-

free since the stress tensor S associated with a motion is covariant, so
◦
S = 0

implies
◦
S′ = ψ∗

◦
S = 0.

In applications, we take g = e so that γabc = 0. Then, a calculation similar
to (50) along with (39) establishes the local-coordinate representation (8) of
the equations of motion. �

Remark 16. For classical linear elasticity, a weak formulation of the
equations of motion, in terms of Dirichlet integrals, holds (see [21]).
In this case, as it happens with the scalar wave equation, it may be
possible to use the weak formulation to obtain obstruction to uniqueness
for diffeomorphisms ψ that fix the boundary to zeroth-order only; i.e., for
which Dψ is not necessarily the identity at the boundary.

5. Proof of Theorem 11

5.1. The harmonic-Cartan decomposition of C̄. We write C̄ (at any
point X ∈ Ω and with respect to any orthogonal basis e1, e2, e3, here the
standard basis for Euclidean space) in terms of its harmonic decomposition
(as described in [8])

(53) C̄ = ᾱI ⊗ I + β̄I×♦I + 2I s©Ā + 2I s♦B̄ + H̄,

where ᾱ and β̄ are scalars, Ā and B̄ are symmetric, traceless 3× 3 matrices
(i.e., with trace Ā11 + Ā22 + Ā33 equal to zero), and H̄ is a totally symmetric
rank-four tensor (i.e., H̄ijkl = H̄σ(ijkl), where σ is any permutation of the
(i, j, k, l) indices). In addition, H̄ is harmonic; that is, for r = xe1+ye2+ze3,

(54) H̄[r, r, r, r] =
3∑

i,j,k,l=1

H̄ijklxe(1)ye(2)ze(3)

is a harmonic polynomial in x, y, z, i.e., (∂2/∂x2 + ∂2/∂y2 +
∂2/∂z2)H̄[r, r, r, r] = 0. Here δij is the Kronecker delta, and we use the
notation
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(55)

e(m) = δim + δjm + δkm + δlm

(A s©B)ijkl =
1
2
(A⊗B + B ⊗A)ijkl =

1
2
(AijBkl + BijAkl)

A s♦B =
1
2
(A×♦B + B×♦A)

(A×♦B)ijkl = AikBjl + AilBjk.

The harmonic decomposition (53) of C̄ may be written in terms of the
components of C̄ as follows:

(56) ᾱ =
1
15

(
2C̄ppkk − C̄pkpk

)
β̄ =

1
30

(
−C̄ppkk + 3C̄pkpk

)
Āij =

1
21

(
15C̄ijkk − 12C̄ikjk − 5δijC̄ppkk + 4δijC̄pkpk

)
B̄ij =

−1
21

(
6C̄ijkk − 9C̄ikjk − 2δijC̄ppkk + 3δijC̄pkpk

)
H̄ ijkl =

1
3
(
C̄ijkl + C̄ikjl + C̄iljk

)
− 1

21

[
(C̄ijmm + 2C̄imjm)δkl + (C̄klmm + 2C̄kmlm)δij

+ (C̄ikmm + 2C̄imkm)δjl + (C̄jlmm + 2C̄imjm)δik

+ (C̄ilmm + 2C̄imlm)δjk + (C̄jkmm + 2C̄imjm)δil
]

+
1

105
(
C̄ppmm + 2C̄pmpm

)(
δijδkl + δikδjl + δilδjk

)
.

(Note the typographical error in [8] in the expression for β̄.)
We then write H̄ in terms of the Cartan decomposition (as described in

[8]):

(57) H̄ = ᾱ0U +
4∑

m=1

ᾱmSm + β̄mT m,

where ᾱ0, ᾱi, β̄i, i = 1...4, are scalars, and the harmonic tensors
U,Si,T i, i = 1...4, have polynomial form

(58)

U[r, r, r, r] = u(x, y, z) = 8z4 + 3(x2 + y2)(x2 + y2 − 8z2)

S1[r, r, r, r] = s1(x, y, z) = zx
(
4z2 − 3[x2 + y2]

)
T 1[r, r, r, r] = t1(x, y, z) = zy

(
4z2 − 3[x2 + y2]

)
S2[r, r, r, r] = s2(x, y, z) = (x2 − y2)

(
6z2 − [x2 + y2]

)
T 2[r, r, r, r] = t2(x, y, z) = 2xy

(
6z2 − [x2 + y2]

)



27

(59)

S3[r, r, r, r] = s3(x, y, z) = zx(x2 − 3y2)

T 3[r, r, r, r] = t3(x, y, z) = zy(3x2 − y2)

S4[r, r, r, r] = s4(x, y, z) = x4 + y4 − 6x2y2

T 4[r, r, r, r] = t4(x, y, z) = 4xy(x2 − y2).

