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Consider the incompressible Navier-Stokes equations in an exterior
domain of R2 or R3:

∂tu + u · ∇u −4u +∇q = 0 on Ω

div u = 0, u
∣∣
∂Ω

= 0 u
∣∣
t=0

= u0

Aim:

Describe the large time behavior of solutions. Compare with the
solutions in the full plane or space where the large time behavior is
better understood.

This depends heavily on the behavior as |x | → ∞ of the initial data u0.

If u0 ∈ L2, then ‖u(t)‖L2 → 0 as t →∞:

Kato ’84, Schonbek ’85, Kajikiya and Miyakawa ’86, Wiegner ’87
for Ω = R2 or R3;
Borchers and Miyakawa ’92 for exterior domains.

We can say that in the square-integrable case, the solution goes to 0.



n = 2

We discuss first the case of the dimension two.

The behavior at infinity of the velocity may not be square-integrable.

Another physically relevant case is when the vorticity is compactly
supported. Then u0(x) ' C x⊥

|x |2 at infinity (here x⊥ = (x2,−x1))

Let us introduce the Lamb-Oseen vortex

Θ(t, x) =
x⊥

2π|x |2
(

1− e−
|x|2
4t

)
.

which is an explicit self-similar solution of the Navier-Stokes equations
in R2:

λΘ(λ2t, λx) = Θ(t, x)

with initial velocity u0 = x⊥

2π|x |2 and initial vorticity ω0 = δ0. It is also a

solution of the heat equation in R2.



n = 2

The Lamb-Oseen vortex is known to characterize the large time
behavior of solutions in R2. The norm used to measure this convergence
as t →∞ is a weighted in time norm:

sup
t>0

t
1
2
− 1

p ‖u(t)‖Lp (∗)

This is the natural space where the solution lives. Indeed, if the vorticity
ω0 = curl u0 ∈ L1 (or a measure, which makes no difference) then
u0 ∈ L2,∞. Recall that

‖u0‖2
L2,∞ = sup

R>0
R2 mes{|u0| > R}

For a small initial velocity in L2,∞, there exists a global solution in the
space defined by (∗).



n = 2

In the case Ω = R2 and ω0 ∈ L1, we have the following result on the
asymptotic behavior as t →∞:

lim
t→∞

t
1
2
− 1

p ‖u(t)−mΘ(t)‖Lp = 0 ∀p > 2

where

m =

∫
ω0

This is due to

Giga and Kambe ’88 if ‖ω0‖L1 is small.

Carpio ’94 for the case
∫
ω0 small.

Gallay and Wayne ’05 for the general case. Gallay and Wayne also
obtained the next terms in the asymptotic expansion.

Observe that
t

1
2
− 1

p ‖Θ(t)‖Lp = Cst. = C (p)

so that
lim
t→∞

t
1
2
− 1

p ‖u(t)‖Lp = C (p)|m|



n = 2

We can therefore say that, in the full plane case and for L1 vorticity, the
large time behavior of the solution is given by the Lamb-Oseen vortex.

For exterior domains, these results do not work.

Not very useful to assume that the vorticity is in L1 because of the
absence of reasonable boundary conditions for the vorticity.

We could assume instead that the velocity behaves like a multiple of x⊥

|x |2
at infinity:

u0(x)− α x⊥

|x |2
∈ L2(Ω)



n = 2

Theorem (C. Lacave, G. Karch and D.I., 2011)

Assume that

u0(x) = w(x) + α
x⊥

|x |2
with w ∈ L2(Ω).

There exists α0 = α0(w ,Ω) > 0 such that for all |α| 6 α0

lim
t→∞

t
1
2
− 1

p ‖u(t)− αΘ(t)‖Lp(Ω) = 0

for each p ∈ (2,∞).

No L2 estimates for velocity and no Lp estimates for vorticity
=⇒ smallness condition.

In the exterior domain, the large time asymptotics is the same as in
the full plane: the Lamb-Oseen vortex.



n = 2

Thierry Gallay and Yasunori Maekawa improved this result:

Theorem (T. Gallay and Y. Maekawa, 2012)

Assume that

u0(x) = w(x) + α
x⊥

|x |2
with w ∈ L2(Ω)∩Lq(Ω), q < 2.

There exists α0 = α0(q) > 0 independent of w such that for all
|α| 6 α0

lim
t→∞

t
1
2
− 1

p ‖u(t)− αΘ(t)‖Lp(Ω) = 0

for each p ∈ (2,∞).



n = 2

Even though the most physically relevant case occurs when u0 ' C x⊥

|x |2
at infinity, one could consider other behaviors at infinity. For example,
one could assume that the initial velocity has a behavior at infinity
which is homogeneous of degree -1.