We refer to their polynomial form (54) to compute the components of U, for
example:
(60)
U3,3,3,3 = 8, U1,1,1,1 = 3, U2,2,2,2 = 3,

∑
σ∈S4

Uσ(1,1,3,3) = −24,

∑
σ∈S4

Uσ(2,2,3,3) = −24,
∑
σ∈S4

Uσ(1,1,2,2) = 6,

where S4 is the symmetric group of permutations of four elements.
It follows that the components H̄ijkl of H̄ are given by the following:

(61)

ij\kl 11 22 33

11 3ᾱ0 − ᾱ2 + ᾱ4 ᾱ0 − ᾱ4 −4ᾱ0 + ᾱ2

22 3ᾱ0 + ᾱ2 + ᾱ4 −4ᾱ0 − ᾱ2

33 8ᾱ0

(62)

ij\kl 12 23 13

11 −β̄2/2 + β̄4 −[β̄1 − β̄3]/4 −[3ᾱ1 − ᾱ3]/4
22 −β̄2/2− β̄4 −[3β̄1 + β̄3]/4 −[ᾱ1 + ᾱ3]/4
33 β̄2 β̄1 ᾱ1

12 ᾱ0 − ᾱ4 −[ᾱ1 + ᾱ3]/4 −[β̄1 − β̄3]/4
23 −4ᾱ0 − ᾱ2 β̄2

13 −4ᾱ0 + ᾱ2

while, writing M = (ᾱ+ 2β̄)I + 2(Ā+ 2B̄), C̄− H̄ is given by:

(63)

ij\kl 11 22 33

11 M11 ᾱ+ Ā11 + Ā22 ᾱ− Ā22

22 M22 ᾱ− Ā11

33 M33

(64)

ij\kl 12 23 13

11 (Ā+ 2B̄)12 Ā23 (Ā+ 2B̄)13

22 (Ā+ 2B̄)12 (Ā+ 2B̄)23 Ā13

33 Ā12 (Ā+ 2B̄)23 (Ā+ 2B̄)13

12 β̄ + B̄11 + B̄22 B̄13 B̄23

23 β̄ − B̄11 B̄12

13 β̄ − B̄22
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5.2. Describing SymeC̄ in terms of Ā, B̄, ᾱi, β̄i. The symmetry group
of C̄ is given [8] in terms of the symmetry groups of Ā, B̄, and H̄ by

(65) Syme(C̄) = Syme(Ā) ∩ Syme(B̄) ∩ Syme(H̄).

In addition, following the reasoning given in [8] we present in Table 2 a more
precise description of SymeH̄, almost entirely in terms of the vanishing of
ᾱ0, ᾱi, β̄i, i = 1..4. Note that each of the entries (i.e., sets of rows) of Table 2
is numbered as in Table 1 to indicate its type of (an)isotropy. In Table 2 and
below we denote by Zn,Dn,O, SO(n), O(n) the cyclic, dihedral, octahedral,
special orthogonal, and orthogonal groups. We emphasize that the entries in
Table 2 depend on a choice of orthogonal basis {e1, e2, e3} since the ᾱ0, ᾱi, β̄i
may change with a change of basis.

We observe that the polynomial forms rT Ār = Ā11x
2 + 2Ā12xy + . . . and

rT B̄r of the harmonic 2-tensors Ā and B̄ may also be decomposed in terms
of the basis

ũ = z2 − 1
2
(x2 + y2), s̃1 = zx, t̃1 = zy,

s̃2 = x2 − y2, t̃2 = 2xy

of homogeneous, degree-2 polynomials in x, y, z. In fact,

rTA′r = α̃0ũ + α̃1s̃1 + β̃1t̃1 + α̃2s̃2 + β̃2t̃2

= A′33ũ + 2A′13s̃1 + 2A′23t̃1 +
1
2
(A′11 −A′22)s̃2 + A′12t̃2

for any symmetric, traceless, rank-2 tensor A′. It follows that the symmetry
groups of Ā and B̄ may be described in terms of the vanishing of their
components, as summarized in Table 3.

In addition, as shown in [8],

(66) Syme(Ā) ∩ Syme(B̄) ∼= {I}, Z2, D2, O(2), or SO(3).

We apply this result, together with (24), (65), Table 2, and Table 3 below.

For orthotropic C̄ with SymeC̄ = {Qπe1 , Q
π
e2 , Q

π
e3} the possibilities for

( SymeĀ ∩ SymeB̄) ∩ SymeH̄, and the corresponding restrictions on the
parameters describing Ā, B̄ and H̄ (in addition to the requirements that
Ā, B̄ be diagonal, and ᾱ1, β̄1, ᾱ3, β̄3, β̄2, β̄4 = 0), are:

(67)

i) {Qπe1 , Q
π
e2 , Q

π
e3} ∩ {Q

π
e1 , Q

π
e2 , Q

π
e3},

Ā11 6= Ā22, B̄11 6= B̄22, ᾱ2 6= 0

ii) {Qπe1 , Q
π
e2 , Q

φ
e3} ∩ {Qπe1 , Q

π
e2 , Q

π
e3},

Ā11 = Ā22, B̄11 = B̄22, ᾱ2 6= 0

iii) O(3) ∩ {Qπe1 , Q
π
e2 , Q

π
e3},

Ā11, Ā22, B̄11, B̄22 = 0, ᾱ2 6= 0
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(68)

iv) {Qπe1 , Q
π
e2 , Q

π
e3} ∩ {Q

π
e1 , Q

π
e2 , Q

π/2
e3 },

Ā11 6= Ā22, B̄11 6= B̄22, and ᾱ2 = 0, ᾱ4 6= 0

v) {Qπe1 , Q
π
e2 , Q

π
e3} ∩ {Q

π/2
e1 , Q

π/2
e2 , Q

π/2
e3 },

Ā11 6= Ā22, B̄11 6= B̄22, and ᾱ2 = 0, ᾱ4 = 5ᾱ0 6= 0

vi) {Qπe1 , Q
π
e2 , Q

π
e3} ∩ {Q

π
e1 , Q

π
e2 , Q

φ
e3},

Ā11 6= Ā22, B̄11 6= B̄22, and ᾱ2, ᾱ4 = 0

vii) {Qπe1 , Q
π
e2 , Q

π
e3} ∩O(3)

Ā11 6= Ā22, B̄11 6= B̄22, and ᾱ0, ᾱ2, ᾱ4 = 0.

For trigonal C̄ with SymeC̄ = {Qπe1 , Q
2π/3
e3 } the possibilities for ( SymeĀ∩

SymeB̄) ∩ SymeH̄, and the corresponding restrictions on the parameters
describing Ā, B̄ and H̄ (in addition to the requirements that Ā, B̄ be
diagonal, Ā11 = Ā22, B̄11 = B̄22, ᾱ1, β̄1, ᾱ2, β̄2, ᾱ3, ᾱ4 = 0, β̄4, β̄3 6= 0),
are:

(69)
i) {Qπe1 , Q

π
e2 , Q

φ
e3} ∩ {Qπe1 , Q

2π/3
e3 },

ii) O(3) ∩ {Qπe1 , Q
2π/3
e3 }, Ā11, Ā22, B̄11, B̄22 = 0.

For tetragonal C̄ with SymeC̄ = {Qπe1 , Q
π
e2 , Q

π/2
e3 } the possibilities for

( SymeĀ ∩ SymeB̄) ∩ SymeH̄, and the corresponding restrictions on the
parameters describing Ā, B̄ and H̄ (in addition to the requirements that
Ā, B̄ be diagonal, Ā11 = Ā22, B̄11 = B̄22, ᾱ1, β̄1, ᾱ2, β̄2, ᾱ3, β̄3, β̄4 = 0,
ᾱ4 6= 0), are:

(70)
i) {Qπe1 , Q

π
e2 , Q

φ
e3} ∩ {Qπe1 , Q

π
e2 , Q

π/2
e3 },

ii) O(3) ∩ {Qπe1 , Q
π
e2 , Q

π/2
e3 }, Ā11, Ā22, B̄11, B̄22 = 0.

For cubic C̄ with SymeC̄ = {Qπ/2e1 , Q
π/2
e2 , Q

π/2
e3 } the only possibility

for ( SymeĀ ∩ SymeB̄) ∩ SymeH̄ is O(3) ∩ {Qπ/2e1 , Q
π/2
e2 , Q

π/2
e3 }, and the

corresponding restrictions on the parameters describing Ā, B̄ and H̄ are that
Ā, B̄ = 0, ᾱ1, β̄1, ᾱ2, β̄2, ᾱ3, β̄3, β̄4 = 0, ᾱ4 = 5ᾱ0 6= 0.

For transversely isotropic C̄ with SymeC̄ = {Qπe1 , Q
π
e2 , Q

φ
e3} the

possibilities for ( SymeĀ ∩ SymeB̄) ∩ SymeH̄, and the corresponding
restrictions on the parameters describing Ā, B̄ and H̄ (in addition to the
requirements that Ā, B̄ be diagonal, Ā11 = Ā22, B̄11 = B̄22, ᾱi, β̄i =
0, i = 1, . . . , 4), are:

(71)
i) {Qπe1 , Q

π
e2 , Q

φ
e3} ∩ {Qπe1 , Q

π
e2 , Q

φ
e3},

Ā11, B̄11 6= 0, ᾱ0 6= 0
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(72)

ii) O(3) ∩ {Qπe1 , Q
π
e2 , Q

φ
e3},

Ā, B̄ = 0, ᾱ0 6= 0

iii) {Qπe1 , Q
π
e2 , Q

φ
e3} ∩O(3)

Ā11, B̄11 6= 0, ᾱ0 = 0.

For isotropic C̄ both SymeĀ∩ SymeB̄ and SymeH̄ must be O(3), and so
Ā, B̄ = 0 and ᾱ0, ᾱi, β̄i = 0, i = 1, . . . , 4.