Even though we have small solutions, we should not expect to have the
large time behavior given by the heat evolution. Rather, we expect it to
be given by self-similar solutions. Self-similar solutions can be
constructed from small data homogeneous of degree -1 (Cannone and
Planchon 1996, Barraza 1996). For self-similar solutions, the diffusion
and convection terms are of the same size. Therefore, the large time
behavior of self-similar solutions is not given by the heat equation.

More generally, we can forget about homogeneity and simply work with
small data in L2,∞. In this case, even for solutions defined in the full
plane there may be no well-defined asymptotic behavior of the solutions
as t →∞. This was observed by T. Cazenave, F. Dickstein and F.
Weissler 2003, 2005.



In dimension three, we can also consider initial data in L3,∞.

In both dimension two and three we consider initial data in Ln,∞.

We compare the solutions on the exterior domain to the solutions
defined on Rn. How to set up the initial data? Let v0 be the initial data
in Rn and u0 be the initial data on the exterior domain. How to relate
u0 to v0? Two methods come to mind: restriction to Ω or using a
cut-off. Both do not work directly. We can do:

restriction plus application of the Leray projector: u0 = PΩ(v0

∣∣
Ω

)
or

cut-off of the stream function: u0 = div(f ψ)

where ψ0 is the ”stream function” of v0 characterized by

v0 = divψ, ∆ψij = ∂jvi − ∂ivj ,
∫
BR

ψ = 0

The result will be the same for the two methods.
We can also start with u0 and find v0. We can define for instance v0 to
be the extension of u0 with zero values outside Ω. Indeed, we then have
that u0 = PΩ(v0

∣∣
Ω

).



Let v be the solution of the Navier-Stokes equations in Rn with initial
velocity v0:

∂tv −4v + v · ∇v = −∇p in Rn, v
∣∣
t=0

= v0.

Let u be the solution of the Navier-Stokes equations in the exterior
domain Ω with initial velocity u0:

∂tu −4u + u · ∇u = −∇q in Ω, u
∣∣
t=0

= u0.

For small data in Ln,∞, the solution u exists globally and belongs to the
right spaces, Kozono and Yamazaki ’95.

We prove that u and v have the same large time behavior if the initial
data is small:



Small solutions

Theorem (G. Karch, C. Lacave and D.I.)

Let v0 ∈ Ln,∞(Rn), div v0 = 0, be sufficiently small. For any n < p <∞
we have that

lim
t→∞

t
1
2
− n

2p ‖u(t)− v(t)‖Lp(Ω) = 0

In view of the stability result of Biler, Karch, Cannone ’04, we infer that
it suffices to assume that u0 and v0 are small in Ln,∞ and, in addition,

u0 − v0

∣∣
Ω
∈ Lq for some q 6 n. (∗∗)

Data verifying (∗∗) are called ”comparable at infinity”.

Indeed, we have that v0

∣∣
Ω

, PΩ(v0

∣∣
Ω

) and div(f ψ) ∈ Lq are all
comparable at infinity.

We can also consider large solutions.



Large solutions in dimension three

Theorem (G. Karch, C. Lacave and D.I.)

Let the space dimension be three and assume that u0, v0 ∈ L3,∞ are
comparable at infinity. Assume moreover that

lim sup
λ→0

λmes{x ∈ Ω : |u0(x)| > λ}
1
3

and
lim sup
λ→0

λmes{x ∈ R3 : |v0(x)| > λ}
1
3

are sufficiently small. For any 3 < p <∞ we have that

lim
t→∞

t
1
2
− 3

2p ‖u(t)− v(t)‖Lp(Ω) = 0

Recall that

‖f ‖L3,∞ = sup
λ>0

λmes{x ∈ Ω : |f (x)| > λ}
1
3



Large solutions in dimension two

Assume that

u0 = ũ0 + u0, ũ0 ∈ L2, ‖u0‖L2,∞ < ε

Let Tε be such that the Navier-Stokes evolution from ũ0 has L2 norm
less than ε at time Tε and assume moreover that

‖e−tA u0‖L4((0,Tε)×Ω) 6
1

K‖ũ0‖L2eK‖ũ0‖4
L2

(∗ ∗ ∗)

for some large constant K = K (ε). Here e−tA is the Stokes operator.
Similar assumptions on v0 plus u0 and v 0 are comparable at infinity.
Then we have the same asymptotic behavior.
Particular cases of initial data:

If in addition u0 ∈ Lq with q > 2, then (∗ ∗ ∗) is implied by

‖u0‖Lq 6
1

CT
1
2
− 1

q
ε ‖ũ0‖L2eC‖ũ0‖4

L2



Reformulation of the hypotheses:

For every ũ0 ∈ L2 there exists ε1 = ε1(Ω) and ε2 = ε2(ũ0) such that

u0 ∈ L2,∞ ∩ B
− 1

2
4,4

‖u0‖L2,∞ 6 ε3

‖u0‖
B
− 1

2
4,4

6 ε4