5.3. Computing ̂̄C. We now compute ̂̄C = D ∗ C̄ in terms of C̄. We
observe that (D ∗ C̄)ijkl = C̄ijkl ae(1) be(2) ce(3), where in this formula
e(m) = δim + δjm + δkm + δlm and there is no summation over i, j, k, l. It
follows that D ∗ H̄ has components given by

(73)

ij\kl 11 22 33

11 a4(3ᾱ0 − ᾱ2 + ᾱ4) a2b2(ᾱ0 − ᾱ4) −a2c2(4ᾱ0 − ᾱ2)
22 b4(3ᾱ0 + ᾱ2 + ᾱ4) −b2c2(4ᾱ0 + ᾱ2)
33 8c4ᾱ0

(74)

ij\kl 12 23 13

11 −a3b(β̄2/2− β̄4) −a2bc[β̄1 − β̄3]/4 −a3c[3ᾱ1 − ᾱ3]/4
22 −ab3(β̄2/2 + β̄4) −b3c[3β̄1 + β̄3]/4 −ab2c[ᾱ1 + ᾱ3]/4
33 abc2β̄2 bc3β̄1 ac3ᾱ1

12 a2b2[ᾱ0 − ᾱ4] −ab2c[ᾱ1 + ᾱ3]/4 −a2bc[β̄1 − β̄3]/4
23 −b2c2(4ᾱ0 + ᾱ2) abc2β̄2

13 −a2c2(4ᾱ0 − ᾱ2)

while, writing M = (ᾱ+ 2β̄)I + 2(Ā+ 2B̄), ̂̄C− (D ∗ H̄) is given by:

(75)

ij\kl 11 22 33

11 a4M11 a2b2[ᾱ+ Ā11 + Ā22] a2c2[ᾱ− Ā22]
22 b4M22 b2c2[ᾱ− Ā11]
33 c4M33

(76)

ij\kl 12 23 13

11 a3b(Ā+ 2B̄)12 a2bcĀ23 a3c(Ā+ 2B̄)13

22 ab3(Ā+ 2B̄)12 b3c(Ā+ 2B̄)23 ab2cĀ13

33 abc2Ā12 bc3(Ā+ 2B̄)23 ac3(Ā+ 2B̄)13

12 a2b2[β̄ + B̄11 + B̄22] ab2cB̄13 a2bcB̄23

23 b2c2[β̄ − B̄11] abc2B̄12

13 a2c2[β̄ − B̄22]

To compute the harmonic-Cartan decomposition of ̂̄C we first computê̄α = αb̄C, ̂̄β = βb̄C, ̂̄A = Ab̄C, ̂̄B = Bb̄C, and ̂̄H = Hb̄C, given (53) and (56).
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We then determine ̂̄α0 = (α0)b̄C, ̂̄αi = (αi)b̄C, ̂̄βi = (βi)b̄C, i = 1, . . . , 4 from

the Cartan decomposition (57) for ̂̄H.
It follows by a calculation, given Ā33 = −Ā11−Ā22 and B̄33 = −B̄11−B̄22,

that we may write the linear dependence of

̂̄k1313 = ( ̂̄A13, ̂̄B13, ̂̄α1, ̂̄α3) on k̄1313 = (Ā13, B̄13, ᾱ1, ᾱ3)

as ̂̄k1313 = K1313 · k̄1313,

the linear dependence of

̂̄k2313 = ( ̂̄A23, ̂̄B23, ̂̄β1,
̂̄β3) on k̄2313 = (Ā23, B̄23, β̄1, β̄3)

as ̂̄k2313 = K2313 · k̄2313,

and the linear dependence of

̂̄k1224 = ( ̂̄A12, ̂̄B12, ̂̄β2,
̂̄β4) on k̄1224 = (Ā12, B̄12, β̄2, β̄4)

as ̂̄k1224 = K1224 · k̄1224.

Finally, we write the linear dependence of

̂̄k024 = (15̂̄α, 15̂̄β, 21 ̂̄A11, 21 ̂̄A22, 21 ̂̄B11, 21 ̂̄B22, 280̂̄α0, 14̂̄α2, 8̂̄α4)

on k̄024 = (ᾱ, β̄, Ā11, Ā22, B̄11, B̄22, ᾱ0, ᾱ2, ᾱ4)

as ̂̄k024 = K024 · k̄024.

We observe that the 4×4 matrices K1313, K2313, K1224 are invertible. In
fact, K1313 is given by ac/28 times

4(a2 + 5b2 + c2) 8(a2−2b2+c2) −(3a2+b2−4c2) (a2 − b2)

4(a2 − 2b2 + c2) 4(2a2+3b2+2c2) −(3a2+b2−4c2) (a2 − b2)

−4(3a2+b2−4c2) −8(3a2+b2−4c2) (9a2+3b2+16c2) −3(a2−b2)

28(a2−b2) 56(a2−b2) −21(a2−b2) 7(a2+3b2)

 ,

and has determinant a2b4c2 · (ac)4, up to a positive constant, so does not
vanish since a, b, c > 0. Similarly, K2313 is given by bc/28 times

4(5a2+b2+c2) 8(−2a2+b2+c2) −(a2+3b2−4c2) (a2 − b2)

4(−2a2+b2+c2) 4(3a2+2b2+2c2) −(a2+3b2−4c2) (a2 − b2)

−4(a2+3b2−4c2) −8(a2+3b2−4c2) (3a2+9b2+16c2) −3(a2−b2)

28(a2 − b2) 56(a2 − b2) −21(a2 − b2) 7(3a2+b2)

 ,
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and has determinant a4b2c2 · (bc)4, up to a positive constant. In addition,
K1224 is given by ab/28 times

4(a2+b2+5c2) 8(a2+b2−2c2) −2(a2+b2−2c2) 4(a2 − b2)

4(a2+b2−2c2) 4(2a2+2b2+3c2) −2(a2+b2−2c2) 4(a2 − b2)

−8(a2+b2−2c2) −16(a2+b2−2c2) 4(a2+b2+12c2) −8(a2−b2)

14(a2 − b2) 28(a2 − b2) −7(a2 − b2) 14(a2+b2)

 ,

and has determinant a2b2c4 · (ab)4, up to a positive constant.
For C̄ isotropic, transversely isotropic, cubic, or tetragonal having

parameters (ᾱ, β̄, Ā11, B̄11, ᾱ0, ᾱ4) it follows by the reasoning of Lemma 17
(Section 5.4) that ̂̄C = D ∗ C̄ may be written in terms of the parameterŝ̄α, ̂̄β, ̂̄A11, ̂̄A22, ̂̄B11, ̂̄B22, ̂̄α0, ̂̄α2, ̂̄α4.

Finally, we compute K024 to be the following. We write ̂̄k024 =
(15̂̄α, 15̂̄β, 21 ̂̄A11, 21 ̂̄A22, 21 ̂̄B11, 21 ̂̄B22, 280̂̄α0, 14̂̄α2, 8̂̄α4) as M · v, where

v = (ᾱ, β̄, Ā11, B̄11, ᾱ0, ᾱ4, ᾱ0, ᾱ0, ᾱ0)

and M is given by the product of the following two invertible matrices:

4a2b2 −2a2b2 4a2 −2a2 a4 1 b4 −2b2 4b2

−a2b2 3a2b2 −a2 3a2 a4 1 b4 3b2 −b2

5a2b2 −4a2b2 5a2 −4a2 2a4 −1 −b4 8b2 −10b2

5a2b2 −4a2b2 −10a2 8a2 −a4 −1 2b4 −4b2 5b2

−2a2b2 3a2b2 −2a2 3a2 2a4 −1 −b4 −6b2 4b2

−2a2b2 3a2b2 4a2 −6a2 −a4 −1 2b4 3b2 −2b2

2a2b2 4a2b2 −8a2 −16a2 3a4 8 3b4 −16b2 −8b2

0 0 2a2 4a2 −a4 0 b4 −4b2 −2b2

−2a2b2 −4a2b2 0 0 a4 0 b4 0 0



·



1 0 2 0 1 −1 0 0 0

0 1 0 2 1 −1 0 0 0

1 0 −1 0 −4 0 0 0 0

0 1 0 −1 −4 0 0 0 0

1 2 2 4 3 1 0 0 0

1 2 −4 −8 8 0 0 0 0

1 2 2 4 0 1 3 0 0

0 1 0 −1 0 0 0 −4 0

1 0 −1 0 0 0 0 0 −4



.
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By collecting terms in the above expression we conclude that the
(scaled) parameters (15̂̄α, 15̂̄β, 21 ̂̄A11, 21 ̂̄A22, 21 ̂̄B11, 21 ̂̄B22, 280̂̄α0, 14̂̄α2, 8̂̄α4)
have the form (26), where the P (a, b) are linearly independent for fixed a, b
and are given by

(77)
Pᾱ =

(
6a4− 2[3(a2 − b2)− 4]a2 +[1 + (a2 − b2)2 − 4(a2 − b2)],

a4− [(a2 − b2) + 2]a2 +[1 + (a2 − b2)2 + (a2 − b2)],

6a4− [3(a2 − b2) + 5]a2 − [1 + (a2 − b2)2 − 10(a2 − b2)],

6a4− [9(a2 − b2) + 5]a2 − [1− 2(a2 − b2)2 + 5(a2 − b2)],

−a4 + 2[2(a2 − b2) + 1]a2 − [1 + (a2 − b2)2 + 4(a2 − b2)],

−a4− 2[(a2 − b2)− 1]a2 − [1− 2(a2 − b2)2 − 2(a2 − b2)],

8a4− 8[(a2 − b2) + 2]a2 +[8 + 3(a2 − b2)2 + 8(a2 − b2)],

− [2(a2 − b2)]a2 +[(a2 − b2)2 + 2(a2 − b2)],

+[(a2 − b2)2]
)
,

Pβ̄ =
(
2a4− 2[(a2 − b2) + 2]a2 +2[1 + (a2 − b2)2 + (a2 − b2)],

7a4− [7(a2 − b2)− 6]a2 +[2 + 2(a2 − b2)2 − 3(a2 − b2)],

−2a4 + 4[2(a2 − b2) + 1]a2 −2[1 + (a2 − b2)2 + 4(a2 − b2)],

−2a4− 4[(a2 − b2)− 1]a2 −2[1− 2(a2 − b2)2 − 2(a2 − b2)],

5a4 + [(a2 − b2)− 3]a2 −2[1 + (a2 − b2)2 − 3(a2 − b2)],

5a4− [11(a2 − b2) + 3]a2 − [2− 4(a2 − b2)2 + 3(a2 − b2)],

16a4− 16[(a2 − b2) + 2]a2 +2[8 + 3(a2 − b2)2 + 8(a2 − b2)],

− [4(a2 − b2)]a2 +2[(a2 − b2)2 + 2(a2 − b2)],

[2(a2 − b2)2]
)
,

PĀ11 =
(
12a4− 4[3(a2 − b2) + 2]a2 −2[2− (a2 − b2)2 − 2(a2 − b2)],

2a4−−2[(a2 − b2) + 2]a2 +[4− 2(a2 − b2)2 − (a2 − b2)],

12a4− [6(a2 − b2)− 5]a2 +2[2− (a2 − b2)2 − 5(a2 − b2)],

12a4− [18(a2 − b2)− 5]a2 +[4 + 4(a2 − b2)2 + 5(a2 − b2)],

−2a4 + 2[4(a2 − b2)− 1]a2 +2[2− (a2 − b2)2 + 2(a2 − b2)],

−2a4− 2[2(a2 − b2) + 1]a2 +2[2 + 2(a2 − b2)2 − (a2 − b2)],

16a4− 16[(a2 − b2)− 1]a2 +2[16− 3(a2− b2)2− 4(a2− b2)],
− [4(a2 − b2)]a2 +2[(a2 − b2)2 − (a2 − b2)],

[2(a2 − b2)2]
)
,
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(78)
PB̄11 =

(
4a4− 4[(a2 − b2)− 1]a2 − [8− 4(a2 − b2)2 + 2(a2 − b2)],

14a4−2[7(a2 − b2) + 3]a2− [8− 4(a2 − b2)2 − 3(a2 − b2)],

−4a4 +4[4(a2 − b2)− 1]a2 +4[2− (a2 − b2)2 + 2(a2 − b2)],

−4a4−4[2(a2 − b2) + 1]a2 +4[2 + 2(a2 − b2)2 − (a2 − b2)],

10a4 + [2(a2 − b2) + 3]a2 +2[4− 2(a2 − b2)2 − 3(a2 − b2)],

10a4− [22(a2 − b2)− 3]a2 +[8 + 8(a2 − b2)2 + 3(a2 − b2)],

32a4 +32[(a2 − b2)− 1]a2−4[16− 3(a2− b2)2 +4(a2− b2)],
− [8(a2 − b2)a2] +4[(a2 − b2)2 − (a2 − b2)],

4(a2 − b2)2
)
,

(79)

Pᾱ0 =
(
8a4− 8[(a2 − b2) + 2]a2 +[8 + 3(a2 − b2)2 + 8(a2 − b2)],

8a4− 8[(a2 − b2) + 2]a2 +[8 + 3(a2 − b2)2 + 8(a2 − b2)],

4a4 + [5(a2 − b2) + 4]a2 − [8 + 3(a2 − b2)2 + 8(a2 − b2)],

4a4− [13(a2 − b2)− 4]a2−2[4− 3(a2 − b2)2 − 2(a2 − b2)],

4a4 + [5(a2 − b2) + 4]a2 − [8 + 3(a2 − b2)2 + 8(a2 − b2)],

4a4− [13(a2 − b2)− 4]a2−2[4− 2(a2 − b2)− 3(a2 − b2)2],

24a4−24[(a2 − b2)− 8]a2 +[64+9(a2− b2)2− 96(a2− b2)],
− [6(a2 − b2)a2] +3[(a2 − b2)2 − 8(a2 − b2)],

[3(a2 − b2)2]
)
,

Pᾱ4 =
(
(a2 − b2)2, (a2 − b2)2, (a2 − b2)(2a2 + b2),

−(a2 − b2)(a2 + 2b2), (a2 − b2)(2a2 + b2),

−(a2 − b2)(a2 + 2b2), 3(a2 − b2)2,

−(a2 − b2)(a2 + b2), 8a4− (a2−b2)(7a2 +b2)
)
.

We remark that, due to the fact that D is invertible, if C̄ is strong elliptic,
then by the definition of strong ellipticity ̂̄C is also.
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5.4. Characterizing the range of the pullback by D of isotropic,
transversely isotropic, cubic, and tetragonal C̄. We now analyze the
possibilities for ̂̄C.

Lemma 17. If SymeC̄ contains {Qπe1 , Q
π
e2 , Q

π
e3}, then Syme

̂̄C does also.

Proof. If SymeC̄ contains {Qπe1 , Q
π
e2 , Q

π
e3}, (i.e., C̄ is orthotropic,

tetragonal, cubic, transversely isotropic, or isotropic), then ˆ̄k1313 =
K1313k̄1313 = 0, ˆ̄k2313 = K2313k̄2313 = 0, ˆ̄k1224 = K1224k̄1224 = 0; that
is, the off-diagonal terms of ̂̄A and ̂̄B vanish, and {Qπe1 , Q

π
e2 , Q

π
e3} ⊆ Syme

̂̄H.
The result follows from (65) and Table 3. �

Proof of Proposition 14. It is given that there is a polar decomposition of
Dψ−1 = SV and diagonalization of the stretch factor S = UDUT , D =
diag (a, b, c) with a, b, c > 0, so that, with respect to the standard basis for
Euclidean space, the generators of SymeC̄(X ′) = SymeU

TV ∗ (C ◦ ψ)(X ′)
are listed in Table 1. It follows that a polar decomposition of Dψ and
diagonalization of the stretch factor is given by V TUD−1UT . Therefore,
(ψ−1)∗(ψ∗C) = (Dψ) ∗ (ψ∗C ◦ ψ−1) = V TUD−1UT ∗ (ψ∗C ◦ ψ−1); ψ∗C in
this case is UT ∗ (ψ∗C ◦ ψ−1); and Symeψ

∗C(X) = SymeU
T ∗

(
UDUTV ∗

(C◦ψ)
)
◦ψ−1(X) = SymeD∗C̄(X ′). By Lemma 17 SymeD∗C̄(X ′) contains

Qπe1 , Q
π
e2 , Q

π
e3 since SymeC̄(X ′) does, where here {e1, e2, e3} is the standard

basis for Euclidean space. It follows by the presentation of the symmetry
groups for anisotropic elastic media given in [4], pp. 2489-2490, for example,
that SymeD ∗ C̄(X ′) has generators listed in Table 1. �

It follows for C̄ orthotropic, tetragonal, cubic, transversely isotropic, or
isotropic that ̂̄β3 = 0, and so ̂̄H and ̂̄C are not trigonal.

For C̄ tetragonal, cubic, transversely isotropic, or isotropic we conclude
from the representation (26) of ̂̄k024 that a = b implies ̂̄A11 = ̂̄A22, ̂̄B11 =̂̄B22, ̂̄α2 = 0, and ̂̄α4 = a4ᾱ4. It follows that ̂̄C is not orthotropic.
For C̄ isotropic or transversely isotropic ̂̄C is not cubic or tetragonal sincê̄α4 = 0. In fact, for C̄ isotropic ̂̄C is transversely isotropic since ̂̄α0 =
(ᾱ+2β̄)(a2−1)2/35 6= 0 by strong ellipticity. For C̄ cubic (so ᾱ4 = 5ᾱ0 6= 0)̂̄C may be tetragonal, depending on the choice of a.

If C̄ is isotropic and a 6= b, then ̂̄A11 6= ̂̄A22, ̂̄B11 6= ̂̄B22. Also, ̂̄α2 = 0 if
and only if a2+b2 is 2c2. (If a2+b2 = 2c2 = 2, then ̂̄α4 = (ᾱ+2β̄)(a2−1)2/2,
which is not zero by strong ellipticity.) It follows that ̂̄C is orthotropic of
type i) or iv).

If C̄ is transversely isotropic, cubic, or tetragonal, and a 6= b, then̂̄A11 6= ̂̄A22, ̂̄B11 6= ̂̄B22, or ̂̄α2 6= 0. If ̂̄A11 6= ̂̄A22 or ̂̄B11 6= ̂̄B22,
then ̂̄C is orthotropic of type i), or iv) − vii). On the other hand, if̂̄A11 = ̂̄A22, ̂̄B11 = ̂̄B22, ̂̄α2 6= 0, then ̂̄C is orthotropic of type ii) or
iii).
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In conclusion, for C̄ isotropic or transversely isotropic, ̂̄C is orthotropic,
transversely isotropic, or isotropic (depending on C̄ and a, b), but will never
be tetragonal or cubic; for C̄ tetragonal or cubic, ̂̄C is (only) orthotropic,
tetragonal, or cubic; and for C̄ orthotropic, ̂̄C is isotropic, transverse
isotropic, cubic, tetragonal, or orthotropic, depending on the values of C̄

and a, b.
In fact, in the case that C̄ is isotropic and a = b the range of D ∗ C̄ is a 3-

parameter family in the 5-parameter family of transverse isotropic elasticity
tensors. In the case that C̄ is isotropic and a 6= b the range of D ∗ C̄ is a 4-
parameter family in the 9-parameter family of orthotropic elasticity tensors
of type i). In the case that C̄ is cubic and a = b the range of D ∗ C̄ is a
4-parameter family in the 5-parameter family of tetragonal elasticity tensors.

In the case that C̄ is cubic and a 6= b the range of D ∗ C̄ is a 5-
parameter family in the 9-parameter family of orthotropic elasticity tensors.
In particular, in this case the range of D ∗ C̄ is a 5-parameter family in
the 9-parameter family of orthotropic elasticity tensors of type i); is a 4-
parameter family in the 7-parameter family of orthotropic elasticity tensors
of type ii); is a 4-parameter family in the 8-parameter family of orthotropic
elasticity tensors of type iv); is a 3-parameter family in the 7-parameter
family of orthotropic elasticity tensors of type v); is a 3-parameter family
in the 7-parameter family of orthotropic elasticity tensors of type vi); and
is a 2-parameter family in the 6-parameter family of orthotropic elasticity
tensors of type vii).

The same reasoning may be applied in the case that C̄ is tetragonal. In
general, if a 6= b, then the range of D ∗ C̄ is a 6-parameter family in the
9-parameter family of orthotropic elasticity tensors. �

6. Concluding remarks

There are several challenging problems that the analysis in this paper
naturally suggests. First, the pointwise characterization of the orbits of
elasticity tensors in the non-aligned case remains an open problem. A
new approach, independent of the choice of basis, seems advisable, and
polynomial invariants (under the action of the orthogonal group O(3)) may
prove a feasible tool (cf. [3]). Furthermore, the pointwise characterization of
the orbits, while interesting in its own right, must be followed, eventually,
by a description of the orbits under global transformations. We are inspired
here by work of Ebin [6], and Ebin and Marsden [7], in the case of equivalence
classes of Riemannian metrics.
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Table 1. Classification of Anisotropic Elastic Media

Generators of
i Symmetry Class SO(3) ∩ the symmetry group Gi

1 triclinic I

2 monoclinic Qπe3 (cyclic group Z2)

3 orthotropic Qπe1 , Q
π
e2 , Q

π
e3 (dihedral group D2)

4 trigonal Qπe1 , Q
2π/3
e3 (dihedral group D3)

5 tetragonal Qπe1 , Q
π
e2 , Q

π/2
e3 (dihedral group D4)

6 cubic Q
π/2
e1 , Q

π/2
e2 , Q

π/2
e3 (octahedral group O)

7 transversely isotropic Qπe1 , Q
π
e2 , Q

φ
e3 (orthogonal group O(2))

8 isotropic (special orthogonal group SO(3))
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Table 2. SymeH̄ is described by the vanishing of ᾱ0, ᾱi, β̄i

Properties of ᾱ0, ᾱi, β̄i Restrictions on SymeH̄

1 ᾱ1 6= 0 or ᾱ3 6= 0 Z2
∼= sg{Qπe1}, sg{Qπe3} 6⊆ SymeH̄

1 β̄1 6= 0 or β̄3 6= 0 Z2
∼= sg{Qπe2}, sg{Qπe3} 6⊆ SymeH̄

1 β̄2 6= 0 or β̄4 6= 0 Z2
∼= sg{Qπe1}, sg{Qπe2} 6⊆ SymeH̄

2 ᾱ1, β̄1, ᾱ3, β̄3 = 0 Z2
∼= sg{Qπe3} ⊆ SymeH̄

with β̄2 6= 0 or β̄4 6= 0 D2, sg{Qπe1}, sg{Qπe2} 6⊆ SymeH̄

with ᾱ2 6= 0 Z3
∼= sg{Q2π/3

ei } 6⊆ SymeH̄

Z4
∼= sg{Qπ/2ei } 6⊆ SymeH̄

3 ᾱ1, β̄1, β̄2, ᾱ3, β̄3, β̄4 = 0 D2
∼= sg{Qπe1 , Q

π
e2 , Q

π
e3} ⊆ SymeH̄

with ᾱ2 6= 0 Z3
∼= sg{Q2π/3

ei } 6⊆ SymeH̄

Z4
∼= sg{Qπ/2ei } 6⊆ SymeH̄

4 ᾱ1, β̄1, ᾱ2, β̄2, ᾱ3, ᾱ4, β̄4 = 0 D3
∼= sg{Qπe1 , Q

2π/3
e3 } ⊆ SymeH̄

with β̄3 6= 0 O(2), sg{Q2π/3
ej 6=3 }, sg{Qπe3} 6⊆ SymeH̄

5 ᾱ1, β̄1, ᾱ2, β̄2, ᾱ3, β̄3, β̄4 = 0 D4
∼= sg{Qπe1 , Q

π
e2 , Q

π/2
e3 } ⊆ SymeH̄

with ᾱ4 6= 0 O, sg{Q2π/3
ei }, sg{Qπ/2ej 6=3} 6⊆ SymeH̄

6 ᾱ1, β̄1, ᾱ2, β̄2, ᾱ3, β̄3, β̄4 = 0 O ∼= sg{Qπ/2e1 , Q
π/2
e2 , Q

π/2
e3 } ⊆ SymeH̄

with ᾱ4 = 5ᾱ0 6= 0 O(2) 6⊆ SymeH̄

7 ᾱi, β̄i = 0, i = 1...4 O(2) ∼= sg{Qπe1 , Q
π
e2 , Q

φ
e3} ⊆ SymeH̄

with ᾱ0 6= 0 O(3) 6⊆ SymeH̄

8 ᾱ0, ᾱi, β̄i = 0, i = 1...4 O(3) ⊆ SymeH̄
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Table 3. SymeA
′ is described by the vanishing of its components

Properties of A′ij Restrictions on SymeA
′

1 A′13 6= 0 or A′12 6= 0 Z2
∼= sg{Qπe1} 6⊆ SymeA

′

1 A′23 6= 0 or A′12 6= 0 Z2
∼= sg{Qπe2} 6⊆ SymeA

′

1 A′13 6= 0 or A′23 6= 0 Z2
∼= sg{Qπe3} 6⊆ SymeA

′

3 A′13, A
′
23, A

′
12 = 0 D(2) ∼= sg{Qπe1 , Q

π
e2 , Q

π
e3} ⊆ SymeA

′

with A′11−A′22 6= 0 sg{Qπ/2ei }, sg{Q2π/3
ei } 6⊆ SymeA

′

7 A′13, A
′
23, A

′
11−A′22 = 0 O(2) ∼= sg{Qπe1 , Q

π
e2 , Q

φ
e3} ⊆ SymeA

′

A′12 = 0, with A′33 6= 0 O(3) 6⊆ SymeA
′

8 A′33, A
′
13, A

′
23 = 0 O(3) ⊆ SymeA

′

A′12, A
′
11−A′22 = 0


